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ABSTRACT. In this paper we will study the boundedness of all solutions for
second-order differential equations
i+ f(2)d + \x + g(x) = p(1),

where A € R and g(z) satisfies the sublinear growth condition. Since the
system in general is non-Hamiltonian, we have to introduce reversibility as-
sumptions to apply the twist theorem for reversible mappings. Under some
suitable conditions we then obtain the existence of invariant tori and thus the
boundedness of all solutions.

1. INTRODUCTION
We investigate the nonlinear oscillator
(1.1) i+ f(2)d + Nz + g(z) = p(t),

where A € R and g(z) satisfies the sublinear growth condition, and we ask under
what assumptions all solutions of (1.1) will be bounded in the (z,%)-phase plane
for a 2m-periodic forcing p.

Before stating our result, we introduce some related results. First we consider
the following conservative system:

(1.2) &+ Vy(z,t) =0.

The first contribution of the boundedness of all solutions of (1.2) is due to Morris
[16], who proved that all solutions of

(1.3) i+ 223 = p(t)

are bounded where p(t) € C°(S!). In 1987, Dieckerhoff and Zehnder [1] proved
that all solutions of

2n
(1.4) &4t 4 Z pi(t)z' =0
=0
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2058 XIONG LI

are bounded where p;(t) € C*°(S') (i = 0,1,...,2n). Subsequently, this result was
extended to more general cases for a large class of superlinear functions V,(z,t) in
(1.2) by several authors; we refer to [5], [21], [23] and references therein.
On the other hand, the sublinear and semilinear cases are relatively new fields;
see [, [9], [10], [11], [12], [13], [17], [18], [19] and the references therein for details.
Next, we consider the following non-conservative system:

(1.5) i+ f(z,t)d + g(z,t) =0.

If the functions f(z,t),g(z,t) in the equation (1.5) have certain symmetry, then
(1.5) becomes a reversible system. Using the KAM theory for reversible systems
[20], one can prove the existence of invariant tori and thus boundedness of all
solutions. In 1991, Liu [15] proved that all solutions of

m n—1
(1.6) (O aia®y i+ 2T 4 b a® = p()
i=0 =0

are bounded where n > 2(m + 1) and p(¢) is odd and periodic in ¢ € R!. Since
then, several authors [7], [22] improved this result for the superlinear function
g(x,t). If the function g(z,t) satisfies the sublinear growth condition and some
other assumptions, the author [6] obtained the boundedness of all solutions of (1.5).

Recently, M. Kunze, T. Kupper and B. Liu [3] obtain some sharp results concern-
ing the boundedness of solutions for semilinear reversible oscillators at resonance
with the following form:

&+ f(x)d +n’z + d(z) = p(t)

with n € N and ¢(z) bounded. Another semilinear reversible system,
&+ f@)i + o' + ¢la) = p(t),

was considered in [8], where w € N and ¢(x) is bounded.

In this paper we shall study the boundedness of all solutions of (1.1) if A\ € R and
g(x) satisfies the sublinear growth condition. In what follows, we denote by G(x)
and F(z) the integrals of g(z) and f(z) with G(0) = 0 and F(0) = 0, respectively.
We also denote by ¢ < 1 and C' > 1, respectively, two universal positive constants
not concerning their quantities.

Suppose that:

(A1) f,g9,p € C®(R).
(A2) f,g and p are odd functions, and p(t + 2m) = p(t).
(A3) For all z # 0,

yrg(z) = 2g(z) >0,  zg(z) > (o +1)G(2),
with some constants 0 < v, < 1 and
lzFG®) ()| < C-G(z), k> 3.
(A4) For all z # 0,
[F PO (2) < C-g()l, k=0
Now we are ready to state our main result.

Theorem 1. Assume (Al)-(A4) holds. Then every solution of (1.1) is bounded;
that is, if x = x(t) is a solution of (1.1), then it is defined in (—o0,+00) and

sup(|z(t)] + |£(t)]) < +o0.
teR
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BOUNDEDNESS OF SOLUTIONS FOR SEMILINEAR REVERSIBLE SYSTEMS 2059

Remark 1. The assumptions on the functions F' and G can be weakened to the
requirement that they hold for x > d for any fixed constant d > 0.

