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UNIQUENESS OF DILATION INVARIANT NORMS

E. MORENO AND A. R. VILLENA

(Communicated by N. Tomczak-Jaegermann)

Abstract. Let δa be a nontrivial dilation. We show that every complete norm
‖ · ‖ on L1(RN ) that makes δa from (L1(RN ), ‖ · ‖) into itself continuous is
equivalent to ‖ · ‖1. δa also determines the norm of both C0(RN ) and Lp(RN )
with 1 < p < ∞ in a weaker sense. Furthermore, we show that even all the
dilations do not determine the norm on L∞(RN ).

1. Introduction

The uniqueness-of-norm problem is a classical topic in automatic continuity the-
ory, which has been mainly developed in the context of Banach algebras. The most
important result in this area is the famous theorem by B. E. Johnson [6] that every
semisimple Banach algebra, such as L1(G) for any locally compact group G, carries
a unique Banach algebra norm. Recently, quite a lot of attention has been paid
to the question of whether Lp(G) with 1 ≤ p ≤ +∞ carries a unique translation
invariant norm. Investigation about this subject started with the seminal paper
by K. Jarosz [5] on L1(R) and Lp(T) (1 ≤ p ≤ ∞), and it has been successfully
carried out for arbitrary locally compact abelian groups [2], [8] and for some classes
of nonabelian groups such as compact groups [3] and Moore groups [4]. It turned
out that the norm ‖ · ‖p on Lp(G) is intimately connected with the action of trans-
lations on G, and that the uniqueness of translation invariant norms on Lp(G) is
closely related to the classical problem of determining whether or not there is a
discontinuous translation invariant functional on Lp(G).

An essential feature of harmonic analysis is the fact that the Fourier transform
has a very simple transformation law under translations. This fact was the key
to obtaining the results in the above-mentioned papers. Harmonic analysis in Eu-
clidean spaces, however, is richer because of its connection with several classes of
transformations: the dilations and the rotations as well as the translations. In this
paper we wish to make quite explicit the further connection between the norm ‖·‖p
on Lp(RN ) and the action of dilations by proving that every complete norm ‖ · ‖
on L1(RN ) that makes a single nontrivial dilation from (L1(RN ), ‖ · ‖) into itself
continuous is equivalent to the norm ‖·‖1. When concerned with the space Lp(RN )
with 1 ≤ p <∞ we show that every complete norm ‖·‖ with the property that there
exists a > 0 with a 6= 1 such that ‖δaf‖ = a−

N
p ‖f‖ for each f ∈ Lp(RN ) is equiv-

alent to ‖ · ‖p. Furthermore, we prove that a similar result holds true for C0(RN )
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and that there exists a complete norm ‖ · ‖ on L∞(RN ) such that ‖δaf‖ = ‖f‖ for
all f ∈ L∞(RN ) and a > 0 and that it is not equivalent to the norm ‖ · ‖∞.

Throughout this paper, for any a > 0 and any function f : RN → C, we write
δaf to denote the dilation of f defined by (δaf)(x) = f(ax) for each x ∈ RN .

2. Preliminaries

Recall that the separating space S(Φ) of a linear mapping Φ between Banach
spaces X and Y is defined by

S(Φ) = {y ∈ Y : ∃ (xn) in X with limxn = 0 and lim Φ(xn) = y}.
By the closed graph theorem, S(Φ) = {0} if and only if Φ is continuous. A standard
fact we shall use is that Ψ◦Φ is continuous if and only if Ψ

(
S(Φ)

)
= 0 whenever Ψ

is a continuous linear operator from Y into another Banach space Z ([1, Proposition
5.2.2(ii)]). The fundamental result about the separating space is the stability lemma
([1, Theorem 5.2.5(ii)]), and we require the following variant of that result which
can be found in [1, Corolary 5.2.7(i)].

Lemma 1. Let X and Y be Banach spaces, and let (Rn) and (Sn) be sequences of
continuous linear operators on X and Y , respectively. If Φ is a linear map from X
into Y such that Sn ◦Φ = Φ ◦Rn for each n ∈ N, then there exists m ∈ N such that

(S1 ◦ · · · ◦ Sm)(S(Φ)) = (S1 ◦ · · · ◦ Sn)(S(Φ))

for each n ≥ m.

3. Uniqueness of norm on L1(RN )

It is immediate to check that the norm ‖ · ‖1 on L1(RN ) satisfies the following
property:

‖δaf‖1 = a−N‖f‖1
for all a > 0 and f ∈ L1(RN ). In fact, our purpose is to show that this property
characterizes ‖ · ‖1 even when restricted to a single nontrivial dilation δa.

