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Abstract. We show that two cocycle-conjugate endomorphisms of an arbi-
trary von Neumann algebra that satisfy certain stability conditions are conju-
gate endomorphisms, when restricted to some specific von Neumann subalge-
bras. As a consequence of this result, we obtain a new criterion for conjugacy
of Powers shift endomorphisms acting on factors of type I∞.

1. Introduction

Let M , N be von Neumann algebras. A pair of unital normal *-endomorphisms
ρ of M and σ of N are said to be conjugate if there exists a *-isomorphism θ from
N onto M such that ρ◦θ = θ◦σ. They are called cocycle-conjugate endomorphisms
if there exists a unitary element u of M such that σ and Ad(u) ◦ ρ are conjugate
endomorphisms.

The study of conjugacy and cocycle-conjugacy classes of (shift-type) endomor-
phisms acting on factors of type I∞ and type II1 was initiated by R. Powers in
[P], and since then, many important classification results have been obtained (see
[BJP], [BY2], [L], [Pr] and the references therein). In general, it is difficult to deter-
mine whether a pair of endomorphisms are conjugate or cocycle-conjugate, even in
the case where they are automorphisms. Furthermore, it is often more difficult to
find conjugacy invariants than to find cocycle-conjugacy invariants. For example,
although a cocycle-conjugacy invariant for endomorphisms acting on a type I∞ fac-
tor can be easily described, the problem of finding conjugacy invariants is difficult,
even for particular classes of endomorhisms ([BJP], [L]).

Our purpose, in this paper, is to find conditions under which two cocycle-
conjugate endomorphisms are also conjugate. In fact, we show that two cocycle-
conjugate endomorphisms acting on a von Neumann algebra that satisfy certain
stability conditions have the property that they are conjugate endomorphisms when
restricted to some specific von Neumann subalgebras. The consequences of this re-
sult are twofold. First of all, we obtain a new criterion for conjugacy of Powers
shifts acting on a type I∞ factor which improves the original criterion of Powers in
[P]. Secondly, we obtain a generalization of an important result of Bures and Yin
in [BY2], from the case of a type II1 factor to the case of a von Neumann algebra
with a faithful normal tracial state.
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We close our introduction with a few remarks on notation, most of which is
standard. For a von Neumann algebra M acting on a separable Hilbert space H,
we denote by End(M) the semigroup of all injective unital *-endomorphisms of M .
We note that such endomorphisms are automatically normal. For ρ ∈ End(M),
we denote by Mρ the von Neumann algebra generated by {ρn(M)′ ∩M : n ≥ 0}.
Since

ρ (ρn(M)′ ∩M) ⊂ ρn+1(M)′ ∩M,(1.1)

for every positive integer n, it follows that the restriction ρ|Mρ is an endomorphism
of the von Neumann algebra Mρ.

Finally, if ϕ is a state of M , then Mϕ will denote the centralizer of ϕ, that is,
the set of all elements x of M such that ϕ(xy) = ϕ(yx), for all y ∈M .

2. The main result

We begin this section with the following lemma, which will be used in the proof
of the next theorem:

Lemma 2.1. Let M be a von Neumann algebra and ρ ∈ End(M). Assume that
there exists a faithful normal state ϕ of M that is ρ-invariant (i.e., ϕ(ρ(x)) = ϕ(x)
for all x ∈M). Then the restriction ρ|Mϕ is an endomorphism of the von Neumann
algebra Mϕ.

Proof. Let {σϕt }t∈R be the modular automorphism group of M associated to the
state ϕ. By [S], Mϕ is the fixed-point algebra of {σϕt }t∈R, and σϕ◦ρt = ρ−1 ◦ σϕt ◦ ρ,
for all t ∈ R. Thus, if x ∈Mϕ and t ∈ R, we have

σϕt (ρ(x)) = ρ ◦ σϕ◦ρt (x) = ρ ◦ σϕt (x) = ρ(x);

so ρ(x) ∈Mϕ. The lemma is proved. �

We now state and prove the main result of this paper:

Theorem 2.2. Let M be a von Neumann algebra, and let ρ, σ ∈ End(M) be
cocycle-conjugate endomorphisms. Let θ be a *-automorphism of M , and u ∈ M
a unitary element such that θ ◦ σ = Ad(u) ◦ ρ ◦ θ. Assume that there exists a ρ-
invariant faithful normal state ϕ of M such that u ∈ Mϕ. Then the restrictions
ρ |Mρ and σ |Mσ are conjugate endomorphisms.

Proof. (I) First of all, we assume that θ = Id; so σ = Ad(u) ◦ ρ. In the first part of
the proof, we shall employ an argument from [BY2, Theorem 1.2]. For any positive
integer n, we define

un =
n∏
i=1

ρi−1(u).

