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ABSTRACT. A classical result by J. W. Milnor states that the total curvature
of a closed curve C in the Euclidean n-space is the limit of the total curva-
tures of polygons inscribed in C. In the present paper a similar geometric
interpretation is given for all total curvatures fC |krlds, 7=1,...,n— 1.

1. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

A curve x(t) in R defined on an interval ¢+ € I and of class C* is said to be
in general position up to order r, 1 < r < n, at tg if k& > r and the derivatives
x'(to0),x" (to), . .. ,x(")(ty) are linearly independent. If k > r > 1, then the curves
in general position up to order r at every t € I are a dense open subset in C* (I, R™)
with respect to the strong topology for 1 < r < n—1, but curves in general position
up to order n are not dense since inflection points cannot be eliminated by small
perturbations. Because of this we say that a curve in R™ is in general position if
it is so up to order n — 1 and its class is > n. If x(¢) is a closed curve in general
position up to first order (i.e., x: R — R" is a periodic immersion), then the arc
length s(t fo |x'(¢)| dt satlsﬁes s(t +w) = s(t) + 1, Vt, where w is a period (i.e.,
w >0, x(t +w) =x(t), Vt) and | = [” |x'(t)| d¢ is the length of the curve.

Curves in general position admit a Frénet frame; that is, if x is parametrized by
its arc length s, there exist vectors fi(s), ..., f,(s) and functions k1(s), ..., kn—1(s)
such that:

(a) f; (resp. K;)isof class >n —i (resp. >n—1—4d)for 1 <i<n-1,1f,is
ofclass >1land xk; >0for 1 <i:<n-—2.

(b) (£1(s),...,£.(s)) is a positively oriented orthonormal basis for every s €
[0,1].
(¢) The following formulas hold true:

(c.1) dx/ds = fi,

(C 2) dfl/ds = Iﬁ:lfg,

(C 3) dft/ds = —r;_1f,_1 + Rifi+1 for2 <i<n-—1,
(C 4) dfn/ds — Hn—lfn—l-
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Given a finite number of vectors vq,...,vy in R™, we denote by (vi,...,vg)
(resp. [v1,...,Vg]) the vector (resp. affine) subspace that they span. We have
dim [vy,...,vg] =dim (vy —v;,..., Vi, ..., vy — v;) for every 1 <i <k.

We extend the scalar product in R” to A"R™ by imposing
(VIA AV, WAL AW, = det ((vi, W)))

i,j=1,...,r "
We have
D v A Al < vl flvell; and
ii) if (v1,...,v,) is an orthonormal system, then vi A...Av, is a unitary vector.

We recall that the first n — 1 vectors fi(s),...,f,_1(s) in the Frénet frame of a
curve x(s) are obtained by applying the Gram-Schmidt process ([l 2.1.9]) to the
system x’(s),x"(s),...,x(" "1 (s); hence we have

1) {fi(s),...,f.(s)) = <x’(s), . ,x(r)(s)>,

2) (f1(s),...,£.(s)) and (x'(s),...,x(")(s)) define the same orientation, for all
0<s<l,1<r<n-—1.

A closed polygon in R™ is a finite sequence of points IT = (pg, P1, - - -, Pm—1, Pm)
such that p,, = po. We take the subindices of the points in II modulo m (e.g.
Pm+3 = Ps, etc.), so that cyclic permutations are allowed in writing the vertices
of II. A polygon is said to be in general position up to order r, 1 < r < n, if
any system of r + 1 consecutive vertices of the polygon spans an affine subspace
of dimension r; that is, dim [p;, Pit1,. .., Pitr] = 7 for every i. As in the case of
curves, a closed polygon in R™ is in general position if it is so up to order n — 1.

If IT = (xg, .. .,Xm) is a closed polygon inscribed in a closed curve C' : x(t), i.e.,
x;x(t;), 0 <i<m,tg <...<ty, weset |II| = max; |[t;y1 — t;|. If C is in general
position up to order r, then there exists ¢ > 0 such that every closed polygon
IT inscribed in C with |II| < ¢ is also in general position up to order r. Assume
m > r+2. Let us denote by 0 < «; < 7 the angle determined by the affine subspaces

[Xis Xig 1,00 Xige) and [Xiq1,Xi42, .- Xigr, Xipry1]; 1€, @ = £(03,0511), where
w; = (Xi41 — Xi) A oo A (Xigr — Xigr—1). The r-th total curvature of II is defined
by
m—1
7 =Y o
i=0
We have

Theorem 1.1. If C : x(s) is a closed curve in general position in R™ parametrized
by its arc length and 11 is a closed polygon inscribed in C, then we have

lim 77 (IT) :/ |kr(s)|ds, 1<r<n-1.
[T —0 c

This result provides a geometric interpretation of curvatures of a curve, especially
interesting for higher orders. We also remark that, unlike the case r = 1, for
2 <r <n-1, Lemma 1.1 in [3] does not hold as numerical experiments show.
However, [ |x,(s)|ds is the least upper bound of the values T (II) for all closed
polygons II inscribed in C. In fact, given such a polygon II, it is not difficult
to construct a sequence of inscribed closed polygons II;, such that II; = II and
Tr(IIy) <T"(Ip) < ... <T7(I;) < ..., and we apply the result above.

