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TOTAL CURVATURES OF A CLOSED CURVE
IN EUCLIDEAN n-SPACE

L. HERNÁNDEZ ENCINAS AND J. MUÑOZ MASQUÉ

(Communicated by Jon G. Wolfson)

Abstract. A classical result by J. W. Milnor states that the total curvature
of a closed curve C in the Euclidean n-space is the limit of the total curva-
tures of polygons inscribed in C. In the present paper a similar geometric
interpretation is given for all total curvatures

∫
C |κr|ds, r = 1, . . . , n− 1.

1. Preliminaries and statement of the main result

A curve x(t) in Rn defined on an interval t ∈ I and of class Ck is said to be
in general position up to order r, 1 ≤ r ≤ n, at t0 if k ≥ r and the derivatives
x′(t0),x′′(t0), . . . ,x(r)(t0) are linearly independent. If k > r ≥ 1, then the curves
in general position up to order r at every t ∈ I are a dense open subset in Ck(I,Rn)
with respect to the strong topology for 1 ≤ r ≤ n−1, but curves in general position
up to order n are not dense since inflection points cannot be eliminated by small
perturbations. Because of this we say that a curve in Rn is in general position if
it is so up to order n − 1 and its class is ≥ n. If x(t) is a closed curve in general
position up to first order (i.e., x : R→ Rn is a periodic immersion), then the arc
length s(t) =

∫ t
0 |x
′(t)| dt satisfies s(t + ω) = s(t) + l, ∀t, where ω is a period (i.e.,

ω > 0, x(t+ ω) = x(t), ∀t) and l =
∫ ω

0 |x′(t)| dt is the length of the curve.
Curves in general position admit a Frénet frame; that is, if x is parametrized by

its arc length s, there exist vectors f1(s), . . . , fn(s) and functions κ1(s), . . . , κn−1(s)
such that:

(a) fi (resp. κi) is of class ≥ n − i (resp. ≥ n − 1 − i) for 1 ≤ i ≤ n− 1, fn is
of class ≥ 1 and κi > 0 for 1 ≤ i ≤ n− 2.

(b) (f1(s), . . . , fn(s)) is a positively oriented orthonormal basis for every s ∈
[0, l].

(c) The following formulas hold true:
(c.1) dx/ds = f1,
(c.2) df1/ds = κ1f2,
(c.3) dfi/ds = −κi−1fi−1 + κifi+1 for 2 ≤ i ≤ n− 1,
(c.4) dfn/ds− κn−1fn−1.
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Given a finite number of vectors v1, . . . ,vk in Rn, we denote by 〈v1, . . . ,vk〉
(resp. [v1, . . . ,vk]) the vector (resp. affine) subspace that they span. We have
dim [v1, . . . ,vk] = dim 〈v1 − vi, . . . , v̂i, . . . ,vk − vi〉 for every 1 ≤ i ≤ k.

We extend the scalar product in Rn to ∧rRn by imposing

〈v1 ∧ . . . ∧ vr,w1 ∧ . . . ∧wr〉 = det (〈vi,wj〉)i,j=1,...,r .

We have
i) ‖v1 ∧ . . . ∧ vr‖ ≤ ‖v1‖ · · · ‖vr‖, and
ii) if (v1, . . . ,vr) is an orthonormal system, then v1∧ . . .∧vr is a unitary vector.
We recall that the first n− 1 vectors f1(s), . . . , fn−1(s) in the Frénet frame of a

curve x(s) are obtained by applying the Gram-Schmidt process ([4, 2.1.9]) to the
system x′(s),x′′(s), . . . ,x(n−1)(s); hence we have

1) 〈f1(s), . . . , fr(s)〉 =
〈
x′(s), . . . ,x(r)(s)

〉
,

2) (f1(s), . . . , fr(s)) and (x′(s), . . . ,x(r)(s)) define the same orientation, for all
0 ≤ s ≤ l, 1 ≤ r ≤ n− 1.

A closed polygon in Rn is a finite sequence of points Π = (p0,p1, . . . ,pm−1,pm)
such that pm = p0. We take the subindices of the points in Π modulo m (e.g.
pm+3 = p3, etc.), so that cyclic permutations are allowed in writing the vertices
of Π. A polygon is said to be in general position up to order r, 1 ≤ r ≤ n, if
any system of r + 1 consecutive vertices of the polygon spans an affine subspace
of dimension r; that is, dim [pi,pi+1, . . . ,pi+r] = r for every i. As in the case of
curves, a closed polygon in Rn is in general position if it is so up to order n− 1.