Then un is a unitary in M , and it is easily seen that it satisfies the following relation:

σn = Ad(un) ◦ ρn, for all n ∈ N.
In particular, this relation implies that the mappings

Ad(un) : ρn(M)′ ∩M −→ σn(M)′ ∩M
are *-isomorphisms of von Neumann algebras, for each n ∈ N. On the other hand,
for any x ∈ ρn(M)′ ∩M , we have the following:

Ad(un+1)(x) = Ad(un) (ρn(u)xρn(u∗)) = Ad(un)(x).
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Thus the diagram

ρn(M)′ ∩M Ad(un)−→ σn(M)′ ∩M
∩ ∩

ρn+1(M)′ ∩M Ad(un+1)−→ σn+1(M)′ ∩M
commutes for every n ∈ N.

Accordingly, the *-isomorphisms Ad(un) : ρn(M)′ ∩M −→ σn(M)′ ∩M can be
lifted to a *-isomorphism Θ from the C∗-algebra Cρ generated by {ρn(M)′∩M |n ≥
0}, onto the C∗-algebraCσ generated by {σn(M)′∩M |n ≥ 0}, uniquely determined
by the condition

Θ |ρn(M)′∩M= Ad(un).(2.1)

Next, we claim that Θ can be extended to a *-isomorphism from the von Neu-
mann algebra Cρ

w
= Mρ onto Cσ

w
= Mσ, where Cρ

w
denotes the closure of

Cρ in the weak operator topology. For proving this claim, we consider the GNS-
construction (πϕ, Hϕ, Ωϕ) of M with respect to the faithful normal state ϕ. As
usual, we identify M with πϕ(M). So Ωϕ ∈ Hϕ is a cyclic and separating vector
for M , and ϕ(x) = 〈xΩϕ , Ωϕ〉, for all x ∈M .

On the other hand, since u ∈Mϕ, we deduce from Lemma 2.1 that

ϕ ◦Ad(un) = ϕ, n ∈ N.
Thus, by norm continuity,

ϕ|Cσ ◦Θ = ϕ|Cρ .(2.2)

Next, we consider the Hilbert subspaces Hρ and Hσ of Hϕ, defined by

Hρ = πϕ(Cρ)Ωϕ and Hσ = πϕ(Cσ)Ωϕ.

Then the C∗-algebras Cρ and Cσ act on Hρ, respectively on Hσ, via the represen-
tation πϕ|Cρ , respectively πϕ|Cσ . In fact, up to unitary equivalence, (πϕ|Cρ , Hρ)
and (πϕ|Cσ , Hσ) are exactly the GNS-representations (πϕ|Cρ , Hϕ|Cρ ), respectively
(πϕ|Cσ , Hϕ|Cσ ) of the C∗-algebra Cρ, respectively Cσ, with respect to the state
ϕ|Cρ , respectively ϕ|Cσ .

By identifying Cρ with πϕ|Cρ (Cρ) and Cσ with πϕ|Cσ (Cσ), we define an operator
U : Hρ → Hσ by

UxΩϕ = Θ(x)Ωϕ, x ∈ Cρ,
and we claim that U is a unitary operator. Indeed, for any x ∈ Cρ, we have

‖UxΩϕ‖2 = 〈UxΩϕ , UxΩϕ〉
= 〈Θ(x∗x)Ωϕ , Ωϕ〉

(2.2)
= 〈x∗xΩϕ , Ωϕ〉
= ‖xΩϕ‖2;

so U is an isometry. But U is surjective; so U must be a unitary operator.
Moreover, for all x, y ∈ Cρ we have

UxyΩϕ = Θ(xy)Ωϕ = Θ(x)Θ(y)Ωϕ = Θ(x)UyΩϕ,

from which we infer that

Θ(x) = UxU∗, x ∈ Cρ.
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It then follows that Θ is a weakly continuous mapping, and therefore, it can be
extended by continuity to a *-isomorphism from Mρ onto Mσ, also denoted by Θ.

It remains only to show that Θ implements the conjugacy between ρ|Mρ and
σ|Mσ . Indeed, for any positive integer n, and for any x ∈ ρn(M)′ ∩M , we have

σ ◦Θ(x) = σ ◦Ad(un)(x)
= Ad(u) ◦ ρ ◦Ad(un)(x)
= Ad(un+1) ◦ ρ(x)
= Θ ◦ ρ(x),

where the last equality follows from (1.1) and (2.1). It then follows, by norm
continuity, that σ ◦Θ(x) = Θ◦ρ(x) for all x ∈Mρ. So ρ|Mρ and σ|Mσ are conjugate
endomorphisms.