Theorem 1. Let a > 0 with a 6= 1. If ‖·‖ is a complete norm on L1(RN ) such that
the dilation δa from (L1(RN ), ‖ · ‖) into itself is continuous, then ‖ · ‖ is equivalent
to ‖ · ‖1.

Proof. We only need to show that the identity map Φ from (L1(RN ), ‖ · ‖) into
(L1(RN ), ‖ · ‖1) is continuous.

For every ε = (ε1, . . . , εN) ∈ {−1, 1}N , let Ψε be the linear operator from
(L1(RN ), ‖ · ‖1) into itself defined by

(Ψεf)(x) = f(ε1e
x1 , . . . , εNe

xN )ex1+···+xN

for all f ∈ L1(RN ) and x = (x1, . . . , xN ) ∈ RN .
We begin by proving that Φε = Ψε ◦ Φ : (L1(RN ), ‖ · ‖) → (L1(RN ), ‖ · ‖1) is

continuous for each ε ∈ {−1, 1}N . Let us denote by ϑ the continuous function from
RN into C given by

ϑ(x) = e2πi ln a(x1+···+xN )

for each x ∈ RN . Let {tn : n ∈ N} be a countable dense subset of RN . For every
n ∈ N, set λn = ϑ(tn). Let us denote by Rn the continuous linear operator from
(L1(RN ), ‖ · ‖) into itself given by

Rnf = aNδaf − λnf
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for each f ∈ L1(RN ), and let us denote by Sn the continuous linear operator from
(L1(RN ), ‖ · ‖1) into itself given by

(Snf)(x) = f(x1 + ln a, . . . , xN + ln a)− λnf(x)

for all x ∈ RN and f ∈ L1(RN ). The key facts in the proof are that

(1) Φε ◦Rn = Sn ◦ Φε ∀n ∈ N

and that

(2) Ŝnf(x) = (ϑ(x) − λn)f̂(x) ∀n ∈ N, f ∈ L1(RN ), x ∈ RN ,

as is easy to check. Here and subsequently f̂ stands for the Fourier transform of
any function f ∈ L1(RN ), i.e.,

f̂(x) =
∫
RN

e−2πi(x1t1+···+xN tN )f(t1, . . . , tN )d(t1, . . . , tN ).

From (1) and Lemma 1 it follows that there exists m ∈ N such that

(S1 ◦ · · · ◦ Sm)(S(Φε)) = (S1 ◦ · · · ◦ Sn)(S(Φε))

for each n ≥ m. We now observe that the Fourier transform of every function of
the latter set vanishes at tk for k = 1, . . . , n. Indeed, on account of (2), we have

[(S1 ◦ · · · ◦ Sn)(f)] ̂ (tk) = (ϑ(tk)− λ1) · · · (ϑ(tk)− λn)f̂(tk)

= (λk − λ1) · · · (λk − λn)f̂(tk) = 0

for each f ∈ L1(RN ). Consequently, for every f ∈ S(Φε),

(ϑ(tk)− λ1) · · · (ϑ(tk)− λm)f̂(tk) = [(S1 ◦ · · · ◦ Sm)(f)] ̂ (tk) = 0.

Therefore, for every f ∈ S(Φε), the function (ϑ−λ1) · · · (ϑ−λm)f̂ vanishes on the
set {tn : n ∈ N}. From the continuity of the function and the density of the set it
may be concluded that

(ϑ− λ1) · · · (ϑ− λm)f̂ = 0.

Hence f̂(x) = 0 whenever x lies in RN \ Σ, where

Σ = {x ∈ RN : (ϑ(x) − λ1) · · · (ϑ(x) − λm) = 0}.

Since Σ does not have any interior point, we conclude that RN \ Σ is dense and
hence that f̂ = 0. We thus get f = 0, as required.

We are now in a position to show that Φ is continuous. Since Φε is continuous,
we have

Ψε(S(Φ)) = 0

for each ε ∈ {−1, 1}N . Let f ∈ S(Φ). Then the function

(x1, . . . , xN ) 7→ f(ε1e
x1, . . . , εNe

xN )ex1+···+xN

vanishes almost everywhere; so∫
RN
|f (ε1e

x1 , . . . , εNe
xN )| ex1+···+xNd(x1, . . . , xN ) = 0
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for each ε ∈ {−1, 1}N . On the other hand, we have∫
RN
|f(t)| dt =

