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A CHARACTERIZATION OF DISCRETE GROUPS

GIOVANNI RANIERI

(Communicated by N. Tomczak-Jaegermann)

Abstract. The purpose of this article is to prove the following result. Let G
be a locally compact group, A(G) the Fourier algebra of G, and S(G) = {u ∈
A(G) : ∃ c > 0 such that ‖ uv ‖A(G)≤ c ‖ v ‖∞ ∀ v ∈ A(G)}. Then G is a

discrete group ⇐⇒ S(G) 6= {0}.

1. Introduction

In 1957, S. Helgason proved in [4] that if G is a separable, unimodular, locally
compact, noncompact, connected group, then a spectrally continuous operator on
L1(G) commuting with all right translations is identically zero. In 1964, S. Sakai
generalized this result to any noncompact, locally compact group (see [6]).

In this article, we consider the dual problem, namely the spectrally continuous
operators of A(G) defined by elements of B(G). Let G be a locally compact group,
and denote by S(G) the set of all u ∈ A(G) that define a spectrally continuous
multiplication of A(G). Then, if G is a discrete group, S(G) 6= {0} because it
contains l2(G). We show here that the converse is true.

This result may be embodied in a much more general result about commutative
Banach algebras. Therefore the main result is Theorem 2.1, and the announced
result is Corollary 3.1. The author is grateful to the referee for this improvement
(see the Acknowledgments).

2. Spectrally continuous multipliers

for a commutative Banach algebra

For a commutative Banach algebra A, we denote by ∆(A) the structure space
of A, endowed with the usual topology. For x ∈ A, x̂ is the Gelfand transform of
x, and Â is the range of the Gelfand homomorphism A → C0

(
∆(A)

)
.

Theorem 2.1. Let A be a regular semisimple commutative Banach algebra and let

S(A) = {a ∈ A : ‖ ax ‖≤ c ‖ x̂ ‖∞ for some c > 0 and all x ∈ A}.

(i) If ∆(A) has an isolated point, then S(A) 6= {0}.
(ii) Suppose that A is an abstract L-space and that the closure of Â in C0

(
∆(A)

)
is closed under conjugation. If S(A) 6= {0}, then ∆(A) has isolated points.
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Proof. To show (i), let ϕ be an isolated point of ∆(A). Since A is regular, there
exists a ∈ A such that â(ϕ) 6= 0 and â (ψ) = 0 for all ψ ∈ ∆(A), ψ 6= ϕ.

Then, for any x ∈ A, ϕ
(
ax− ϕ(x)a

)
= 0 and

ψ
(
ax− ϕ(x)a

)
= ψ(a)

(
ψ(x) − ϕ(x)

)
= 0 for each ψ 6= ϕ.

Since A is semisimple, it follows that ax = ϕ(x) a, and hence

‖ ax ‖ = | ϕ(x) | ‖ a ‖ ≤ ‖ a ‖ ‖ x̂ ‖∞ for all x ∈ A.

Thus a ∈ S(A), and (i) holds.
To establish (ii), let a be a nonzero element of S(A). Then a defines a bounded

linear map Ta from
(
Â, ‖ ‖∞

)
into A by Tax̂ = ax. Let Â be the closure of Â in

C0
(
∆(A)

)
. Of course, Ta extends uniquely to a bounded linear map, also denoted

Ta, from Â into A. Since by hypothesis Â is a C∗-algebra and A is an abstract
L-space, Ta is weakly compact by [6]. This implies that the map La : x 7→ ax from
A into A is weakly compact. Indeed, denoting by Ar the closed ball of radius r in
a normed space A,

La (A1) = Ta (Â1) ⊂ Ta (Â1),

which is a relatively compact set in A. Now, if T is a bounded linear operator of
an abstract L-space into itself that is weakly compact, then T 2 is strongly compact
(see [1], p. 128, Corollary 1). So L2

a = La2 is strongly compact.
Let 0 < δ < ‖ a ‖∞ and K = {ϕ ∈ ∆(A) : | â (ϕ) |2≥ δ}, a compact subset of

∆(A). Let
AK = {x ∈ A : supp x̂ ⊆ K}.