2. Tt is enough to assume that g(x), f(z) and p(t) are finitely smooth.

3. From (A2), the functions F' and G are even.

4. From (A3), it is easy to see that

(@ +1)G(z) < zg(z) < (7 + 1)G ().

5. The assumptions (A3) and (A4) in some sense are necessary. For example,
from [2] we know that the equation

4+ 2m+1)%z+ arctan x sin (2m + 1)t

1
(2m+1)2
has no periodic solutions. Hence, there is at least one unbounded solution. Also,
the example & + z& + x = 0 with the unbounded solution x(t) = —t shows that
some condition on f or F' is necessary.

6. To explain the role of assumption (A2), we first note that (1.1) is not a
Hamiltonian system. This means that the classical twist theorem of Moser is not
applicable, and to compensate for this, a possibility is to suppose that (1.1) is
reversible, i.e., the assumption (A2) holds. Under these assumptions, the Poincaré
map that results after a suitable series of transformations will be reversible as well,
and we can try to rely on the KAM theorem for reversible diffeomorphisms that
guarantees the existence of invariant curves for such reversible maps and thus the
boundedness of all solutions (see Lemma A.3).

The rest of the paper is organized as follows. The proof of Theorem 1 will be
given in Section 3. Section 2 deals with some technical lemmas that are employed
in the proof of the main result. In the Appendix we recall some basic definitions
and properties of reversible systems.

2. SOME TRANSFORMATIONS AND ESTIMATES

We first rewrite (1.1) as
&z = Ay—F(x),
(2.1) { g = —Ar—Alg(x) +A"Ip(t).

From assumption (A2) we know that (2.1) is reversible with respect to the trans-
formation (z,y) — (—x,y); see the Appendix for the details.
Passing to polar coordinates

xr=rsinf, y=rcosb,

after a short calculation (2.1) reads as

(2 2) { 7“ = Ml(r,9)+N1(r,0)+L1(r,9,t),
' 0 = X+ Msy(r,0) + Na(r,0) + La(r,0,1),
where
Mi(r,0) = —X"tcosOg(rsind), May(r,0) = A"1r=1tsinfg(rsinb),
Ni(r,0) = —sin@F(rsin0), Na(r,0) = —r~LcosOF(rsind),
Li(r,0,t) = A\~ 1p(t) cos ¥, Lo(r,0,t) = =X"tr=1p(t)siné.

From assumption (A2) we know that My, N are odd in 6, Ly is even in 6 and odd
in t, and My, Ny are even in 6, L is odd in 6 and odd in ¢t. Therefore, (2.2) is
reversible with respect to the transformation (6,7) — (-6, 7).
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Denote by J(r) the average value of A=2Mjy(r,6) over S, that is
1 2m )
= — —“ M. .
J(r) o7 J, A 2(r, 0)do

Now we will give some estimates on the functions M;, N; and L; (i = 1,2).

Lemma 2.1. The following inequalities hold for all nonnegative integers k and l:

|rk Ok My (1, 0)| < C-|Mi(r,0)] < C-17,
[P~ OF My(r, 0)] < C-|My(r0)| < C-r7h,
|rk Ok Ny (r, 0)] < C-|Mi(r,0)] < C-r7,
|rk Ok N (r, )] < C-|Mx(r,0)] < C-r77 1
|rk8ff8£L1(r,9,t)| < 07

kOOl Ly (r,0,t) < C-r7t

Proof. This lemma can be proved easily by the assumption (A3), (A4) and Remark
4. O

The following lemma gives some estimates on the function J(r) which can be
proved easily.