(II) For proving the general case, let σ′ := θ◦σ◦θ−1 ∈ End(M). Then by (I), the
endomorphisms σ′|Mσ′ and ρ|Mρ are conjugate. But θ|Mσ is also a *-isomorphism
from Mσ onto Mσ′ that implements the conjugacy between σ|Mσ and σ′|Mσ′ . Thus
ρ|Mρand σ|Mσ are conjugate endomorphisms. �

3. Consequences

We infer immediately from Theorem 2.2 that in order to find classes of cocycle-
conjugate endomorphisms of a von Neumann algebra M that are also conjugate,
we should look at those endomorphisms ρ of M that satisfy

Mρ = M.

An endomorphism ρ ∈ End(M) that satisfies this relation is said to have the gen-
erating property (see also [Ch]). We note that the class of endomorphisms having
the generating property is related to the class of Powers shift endomorphisms [P],
i.e., those endomorphisms ρ of M that satisfy the range property

⋂
n ρ

n(M) = C1:

Lemma 3.1. If M is a factor, then any endomorphism ρ of M that has the gen-
erating property is a Powers shift endomorphism. If M is a type I∞ factor, then
any Powers shift endomorphism has the generating property.

Proof. If ρ ∈ End(M), then it is easily seen that

Mρ ⊂

⋂
n≥0

ρn(M)

′ ∩M.

Therefore, if M is a factor and Mρ = M , then⋂
n≥0

ρn(M) ⊂M ′ ∩M = C1;

so ρ is a Powers shift.
If M is a type I∞ factor, and if ρ is a Powers shift endomorphism of M , then,

by using Corollary 2.2 of [P], we have

M =
∨
n≥0

ρn(ρ(M)′ ∩M),

the von Neumann algebra generated by {ρn(ρ(M)′ ∩M) |n ≥ 0}. Moreover, since

ρn(ρ(M)′ ∩M) ⊂ ρn+1(M)′ ∩M, for all n ≥ 0,
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we deduce that ρ has the generating property. �

Remark 3.2. Examples of Powers shift endomorphisms that do not have the gen-
erating property were constructed explicitly in [BY1], [BY2].

Now let M be a type I∞ factor. In [A], W. Arveson has shown that any endo-
morphism ρ of M has the form

ρ(x) =
k∑
i=1

uixu
∗
i , x ∈M,

where {ui}i=1,k is a family of isometries in M that satisfy the Cuntz relations [Cu],
and k is the (Powers) index of ρ [P], i.e., that k such that ρ(M)′ ∩M is a factor of
type Ik.

This index is a complete cocycle conjugacy invariant [P, Theorem 2.4], [L, Propo-
sition 2.3]. In fact, if ρ(x) =

∑k
i=1 uixu

∗
i and σ(x) =

∑k
i=1 vixv

∗
i are endomor-

phisms acting on M , then

u =
k∑
i=1

viu
∗
i

defines a unitary of M such that σ = Ad(u) ◦ ρ.
The problem of finding conjugacy invariants is more difficult. For example,

it was shown in [BJP] that it is impossible to find a smooth labeling of all the
conjugacy classes of Powers shifts. For this class of endomorphisms, the only known
criterion for conjugacy is that found by R. Powers [P, Theorem 2.3]: if ρ and σ
are Powers shifts with the same index, and if there exist a ρ-invariant pure normal
state of M and a σ-invariant pure normal state of M , then ρ and σ are conjugate
endomorphisms.

Theorem 2.2 and Lemma 3.1 allow us to formulate a new criterion of conjugacy:

Corollary 3.3. Let M be a type I∞ factor, and let ρ(x) =
∑k
i=1 uixu

∗
i , σ(x) =∑k

i=1 vixv
∗
i , be Powers shift endomorphisms of index k acting on M . Suppose that

there exists a ρ-invariant faithful normal state ϕ of M such that

k∑
i=1

viu
∗
i ∈Mϕ.

Then ρ and σ are conjugate endomorphisms.

Now let M be a von Neumann algebra. If the state ϕ in Theorem 2.2 is tracial,
then the condition u ∈Mϕ is superfluous. Moreover, if M is a type II1 factor, and
if the state ϕ is the unique faithful normal finite trace on M , then all conditions in
Theorem 2.2 that involve this state ϕ are automatically satisfied. Thus, we obtain
the following consequence of Theorem 2.2, which generalizes Corollary 1.3 of [BY2]:

Corollary 3.4. Let M be a von Neumann algebra, and let ρ, σ be endomorphisms
of M having the generating property. Assume that there exists a ρ-invariant faithful
normal tracial state of M . Then ρ and σ are conjugate endomorphisms if and only
if they are cocycle-conjugate endomorphisms.
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