In the particular case of the torsion of a curve in a three-dimensional Euclidean
space, the result above is also given in [I, Theorem 8.2.3] by using a completely
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different technique. We thank the referee of the present paper who mentioned that
reference to us.

2. TWO BASIC LEMMAS
Lemma 2.1. Set apr = %(Aksi)h; A =det (apk), hyk=1,...,7r; u; = det(ank),
1<h<r+1l,h#r, 1<k<r; xgj) = d/x/ds’(s;), and

Vi =u; — )\ixl(.l) AL A xgr) — uixgl) VAN Xgrfl) A XZ(.TJFI)

For every e > 0, there exists 6 > 0 such that |II| < § implies ||v;]| < e(Arsi)H(rzl),

Proof. By using Taylor’s formula with integral remainder (e.g., see [2, X, §8]) and
expanding x(s) at s = s; up to order r we have

, .
B
x(s) —x; = Z s=s) ng) + (s — 8:) (s, 8),

1l

=
where (u,v) — r(u,v) is a continuous map such that r(s,s) = ﬁx(r‘“)(s).
Evaluating x(s)—x; at $;4+1, - . ., Sitr and taking into account that u; can be written

as (X'H-l — Xi) A\ (XH_Q — Xi) VANPAN (X7;+7n — Xi), we obtain

" (Aqs;)t )
w = (Z %Xgm + (A15i>r+1ri,i+1> A
Ji:

A (i ngj7') + (A,«si)’"ﬂri,iw),

jr=1 gr!

where we have set r;; = r(s;,s;). Expanding the r exterior products in the formula
above, we can sort the terms thus obtained according to the number of remainder
factors that they contain. Those containing no remainder factor are of the form

(Alsi)jl (Arsi)jy
jll jr!

XA AT Gy = {1, )

Hence the contribution of these terms is /\ixgl) AN xgr). The terms containing
one factor of the remainder exactly are as follows:

Aysy)t As)ir o ‘
ﬂ(A Si)r—i_l"'ﬂx(']l)/\.../\rii /\.../\X(.]T)
| p | 7 yitp 7
Ji: N— Jr: ——
p P
A ijl Ar Z‘j" 1 : .
:ﬂ"'(A Si)TH"'i( .S) — xI A AT AL A X
]1! iﬂ .77"! (r—|—1)! ? % 4
P P
A )1 Ans: )i o ‘
+ % T (Apsi)“_l T %Xgh) VAN (ri,i_;.p —Ti) AL A XZ(.]")7
Ji: ~— Jr: —_——
p P

where {jl,...,j;,,...,j,«} is equal to one of the following r sets: {1,2,...,r — 1},
{1,2,....,r=2,7}, {1,2,...,r=3,r—=1,r}, ..., {2,3,...,7}. We have

ittt () =14 (75,
{1y T s dr} = {1,2,. .7 =1},
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GidH Dt i+ (1) 224 (7)),
if{jl,...,jp,...,jr}75{1,2,...,7“—1}.
Collecting the first summands of the right-hand side in the previous equation for
{13 Jps--ydry ={1,2,...,7—1} we obtain ngl) A... /\xgr_l) /\xgrﬂ). Since
Ajs; < j||, and |II| < ¢ implies ||r;i+p — ris|| < € for small enough 6, the lemma
is proven. ([

Lemma 2.2. With the same notation as above, set

S;:5i+5i+1+~~+si+r7 0<i<m-—1,
r+1

0; = K(ui,(fl /\.../\fr) (S;))

Then, for every e > 0, there exists § > 0 such that |II| < § implies 0; < (A,s;)e,
where Ajs; = Siyj — S;.

