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MYCIELSKI IDEAL AND THE PERFECT SET THEOREM

MIROSLAV REPICKÝ

(Communicated by Alan Dow)

Abstract. We make several observations on the Mycielski ideal and prove
a version of the perfect set theorem concerning this ideal for analytic sets: If
A ⊆ ω2 is an analytic set all projections of which are uncountable, then there
is a perfect set B ⊆ A a projection of which is the whole space. We also
prove that (a modification of) an infinite game of Mycielski is determined for

analytic sets.

1. Introduction

For a ∈ [ω]ω and A ⊆ ω2 let Γ(A, a) be the infinite game for players I and II
in which both players choose consecutive elements of a sequence x ∈ ω2. Player II
chooses x(n) for n ∈ a, and the other moves are done by player I. Player I wins if
x ∈ A, and otherwise player II wins. This game was used by J. Mycielski [6] for
introducing new invariant ideals on ω2 that are orthogonal to the ideals of sets of
Lebesgue measure zero and of meager sets. A. Ros lanowski [8] introduced the next
two ideals related to this game:

C2 = {A ⊆ ω2 : (∀a ∈ [ω]ω) player II has a winning strategy in Γ(A, a)},
P2 = {A ⊆ ω2 : (∀a ∈ [ω]ω)A�a 6= a2},

where A�a = {x�a : x ∈ A}. The ideals C2, P2 are translation-invariant σ-ideals,
P2 ⊆ C2, every set in C2 having the Baire property is meager, and every measurable
set in C2 has measure zero.

In this paper we make several observations on these two ideals and prove variants
of the perfect set theorem for them (Theorems 2.2 and 3.2). In the case of the
ideal C2, this perfect set theorem is the determinacy of a modified game for analytic
sets. Namely, let Γ(A) be the following modification of the above game: At the
beginning of the game, player I chooses a ∈ [ω]ω, and then the players follow the
rules of the game Γ(A, a). Clearly,

C2 = {A ⊆ ω2 : player II has a winning strategy in Γ(A)}.
Theorem 3.2 says that the game Γ(A) is determined for analytic sets A ⊆ ω2.

We use the standard notation. If p ⊆ <ω2 (or p ⊆ <ωω) is a tree and s ∈ p, then
we denote [p] = {x : (∀n)x�n ∈ p} and ps = {t ∈ p : s ⊆ t ∨ t ⊆ s}. For s ∈ <ω2 or
s ∈ <ωω, [s] denotes the corresponding clopen basic set {x : s ⊂ x} in ω2 or ωω.
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Let us recall that s is the minimal cardinality of a set A ⊆ [ω]ω such that for
every a ∈ [ω]ω there is b ∈ A such that |a \ b| = |a∩ b| = ω; h is the least cardinal κ
such that P(ω)/fin is not κ-distributive (see [5]).

2. The ideal P2

The ideal P2 is called the Mycielski ideal (see [8] and [3]). We consider the
following subideal I0 of P2, defined by

I0 = {A ⊆ ω2 : (∀a ∈ [ω]ω)(∃b ∈ [a]ω) |A�b| ≤ ω}.
This is the σ-ideal IX defined in [7] for the sequence of open sets X = 〈Un : n ∈ ω〉
with Un = {x ∈ ω2 : x(n) = 0} where

IX = {A ⊆ ω2 : (∀a ∈ [ω]ω)(∃b ∈ [a]ω) A ⊆
⋃
m

⋂
n∈b\m

Un ∪
⋃
m

⋂
n∈b\m

(ω2 \ Un)}.

Theorem 2.1.
(i) For every cardinal number κ with ω < κ ≤ s,

I0 = {A ⊆ ω2 : (∀a ∈ [ω]ω)(∃b ∈ [a]ω) |A�b| < κ} ( P2.

(ii) s = min{|A| : A ⊆ ω2 and A ∈ P2 \ I0}.
(iii) add(I0) ≥ h.

Proof. (i) The inclusions from left to right and the first equality are consequences of
definitions. The only nontrivial part is the inequality (. Consider a base matrix B
in [ω]ω (constructed in [1]). Every projection B�a again is a base matrix in [a]ω

and has the size of the continuum. Therefore B ∈ P2 \ I0.
(ii) Every set of size < s is in both P2 and I0. If s < c, then any splitting family

of size s is in P2 \ I0. If s = c, then the set of the size of the continuum (base
matrix) used in the proof of (i) belongs to P2 \ I0.

(iii) The inequality add(I0) ≥ h is due to the fact that A ∈ I0 if and only if the
set {a ∈ [ω]ω : (∀x ∈ A)((∀∞n ∈ a)x(n) = 0 ∨ (∀∞n ∈ a)x(n) = 1)} is open dense
in P(ω)/fin. �

Another example of a set belonging to P2 \ I0 is constructed in Theorem 4.3.
Now we prove a version of a perfect set theorem, which in a particular case says

that if every projection of an analytic set in ω2 is uncountable, then it contains
a perfect set a projection of which is the whole space.