If Π = (x0, . . . ,xm) is a closed polygon inscribed in a closed curve C : x(t), i.e.,
xix(ti), 0 ≤ i ≤ m, t0 < . . . < tm, we set |Π| = maxi |ti+1 − ti|. If C is in general
position up to order r, then there exists ε > 0 such that every closed polygon
Π inscribed in C with |Π| < ε is also in general position up to order r. Assume
m ≥ r+2. Let us denote by 0 ≤ αi ≤ π the angle determined by the affine subspaces
[xi,xi+1, . . . ,xi+r ] and [xi+1,xi+2, . . . ,xi+r ,xi+r+1]; i.e., αi = ](ui,ui+1), where
ui = (xi+1 − xi) ∧ . . . ∧ (xi+r − xi+r−1). The r-th total curvature of Π is defined
by

T r(Π) =
m−1∑
i=0

αi.

We have

Theorem 1.1. If C : x(s) is a closed curve in general position in Rn parametrized
by its arc length and Π is a closed polygon inscribed in C, then we have

lim
|Π|→0

T r(Π) =
∫
C

|κr(s)| ds, 1 ≤ r ≤ n− 1.

This result provides a geometric interpretation of curvatures of a curve, especially
interesting for higher orders. We also remark that, unlike the case r = 1, for
2 ≤ r ≤ n − 1, Lemma 1.1 in [3] does not hold as numerical experiments show.
However,

∫
C
|κr(s)| ds is the least upper bound of the values T r(Π) for all closed

polygons Π inscribed in C. In fact, given such a polygon Π, it is not difficult
to construct a sequence of inscribed closed polygons Πh such that Π1 = Π and
T r(Π1) ≤ T r(Π2) ≤ . . . ≤ T r(Πh) ≤ . . ., and we apply the result above.

In the particular case of the torsion of a curve in a three-dimensional Euclidean
space, the result above is also given in [1, Theorem 8.2.3] by using a completely
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different technique. We thank the referee of the present paper who mentioned that
reference to us.

2. Two basic lemmas

Lemma 2.1. Set ahk = 1
h! (∆ksi)h; λi = det (ahk), h, k = 1, . . . , r; µi = det(ahk),

1 ≤ h ≤ r + 1, h 6= r, 1 ≤ k ≤ r; x(j)
i = djx/dsj(si), and

vi = ui − λix(1)
i ∧ . . . ∧ x(r)

i − µix
(1)
i ∧ . . . ∧ x(r−1)

i ∧ x(r+1)
i .

For every ε > 0, there exists δ > 0 such that |Π| < δ implies ‖vi‖ < ε(∆rsi)1+(r+1
2 ).

Proof. By using Taylor’s formula with integral remainder (e.g., see [2, X, §8]) and
expanding x(s) at s = si up to order r we have

x(s)− xi =
r∑
j=1

(s− si)j
j!

x(j)
i + (s− si)r+1r(si, s),

where (u, v) 7→ r(u, v) is a continuous map such that r(s, s) = 1
(r+1)!x

(r+1)(s).
Evaluating x(s)−xi at si+1, . . . , si+r and taking into account that ui can be written
as (xi+1 − xi) ∧ (xi+2 − xi) ∧ . . . ∧ (xi+r − xi), we obtain

ui =
( r∑
j1=1

(∆1si)j1

j1!
x(j1)
i + (∆1si)r+1ri,i+1

)
∧ . . .

∧
( r∑
jr=1

(∆rsi)jr

jr!
x(jr)
i + (∆rsi)r+1ri,i+r

)
,

where we have set rij = r(si, sj). Expanding the r exterior products in the formula
above, we can sort the terms thus obtained according to the number of remainder
factors that they contain. Those containing no remainder factor are of the form

(∆1si)j1

j1!
· · · (∆rsi)jr

jr!
x(j1)
i ∧ . . . ∧ x(jr)

i , {j1, . . . , jr} = {1, . . . , r}.