∑
ε∈{−1,1}N

∫
]0,+∞[N

|f(ε1t1, . . . , εN tN )| dt

=
∫
RN

∣∣f (ε1e
x1 , . . . , εNe

xN ) ex1+···+xN
∣∣ d(x1, . . . , xN ) = 0,

which shows that f = 0 and hence that Φ is continuous. �

4. Uniqueness of norm on C0(RN ) and Lp(RN )

Note that

(3) ‖δaf‖∞ = ‖f‖∞
and that

(4) ‖δag‖p = a−
N
p ‖g‖p

for all a > 0, f ∈ C0(RN ), and g ∈ Lp(RN ) (1 < p < ∞). It is to be expected
that both spaces C0(RN ) and Lp(RN ) carry a unique dilation invariant norm in the
sense of Theorem 1. Unfortunately, we have not been able to prove such a result.
In this section we prove that every complete norm on C0(RN ) satisfying identity
(3) for some nontrivial dilation δa is equivalent to the norm ‖ · ‖∞ and that every
complete norm on Lp(RN ) satisfying identity (4) for some nontrivial dilation δa is
equivalent to ‖ · ‖p.

The key point for proving that result is that, for every a > 0, the group Z acts
on both spaces C0(RN ) and Lp(RN ) by

(5) k · f = δa
kf and k · g = a

Nk
p δa

kg

for all k ∈ Z, f ∈ C0(RN ), and g ∈ Lp(RN ), respectively. It is immediate that
both spaces (C0(RN ), ‖ · ‖) and (Lp(RN ), ‖ · ‖) are Banach Z-modules in the sense
of [7, Definition 1.1] with operations given by (5) whenever ‖ · ‖ is a complete norm
satisfying identity (3) or identity (4), respectively. Let us recall that a Banach G-
module, for a given locally compact abelian group G, is a Banach space X equipped
with a mapping (t, x) 7→ t · x from G×X into X such that

(i) x 7→ t · x is linear on X for each t ∈ G;
(ii) s · (t · x) = (st) · x for all s, t ∈ G and x ∈ X ;
(iii) e · x = x for each x ∈ X , where e stands for the identity of G;
(iv) there exists K > 0 with ‖t · x‖K ≤ ‖x‖ for all t ∈ G and x ∈ X .

A G-submodule of X is a closed linear subspace M of X with G ·M ⊂M . The G-
submodule M is said to be scalar if for each t ∈ G there is λ(t) ∈ C with t·x = λ(t)x
for all t ∈ G and x ∈M .

Our proof consists in proving that every scalar Z-submodule of both Z-modules
C0(RN ) and Lp(RN ) (for a given a 6= 1) is zero and applying the following.

Theorem 2 ([7, Theorem 4.1]). Let G be a locally compact abelian group, let X,
Y be Banach G-modules, and let Φ: X → Y be a G-module homomorphism. Then
S(Φ) is the direct sum of a finite number of scalar G-submodules of Y .

Lemma 2. Let δa be any nontrivial dilation. Then the following assertions hold:
i. The operator δa on C0(RN ) does not have any eigenvalue. Accordingly,
C0(RN ) does not have any nonzero scalar Z-submodule.
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ii. The operator δa on Lp(RN ) with 1 ≤ p <∞ does not have any eigenvalue.
Accordingly, Lp(RN ) does not have any nonzero scalar Z-submodule.

Proof. To obtain a contradiction, suppose that there exist λ ∈ C and f ∈ C0(RN )
with f 6= 0 such that δa(f) = λf .

Since δa is an isomorphism from C0(RN ) onto itself with δa
−1 = δa−1 , we see

that λ 6= 0. On the other hand, we can certainly assume that a > 1, for if not, we
replace δa with δa−1 and λ with λ−1.

Let x0 ∈ RN \ {0} such that f(x0) 6= 0. Then

f(anx0) = δa
n(f)(x0) = λnf(x0)

for each n ∈ N. Since lim
n→∞

‖anx0‖2 = +∞ and lim
‖x‖2→+∞

f(x) = 0, it follows that

lim
n→∞

λn = lim
n→∞

f(x0)−1f(anx0) = 0.

On the other hand, we have

f(x0) = λnf(x0/a
n)

for each n ∈ N. Since f is bounded and lim
n→∞

λn = 0, it may be concluded that

f(x0) = 0, a contradiction.
We now assume that there exist λ ∈ C and f ∈ Lp(RN ) such that δaf = λf .