Lemma 2.2. The following inequalities hold for all nonnegative integers k:
c-roTl < J(r)<C- 7L
r|J' () > A =y)J(r), |[PFIRE) < T

Because of Z—f # 0 for all » > 1 from Lemma 2.1, (2.2) is equivalent to the
system
(2 3) % = MQ(’I", 0) +L3(T7t59)5
' G = A= ATMa(r,6) = ANy (r,0) + La(r,1,6),
where
MQ(’I“, 9) = (Ml + Nl) . ()\_1 — /\_2M2 — )\_QNQ),
Lg(’l", t, 9) = Lq- ()\_1 — /\_2M2 — )\_QNQ) + Ly - (Ml + Ny + Ll),
Ly(r,t,0) = [A+ Mo+ Ny+ Lg]fl — A LA 2My + A 2N,

It is easy to see that the function My is odd in 6 which satisfies the same estimate
as M; in Lemma 2.1 and
Lg(’l“, —f,, —9) = —Lg(?“, t, 0), L4(7“7 —t, —9) = L4(’I“, t, 9)

Therefore, this system (2.3) is reversible with respect to the transformation (¢,r) —
(—t,r).

It is not difficult to verify that the functions L3 and L, satisfy for all nonnegative
integers k and [,

[r* 0ROl Ly (r,t,0)] < C - max{|Ly(r,0,t)],7 2| M (r,0)|*}
and
[rROFOLLy(r,t,0)| < C - max{|La(r,0,t)],|Ma(r,6)|?}.
Now we will introduce a series of G-invariant transformations such that in the
transformed system, the terms corresponding to the term My have the same growth

speed as the terms Lg if the variable r is sufficiently large.
For ry > 0, we define the domain

Apy = {(r,t,0)|r > 10, (t,0) € T?}, T?=8'x S

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BOUNDEDNESS OF SOLUTIONS FOR SEMILINEAR REVERSIBLE SYSTEMS 2061

Lemma 2.3. There exists a G-invariant diffeomorphism V1, having the form
\I’127“:p+U1(p,9), t=1t,

where Uy(p,0 4 2m) = Ui(p,0) such that A,._ C Vi(A,,) C A, for some large
r_ < ro <ry. Under this transformation, (2.3) is transformed into the system

d
IS
d_; = )‘_1 _/\_QMQ(paH) _)‘_QNQ(paG) +R2(pat76)

where the functions Ry and Ry satisfy the same estimates as L and Ly. Moreover,
the new system (2.4) is reversible with respect to the transformation (t, p) — (—t,p).

Proof. Define a transformation ®; by
D1 :p=r+Vi(r,0), t=t
where

0
Vi(r,0) = —/0 My(r, s)ds.

Since My is odd in 6 and |r*0% My(r,6)| < C -7, we have
(1) Vi(r,0 +27) = Vi(r,0);
(2) Vi (Ta _9) = Vi(?", 9),
(3) the transformation @, is a diffeomorphism and satisfies
[r*0F Vi (r, 0)] < C - |My(r,0)| < C - 1.

Let Uy = ®; ' :r = p+ Ui(p,0), t =t. Then (2.3) is transformed into

(2.5) { % = MO(P,9)+E3(P,t,9), "
B A XMy(,0) — A2Na(p,0) + La(p,1,0),
where
Mo(pv 9) = ar‘/l(rv 9) 'MO(Ta 9);
L3(pvta9) = LS(Tatvg) : (1—’_87"‘/1(Ta 9));
La(p,t,0) = Ly(r,t,0) + A\"2[Ma(p, ) + Na(p, ) — My(r,0) — No(r,6)]

and r = p+ Ui (p, 0).
In order to estimate the new functions in (2.5), we need

Claim. For p large enough, we have
(1) [p*05UL(p,0)] < C - |Mi(p,0)| < C'- p7;
2) Us(p.~0) = Us(p.0).