Since | â2 | ≥ δ on K, there exists b ∈ A such that â2(ϕ) b̂(ϕ) = 1 for all ϕ ∈ K
(see Theorem 3.6.15 of Rickart [5]). Then, for x ∈ AK ,

x̂(ϕ) = â2(ϕ)b̂(ϕ)x̂(ϕ) for all ϕ ∈ ∆(A),

and hence x = a2bx since A is semisimple. Thus(
AK
)

1
= a2b

(
AK
)

1
⊆ a2(AK

)
‖b‖ ⊆ L

2
a

(
A‖b‖

)
.

L2
a

(
A‖b‖

)
is a strongly compact subset of A, and hence so is

(
AK
)

1
. It follows

that AK is finite dimensional.
It remains to show that the open subset V = {ϕ ∈ ∆(A) : | â(ϕ) |2 > δ }

of ∆(A) is finite. Assuming the contrary, let ϕ1, ϕ2, . . . be an infinite sequence of
pairwise distinct elements of V. Since A is regular, for each n ∈ N there exists
an of norm one in A such that ân (ϕn) 6= 0 and ân is zero on

(
∆(A)�V

)
∪

{ϕ1, . . . , ϕn−1}. Then an ∈ AK for every n ∈ N, and each finite sequence a1, . . . , an
is linearly independent. In fact, if

∑n
j=1 λjaj = 0, then

0 =
n∑
j=1

λj âj (ϕk) =
k∑
j=1

λj âj (ϕk) for all 1 ≤ k ≤ n,

and since âk (ϕk) 6= 0 it follows by induction on k that λk = 0 for all k. This
contradicts the finite dimensionality of AK . �

Corollary 2.2. Let A and S(A) be as in the theorem.
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(i) If ∆(A) is discrete, then S(A) contains all elements of A with finitely
supported Gelfand transform. In particular, if ∆(A) is discrete and A is
Tauberian, then S(A) is dense in A.

(ii) Suppose that A is an abstract L-space and that Â ⊆ C0
(
∆(A)

)
is closed

under conjugation. If the hull of S(A) in ∆(A) is empty, then ∆(A) is
discrete.

Proof. (i) is clear because S(A) contains the elements of A for which the Gelfand
transform is the indicator function of an isolated point of ∆(A). Since ∆(A) is
discrete, S(A) contains all elements of A with finitely supported Gelfand transform.

To establish (ii), let ϕ ∈ ∆(A). The hull of S(A) in ∆(A) is empty; so there
exists an element a ∈ S(A) such that â (ϕ) 6= 0. Let δ > 0 such that ϕ ∈ Vδ =
{ψ ∈ ∆(A) such that | â (ψ) |2> δ}.

But Vδ is an open finite set of ∆(A); so ϕ is an isolated point of ∆(A). �

3. Characterization of discrete groups

Corollary 3.1. Let G be a locally compact group and A(G) the Fourier algebra of
G. Then

G is a discrete group if and only if S(G) 6= {0}.

Proof. A(G) is a regular semisimple commutative Banach algebra whose structure
space ∆(A(G)) can be identified with G itself in such a way that û equals u for all
u ∈ A(G) (see [2]). Therefore S(A(G)) = S(G).

We denote by Asa(G) the real vector space of selfadjoint elements of A(G);
if u ∈ Asa(G), we consider the Jordan decomposition of u, u = u+ − u−, where
u+, u− ∈ P(G). Then |u| = u+ +u− is the modulus of u. Asa(G) with this modulus
is a real Banach lattice that has the following property: if u, v ∈ P(G), then

‖ u+ v ‖ = ‖ u ‖ + ‖ v ‖ .

So Asa(G) is a real Banach L-space, and A(G) = Asa(G)+iAsa(G) is the complex-
ification of the real Banach lattice Asa(G), so that A(G) is an abstract L-space.
We refer to Schaefer ([7]).

Moreover, u ∈ A(G) implies u ∈ A(G). Thus, the statement of the corollary is
an immediate consequence of the theorem. �

If G is a discrete group, we know that S(G) contains l2(G). Are S(G) and
l2(G) equal for a discrete group? M. O. Gebuhrer and R. Szwarç recently gave an
affirmative answer to this problem in a forthcoming publication ([3]).

Remark 3.2. The existence of a nonzero multiplier defined by an element u in B(G)
is equivalent to the existence of such an operator defined by an element u′ in A(G).
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