Proof. First of all, as a computation shows, we have

Aqs;--A\,s;
Ai = H - Vandermonde (Ays;, ..., Ars;)
Alsi s ATSi
= o ichcie, (e = sien),
1 1 1
AlSi AQSi “e Arr.si
Alsi cee ATSZ‘ . . ) ]
20 (r = D!(r 4+ 1)! ‘ : :
(Ars) ™2 (Das) ™2 ... (Apsy) 2
(Alsi)r (Agsi)r (Arsi)r
Aisi+...+As; Sit1+ ...t Sjqr —TS; ,
= r+1 A r+1 = Xi(s; — si)-
Moreover, from the formulas (c.1)—(c.4) we obtain <) Egzl fifi, 1< j <,
where the functions f;; satisfy the following recurrence relations: fi1 =1, fi2 =0,
fo2 = k1, and for 3 < j <n,
fij = fljo1 = mfag-1, i=1,
fig = fi/,j—l +Ki—1fi—1,j-1 — Kifit1,5-1, 2<i<j—2,
fi—15 = f]/;1,j71 + Kj—ofj—2-1, i=j—1,
Jij = Kj-1fi-1,4-1, i=j.

Hence, letting p; = f11- - f;;, from the formulas above we obtain
xWA AT =p i AN,

xW AL AxTTD A xHD = Pr—1(frr + ket fro1 ) B AL AE,
+ Iirp,«fl VANAN fr—l A\ f7"+1
= (prfl VANRRWAN f,«)/,
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as follows taking into account that p;- = pj_l(f]'-j +kj—1fj—1,5), 2 < j <n. Ex
panding the function p,fi A ... Af. on the interval [s;,s}] up to first order with
remainder R, from Lemma Bl and the value for p; above, we have

w; = N[(pefi AL AE) (8)) = (sh — 50)%R(si, 8))]+vi = Ni (pefL A A ) (85) v,

where ||V]| < E(Arsi)pr(r;l) for small enough |II]. Letting @; = w;/(A\ipr(s})), we

have Hié(ﬁi, (fl VANIAN fr)(s;))
r+1
Taking into account that A; < ﬁ(Arsz)( 2 ), and minp,(s) > 0 since C is
in general position, we obtain ||T; — (fi A ... A£)(s})|| < ceA,s;, where ¢ > 0is a

constant. Hence

2 2.2 2
; 1- Ars;
cos; > ][~ + e (Arsi) > 1 —c2e2(Ars;)?,

2 [|a|

and accordingly |sin6;| < ceA,s;, thus proving Lemma 22 (]

3. PrRoOF oF THEOREM [L.1]

Let S(A" R™) be the unit sphere in A" R™. We remark that the spherical distance
between two points x,y is equal to £(x,y), and the length of a spherical curve is
the limit of the lengths of the geodesic polygons inscribed on it. Let us apply these
properties to the spherical curve s — (x1 A ... Ax,) (s) and to the geodesic polygon
IT determined by the points (x1 A ... Ax;) (s}). Since

Sit1 — Si) + ...+ (85 — 8
S;+1 —S{L' _ ( 1+1 ’L) r+1( i+r+1 z+r) S |H|,

the length of II goes to the length of the curve (x1 A...AX,)(s) as |II] — 0; in
other words,

m—1
li : A AL ds,
im ;@/CH(M AE) (5)]| ds

|TI|—0

where 8; = £ (f1 A ... AE) (sh), (FL AL A (s),1)). Moreover, from the Frénet
formulas (c.1)-(c.4) we deduce (fy A... Af.) ke (Fy A ... Af_1 Af4 ). Hence

m—

1
lim @/ ler(s) (FL Ao oA Afgr) ()|l ds = / |kr(s)] ds.
|II|—0 o C C

Accordingly, it suffices to prove that lim 22_01 a; = lim|q g 22_01 B;. To do
this, we consider the geodesic quadrilateral in S(/\" R™), the vertices of which are
((Fo AL AfR) (8)), wg, wgqn, (Fr AL AL (s74,)) and the measures of its arcs are
0;, 0, 0;4+1, B, cyclically. From the triangle inequality we obtain a; < 6,41+ 6; +0;
and 5; < 0; + a; + 0;41. Therefore, |a; — 5;| < 6; + 0,41, and for every polygon II
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such that |II| < ¢ from Lemma [22] we deduce

m—1 m—1 m—1 m—1 m—1
Dai= > B <Y =Bl < (0i+0i41) < (Apsi+Arsiy1)e
=0 =0 =0 =0 =0

m—1 m—1
=€ < (Sitr — si) + Z (Sitr41 — Sit1)

=0 =0

=0
m—1

+e ) ((Sitr41 = Sivr) + .o+ (Siv2 — Si41))
i=0
m—1r—1 m—1r—1

=D > (Sitr—j = Sitr—j—1) +E Y D (Sitrr1-j = Sitr—j)
=0 j=0 i=0 j=0
r—lm-—1

=¢ ((Si4r—j = Sitr—j—1) + (Sitr41-5 = Sitr—j))
7=0 =0

< 2rle,

thus proving Theorem [
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