The proof is similar to that of Lemma 5.1 in [7].
From this claim, it follows that the transformation ¥, is a G-invariant diffeo-
morphism, which implies that the transformed system (2.5) is a reversible system

with respect to the transformation G : (¢, p) — (—t, p). Moreover, My(p,0) is odd
in 6. By direct computations, we know that Ls and Ly satisfy the same estimates
as those of Lg and L4, and My(p, ) satisfies

0208 Mo(p,0)] < C'- "~ - |Mo(p, 0)].

We note that the transformed system (2.5) satisfies all the assumptions of Lemma
2.3. Hence, there is an integer j such that after j successive applications of the above
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step we find that the corresponding term M satisfies the same estimate as Lz. At
the same time, we rewrite the system as

d
B AT AT2My(p,0) — A2 Na(p,0) + Ralp,1,0)

where the functions R; and Ry satisfy the same estimates as L3 and L4. The proof
of Lemma 2.3 is finished. (]

Now we will introduce a G-invariant transformation such that in the transformed
system, the terms corresponding to the terms M, and Ny do not depend on the
variable 6.

Lemma 2.4. There exists a G-invariant diffeomorphism Vo, having the form
Voip=p, t=1+Uap,0),

where Us(p,0 + 2m) = Us(p,0) such that A, C Vy(A,,) C A,, for some large
p— < po < p+. Under this transformation, (2.6) is transformed into the system

dp = Ql(vav 9)7
(27) { % 21 + J(T) + QQ(pa T, 0);

where the functions Q1 and Q2 satisfy the same estimates as Ry and Ryo. More-
over, the new system (2.7) is reversible with respect to the transformation (7, p) —

(_Ta p)

Proof. The proof is very similar to the given one for Lemma 2.3, and we omit it
here. ]

3. THE PROOF OF THEOREM 1

From the discussions in §2, it follows that (1.1) is transformed into the system

dp = Ql(p7T79)7
(3-1) { d—z = Ail—J(p)+Q2(pv7—79)'

In order to apply the small twist theorem for reversible diffeomorphims, we in-
troduce a new variable v varying in the closed interval [1,2] and a small positive
parameter ¢ by the formula

(3.2) J(p) = ev.
From Lemma 2.2 it follows that

Pp>1l<—=cecx 1.
Now (3.1) is equivalent to the system

dv _ 0
av = Wl(l/ T 5)
9 s 1y Vs )
(33) { _g7 = A 1_ VvV + [/LQ(V7 77675)7

where
Wi(v,7,0,e) =T (p)Q1(p(ev), 7,0), Wa(v,7,0,6) = Q2(p(ev), 76),

and p = p(ev) is defined implicitly by (3.2).
Now we give the estimates on the functions Wy and Ws.
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Lemma 3.1. The functions Wy and Ws possess the following estimates for all
nonnegative integers k and [:

lokolw,| < C et i=1,2
where
o :=min{1, %} > 0.
Proof. First, we estimate W5. By the estimate on (2, we have
(Wa| = |Q2(p(ev), 7,0)| < C-max{p™, J(p)*} < C -7,

We see that OLO*Qa(p(ev),7,0) is a sum of terms of the form

OLOEQa(p(ev)) - O plev) - O plew)
where k1 + -+ -+ ks =k, 1 < s < k. It is easy to verify that

05 p(ev)| < C - p.
So we obtain
|OLOE W, (v, 7,0, )| < max{p~!, J(p)*} < C-e't.
Second, we estimate W7. We have
(Wil =17 7" (9)Qu1(p(ev), 7,0)| < C-max{p™, J(p)’} < C-'*7.

Similar to the estimates on Wi, it is easy to verify that the following inequalities
hold for all nonnegative integers k and [:

10LOEWA| < C - 't

Now we are in a position to prove Theorem 1 stated in the introduction.

Proof of Theorem 1. Since the functions W7 and W satisfy the estimates in Lemma
3.1, one can verify easily that the solutions of (3.3) do exist for 0 < 6 < 27 if the
parameter ¢ is sufficiently small. Integrating (3.3) from 6 = 0 to § = 27 we obtain
the Poincaré map P of the form

71 = To + 27\ — 27evy + E1 (10, Vo, €), v1 = vy + Ea(70, V0, €)

with = » still satisfying the same estimates as W 2. Moreover, it is reversible with
respect to G : (79,v9) — (—70,10). Therefore, the Poincaré map P meets all the
conditions of Lemma A.3, and it possesses a sequence of invariant curves tending
to infinity. Hence, in the original system (1.1), there is a corresponding sequence of
invariant tori in phase space (¢,z,4) € S! x R%. Moreover, those invariant tori has
positive Lebesgue measure, and the union of its interior is R2. Since any solution
of system (1.1) must stay within one of those tori, it is bounded. The proof is thus
finished. O
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APPENDIX: REVERSIBLE SYSTEMS

We recall some definitions and facts related to reversible systems; see [20] for
more information.