Define g = |f |p. Then δag = |λ|pg and so

a−Nδa−1 ĝ = δ̂ag = |λ|pĝ,
which entails that aN |λ|p is an eigenvalue of the dilation δa−1 on C0(RN ), a con-
tradiction. �

Theorem 3. Let δa be any nontrivial dilation. Then the following assertions hold.
i. If ‖ · ‖ is a complete norm on C0(RN ) with the property that ‖δaf‖ = ‖f‖

for each f ∈ C0(RN ), then ‖ · ‖ is equivalent to the norm ‖ · ‖∞.
ii. If ‖ · ‖ is a complete norm on Lp(RN ) with 1 < p < ∞ with the property

that ‖δaf‖ = a−
N
p ‖f‖ for each f ∈ Lp(RN ), then ‖ · ‖ is equivalent to the

norm ‖ · ‖p.

Proof. In order to prove the first assertion we apply Theorem 2 to the identity
operator Φ from (C0(RN ), ‖ · ‖) onto (C0(RN ), ‖ · ‖∞). It follows that S(Φ) is the
direct sum of a finite number of scalar Z-submodules of C0(RN ). According to
Lemma 2, we have S(Φ) = 0, and consequently Φ is continuous. This implies that
‖ · ‖ is equivalent to ‖ · ‖∞.

In the same manner we can prove the second assertion. �

5. Nonuniqueness of norm on L∞(RN )

We begin by observing that

‖δaf‖∞ = ‖f‖∞
for all a > 0 and f ∈ L∞(RN ). In this section we prove that there are other norms
on L∞(RN ) enjoying that property, and therefore dilations do not determine the
norm ‖ · ‖∞ even in the weaker sense of Theorem 3. A crucial fact in our procedure
is the existence of a discontinuous linear functional φ on L∞(RN ) that is translation
invariant in the sense that φ(τuf) = φ(f) for all f ∈ L∞(RN ) and u ∈ RN . Here
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τuf stands for the translate of f defined by (τuf)(x) = f(x− u) for each x ∈ RN .
The existence of such a functional is derived from the following.

Theorem 4 ([9, Theorem 6]). Let G be a noncompact locally compact abelian
group. Then both C(G) and L∞(G) have discontinuous translation invariant linear
functionals.

Theorem 5. There exists a complete norm ‖ · ‖ on L∞(RN ) with the property that
‖δaf‖ = ‖f‖ for all a > 0 and f ∈ L∞(RN ) and that it is not equivalent to the
norm ‖ · ‖∞.

Proof. We begin by proving that there exists a discontinuous linear functional ψ
on (L∞(RN ), ‖ · ‖∞) that is dilation invariant in the sense that ψ(δaf) = ψ(f) for
all f ∈ L∞(RN ) and a > 0. On account of Theorem 4, there exists a discontinuous
translation invariant linear functional φ on (L∞(RN ), ‖ · ‖∞). We now consider the
continuous linear operator Ψ from (L∞(RN ), ‖ · ‖∞) into itself given by

Ψ(f)(x1, . . . , xN ) = f(ex1 , . . . , exN )

for all f ∈ L∞(RN ) and x1, . . . , xN ∈ RN . Set ψ = φ ◦ Ψ. It is easily seen that
ψ(δaf) = ψ(f) for all f ∈ L∞(RN ) and a > 0. On the other hand, if f ∈ L∞(RN ),
then the function g : RN → C defined by g(x1, . . . , xN ) = f(ln(x1), . . . , ln(xN ))
if x1, . . . , xN > 0 and g(x1, . . . , xN ) = 0 elsewhere lies in L∞(RN ) and Ψ(g) = f .
Hence Ψ is onto and so it is open. The openness of Ψ together with the discontinuity
of φ entails that ψ is discontinuous, as required.

We now proceed to define a complete norm ‖ · ‖ on L∞(RN ) with the property
that ‖δaf‖ = ‖f‖ for all a > 0 and f ∈ L∞(RN ) and that it is not equivalent to
the norm ‖ · ‖∞. To this end we take α ∈ C with α 6= 0, ψ(1), and we note that
the map f 7→ αf −ψ(f)1 is a discontinuous linear bijection from (L∞(RN ), ‖ · ‖∞)
onto itself. Consequently, the map

‖f‖ = ‖αf − ψ(f)1‖∞
gives a complete norm on L∞(RN ) that is not equivalent to ‖ · ‖∞. For all f ∈
L∞(RN ) and a > 0, we have

‖δaf‖ = ‖αδaf − ψ(δaf)1‖∞ = ‖αδaf − ψ(f)1‖∞

=
∥∥∥δa(αf − ψ(f)1

)∥∥∥
∞

= ‖αf − ψ(f)1‖∞
= ‖f‖,

as required. �
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