Hence the contribution of these terms is λix
(1)
i ∧ . . . ∧ x(r)

i . The terms containing
one factor of the remainder exactly are as follows:

(∆1si)j1

j1!
· · · (∆psi)r+1︸ ︷︷ ︸

p

· · · (∆rsi)jr

jr!
x(j1)
i ∧ . . . ∧ ri,i+p︸ ︷︷ ︸∧

p

. . . ∧ x(jr)
i

=
(∆1si)j1

j1!
· · · (∆psi)r+1︸ ︷︷ ︸

p

· · · (∆rsi)jr

jr!
1

(r + 1)!
x(j1)
i ∧ . . . ∧x(r+1)

i︸ ︷︷ ︸∧
p

. . . ∧ x(jr)
i

+
(∆1si)j1

j1!
· · · (∆psi)r+1︸ ︷︷ ︸

p

· · · (∆rsi)jr

jr!
x(j1)
i ∧ . . . ∧ (ri,i+p − rii)︸ ︷︷ ︸∧

p

. . . ∧ x(jr)
i ,

where {j1, . . . , ĵp, . . . , jr} is equal to one of the following r sets: {1, 2, . . . , r − 1},
{1, 2, . . . , r − 2, r}, {1, 2, . . . , r − 3, r − 1, r}, . . ., {2, 3, . . . , r}. We have

j1 + . . .+ ĵp + . . .+ jr + (r + 1) = 1 +
(
r+1

2

)
,

if {j1, . . . , ĵp, . . . , jr} = {1, 2, . . . , r − 1},
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j1 + . . .+ ĵp + . . .+ jr + (r + 1) ≥ 2 +
(
r+1

2

)
,

if {j1, . . . , ĵp, . . . , jr} 6= {1, 2, . . . , r − 1}.

Collecting the first summands of the right-hand side in the previous equation for
{j1, . . . , ĵp, . . . , jr} = {1, 2, . . . , r− 1} we obtain µix

(1)
i ∧ . . .∧x(r−1)

i ∧x(r+1)
i . Since

∆jsi ≤ j|Π|, and |Π| < δ implies ‖ri,i+p − rii‖ < ε for small enough δ, the lemma
is proven. �

Lemma 2.2. With the same notation as above, set

s′i =
si + si+1 + . . .+ si+r

r + 1
, 0 ≤ i ≤ m− 1,

θi = ] (ui, (f1 ∧ . . . ∧ fr) (s′i)) .

Then, for every ε > 0, there exists δ > 0 such that |Π| < δ implies θi < (∆rsi) ε,
where ∆jsi = si+j − si.

Proof. First of all, as a computation shows, we have

λi =
∆1si · · ·∆rsi

1!2! · · · r! · Vandermonde (∆1si, . . . ,∆rsi)

=
∆1si · · ·∆rsi

1!2! · · · r!
∏

1≤h<k≤r
(si+k − si+h) ,

µi =
∆1si · · ·∆rsi

1!2! · · · (r − 1)!(r + 1)!

∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
∆1si ∆2si . . . ∆rsi

...
...

. . .
...

(∆1si)
r−2 (∆2si)

r−2
. . . (∆rsi)

r−2

(∆1si)
r (∆2si)

r
. . . (∆rsi)

r

∣∣∣∣∣∣∣∣∣∣∣
= λi

∆1si + . . .+ ∆rsi
r + 1

λi
si+1 + . . .+ si+r − rsi

r + 1
= λi(s′i − si).

Moreover, from the formulas (c.1)–(c.4) we obtain x(j)
∑j

i=1 fijfi, 1 ≤ j ≤ n,
where the functions fij satisfy the following recurrence relations: f11 = 1, f12 = 0,
f22 = κ1, and for 3 ≤ j ≤ n,

f1j = f ′1,j−1 − κ1f2,j−1, i = 1,

fij = f ′i,j−1 + κi−1fi−1,j−1 − κifi+1,j−1, 2 ≤ i ≤ j − 2,

fj−1,j = f ′j−1,j−1 + κj−2fj−2,j−1, i = j − 1,
fjj = κj−1fj−1,j−1, i = j.