Definition A.1. Let X : Q x R — R"™ be continuous and 1-periodic in the last
variable, with Q C R™ an open set. The system

(A1) &= X(z,1)

is called a reversible system if there is an involution G : R — R™ (that is, G is a
C1-diffeomorphism and G2 = Ig.), with G(2) = Q and such that

DG(Gx) - X(Gz, —t) = —X(z,t), V(z,t) € QX R.

(Here and thereafter, DG stands for the Jacobian matrix of G.)
Similarly, we give a definition of reversible diffeomorphisms, as follows.

Definition A.2. Let A: R™ D Q) — R™ be a homeomorphism onto its image, and
let G: R — R™ be a homeomorphism with G? = Ir». We say that A is reversible
with respect to G on a set D C QN A(Q), with G(D) =D, if

AT =GAG, VzxeD
holds.

The next result (which is almost obvious from the definitions) is very useful for
our applications.

Lemma A.1. Assume unigeness of the solutions for the Cauchy problems associ-
ated to (A.1), and let the time 1-map @' and its inverse (gpl)_l be defined. Then !
is a reversible homeomorphism with respect to an involution G : R™ — R™ provided
that (A.1) is reversible with respect to G.

The next definition is useful when changes of variables are involved.

Definition A.3. Assume that T'(-,t) is an invertible transformation of  for any
fixed t and that G is an involution of R™ with G(2)2. We say that T'(z,t) is
G-invariant if the equality

GoT(x,t) =T(Gx,—t)
holds.

Lemma A.2. Suppose that the system (A.1) is reversible with respect to an invo-
lution G : R* — R™. If a transformation T(-,t) : Q@ — R™ is G-invariant and C!
in x and t, then the transformed system of (A.1) under T is also reversible with
respect to G. O

Now we give the KAM theorem of reversible diffeomorphisms as a lemma.

Lemma A.3 ([20]). Let Q@ C R™ be a closed ball of radius 1 and D, C C™ a
complex neighborhood of Q. Let o, 79 € (0,1]. Denote by D the following domain
in C™:

D={x=(z1,...,2m) € C™" : |Imz;| <rp,1 <j<m} x{yeC™:ye D,}.
Suppose that v, c € (0,1] are fized and the following mappings are given on D:
A (zy) = (@ +yy + fHzy)y + Pzy)
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BOUNDEDNESS OF SOLUTIONS FOR SEMILINEAR REVERSIBLE SYSTEMS 2065

and
g : ((E,y) = (_xvy)7
where f1 and f? are normal in D; that is, f* and f? are holomorphic, 27-periodic

in x and real-valued on D N R?™,
Assume that A~ = GAG on D. Introduce the notation
(4.9) e
}

Qye={wer2: ‘7—2? = gl

forallqe Z™/{0} andp € Z.

Then for each € > 0, there is a 6 > 0, depending only on €, D and c but not on
v, such that if f1, f> < 6 on D, then for each w € Q. ., the mappings A and G
have a common invariant m-dimensional manifold

(A.2) T=¢+0L(d), y=7""w+dL(),
where ®' and ®? are normal in the domain

{¢:(¢1"¢m)ecm|1m¢]|<%a]—§]§m}v

such that the diffeomorphisms of the manifold (A.2) induced by the mappings A
and G are ¢ — ¢ +w and ¢ — —¢, respectively. Moreover, the following inequality
holds:

L, 125 <e.

Remark. The proof which can be found in [20] is very similar to the one for Moser’s
twist theorem, and the intersection property assumption is replaced by the re-
versibility assumption here. So in the case of C'°*°-perturbations or finite smooth
perturbations, the statement of the above lemma is still true (see [14]).
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