Hence, letting pj = f11 · · · fjj , from the formulas above we obtain

x(1) ∧ . . . ∧ x(r) = prf1 ∧ . . . ∧ fr,

x(1) ∧ . . . ∧ x(r−1) ∧ x(r+1) = pr−1(f ′rr + κr−1fr−1,r)f1 ∧ . . . ∧ fr
+ κrprf1 ∧ . . . ∧ fr−1 ∧ fr+1

= (prf1 ∧ . . . ∧ fr)′,
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as follows taking into account that p′j = pj−1(f ′jj + κj−1fj−1,j), 2 ≤ j ≤ n. Ex-
panding the function prf1 ∧ . . . ∧ fr on the interval [si, s′i] up to first order with
remainder R, from Lemma 2.1 and the value for µi above, we have

ui = λi[(prf1 ∧ . . . ∧ fr) (s′i)− (s′i − si)2R(si, s′i)]+vi = λi (prf1 ∧ . . . ∧ fr) (s′i)+v′i,

where ‖v′i‖ < ε(∆rsi)1+(r+1
2 ) for small enough |Π|. Letting ūi = ui/(λipr(s′i)), we

have θi](ūi, (f1 ∧ . . . ∧ fr)(s′i)).
Taking into account that λi ≤ 1

1!2!···r!(∆rsi)(
r+1

2 ), and min pr(s) > 0 since C is
in general position, we obtain ‖ūi − (f1 ∧ . . . ∧ fr)(s′i)‖ < cε∆rsi, where c > 0 is a
constant. Hence

cos θi >
‖ūi‖2 + 1− c2ε2(∆rsi)2

2 ‖ūi‖
≥
√

1− c2ε2(∆rsi)2,

and accordingly | sin θi| < cε∆rsi, thus proving Lemma 2.2. �

3. Proof of Theorem 1.1

Let S(
∧r Rn) be the unit sphere in

∧r Rn. We remark that the spherical distance
between two points x,y is equal to ](x,y), and the length of a spherical curve is
the limit of the lengths of the geodesic polygons inscribed on it. Let us apply these
properties to the spherical curve s 7→ (x1 ∧ . . . ∧ xr) (s) and to the geodesic polygon
Π determined by the points (x1 ∧ . . . ∧ xr) (s′i). Since

s′i+1 − s′i =
(si+1 − si) + . . .+ (si+r+1 − si+r)

r + 1
≤ |Π| ,

the length of Π goes to the length of the curve (x1 ∧ . . . ∧ xr) (s) as |Π| → 0; in
other words,

lim
|Π|→0

m−1∑
i=0

βi

∫
C

∥∥(f1 ∧ . . . ∧ fr)
′ (s)

∥∥ds,

where βi = ]
(
(f1 ∧ . . . ∧ fr) (s′i), (f1 ∧ . . . ∧ fr) (s′i+1)

)
. Moreover, from the Frénet

formulas (c.1)–(c.4) we deduce (f1 ∧ . . . ∧ fr)
′
κr(f1 ∧ . . . ∧ fr−1 ∧ fr+1). Hence

lim
|Π|→0

m−1∑
i=0

βi

∫
C

‖κr(s) (f1 ∧ . . . ∧ fr−1 ∧ fr+1) (s)‖ ds =
∫
C

|κr(s)| ds.

Accordingly, it suffices to prove that lim|Π|→0

∑m−1
i=0 αi = lim|Π|→0

∑m−1
i=0 βi. To do

this, we consider the geodesic quadrilateral in S(
∧r Rn), the vertices of which are

((f1 ∧ . . . ∧ fr) (s′i),ui,ui+1, (f1 ∧ . . . ∧ fr) (s′i+1)) and the measures of its arcs are
θi, αi, θi+1, βi, cyclically. From the triangle inequality we obtain αi ≤ θi+1 +βi+ θi
and βi ≤ θi + αi + θi+1. Therefore, |αi − βi| ≤ θi + θi+1, and for every polygon Π
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such that |Π| < δ from Lemma 2.2 we deduce∣∣∣∣∣
m−1∑
i=0

αi −
m−1∑
i=0

βi

∣∣∣∣∣ ≤
m−1∑
i=0

|αi − βi| ≤
m−1∑
i=0

(θi + θi+1) <
m−1∑
i=0

(∆rsi + ∆rsi+1) ε

= ε

(
m−1∑
i=0

(si+r − si) +
m−1∑
i=0

(si+r+1 − si+1)

)

= ε

m−1∑
i=0

((si+r − si+r−1) + . . .+ (si+1 − si))

+ ε

m−1∑
i=0

((si+r+1 − si+r) + . . .+ (si+2 − si+1))

= ε

m−1∑
i=0

r−1∑
j=0

(si+r−j − si+r−j−1) + ε

m−1∑
i=0

r−1∑
j=0

(si+r+1−j − si+r−j)

= ε

r−1∑
j=0

m−1∑
i=0

((si+r−j − si+r−j−1) + (si+r+1−j − si+r−j))

≤ 2rlε,

thus proving Theorem 1.1.
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