Theorem 2.2. If an analytic subset of ω2 is not in I0, then it contains a perfect
set that is not in P2. Hence there is no analytic set in P2 \ I0.

Proof. Let A ⊆ ω2 be analytic, and let A /∈ I0. Let f be a continuous mapping
from ωω onto A. Let {un : n ∈ ω} be an enumeration of <ωω, and by induction on
n ∈ ω let us construct a sequence of infinite sets an ⊆ ω such that

(i) (∀b ∈ [a0]ω) |A�b| > ω,
(ii) (∀n ∈ ω)(|f([un])�an| ≤ ω ∨ (∀b ∈ [an]ω) |f([un])�b| > ω), and
(iii) (∀n ∈ ω) an+1 ⊆ an.

Condition (i) is due to the assumption that A /∈ I0, and condition (ii) is due to the
fact that either f([un])�an−1 belongs to the ideal I0 (in an−12) or not. Let a ∈ [ω]ω

be a pseudo-intersection of {an : n ∈ ω} and let T = {u ∈ <ωω : |f([u])�a| > ω}.
For every u ∈ T and every b ∈ [a]ω ,

f([Tu])�b ⊇ f([u])�b \
⋃
{f([v])�b : v ∈ <ωω \ T },
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and therefore

(2.1) (∀u ∈ T )(∀b ∈ [a]ω) |f([Tu])�b| > ω.

For u ∈ T let p(u) = {s ∈ <ω2 : [s] ∩ f([Tu]) 6= ∅}, i.e., f([Tu]) = [p(u)]. Then

(2.2) (∀u ∈ T )(∀∞n ∈ a)(∃s1, s2 ∈ p(u) ∩ n+12) s1(n) 6= s2(n),

since otherwise there exists an infinite set b ⊆ a such that |[p(u)]�b| = 1, which
contradicts (2.1). Condition (2.2) enables us to construct, by induction on n = |s|
for s ∈ <ω2, an infinite set b = {kn : n ∈ ω} ⊆ a with kn+1 > kn, and systems
X = {us : s ∈ <ω2} ⊆ T , Y = {ts : s ∈ <ω2} ⊆ <ω2 so that u∅ = ∅ = t∅,
ts_0, ts_1 ∈ p(us) ∩ kn+12 are such that ts_i(kn) = i for i = 0, 1, and us_0, us_1 ∈
Tus are such that f([Tus_i ]) ⊆ [ts_i] for s ∈ n2 and i = 0, 1. Clearly, ts ⊆ ts_i.
The systems X and Y determine perfect trees in <ωω and <ω2, respectively, namely
the trees

T0 = {u ∈ T : (∃v ∈ X)u ⊆ v}, p0 = {s ∈ <ω2 : (∃t ∈ Y ) s ⊆ t}.
Hence the sets B = [T0] and C = [p0] are perfect compact, and clearly C ⊆ A, since
C = f(B). From the construction of Y it follows that C�b = b2. �

Corollary 2.3. The union of less than h analytic sets from P2 is in P2. �
Let P be the set of all perfect trees in <ω2. For n ∈ ω and p ∈ P we define

p ≤n q if p ⊆ q and p ∩ n2 = q ∩ n2. A set D ⊆ P is said to be ω-dense if for every
tree p ∈ P and every n ∈ ω there is q ∈ D such that q ≤n p.

In [7] it was said that an ideal I on ω2 is tall if it contains all singletons and
every perfect set A ⊆ ω2 has a perfect subset in I. Let us recall that the condition
in this definition concerning perfect sets is the so-called property (P) introduced by
M. Balcerzak and studied in a number of papers; see, e.g., [2] for references.

In [7] the question arose whether the ideals IX defined for various sequences
of open sets are tall. The referee has kindly informed us that this is not true,
because W. Dȩbski, J. Kleszcz, and Sz. Plewik in [4] have proved that the ideal P2

(and hence also I0) does not have property (P). Anyway, we can make several
observations in this direction. Let us note that if I is a tall ideal on ω2, then for
every p ∈ P there exists q ≤n p such that [q] ∈ I, i.e., the family of perfect trees
DI = {p ∈ P : [p] ∈ I} is ω-dense in P .

Theorem 2.4.
(i) The ideal I0 contains perfect sets. In fact, for every set B ∈ P2 there is

a perfect set A ∈ I0 disjoint from B.
(ii) For every perfect tree p ⊆ <ω2 there are a perfect tree q ≤n p and c ∈ [ω]ω

such that for every a ∈ [c]ω there is b ∈ [a]ω such that [q]�b is countable
(hence [q]�c ∈ I0 inside c2).

Proof. (i) Let {sn : n ∈ ω} be the enumeration of <ω2 defined recursively by s0 = ∅,
s2n+1 = s_n 0, s2n+2 = s_n 1. The set

A = {x ∈ ω2 : (∀n)[x(0) = 1 ∧ (x(n) = 1→ x(2n+ 1) + x(2n+ 2) = 1)

∧ (x(n) = 0→ x(2n+ 1) = x(2n+ 2) = 0)]}
is a perfect set (whose corresponding tree in <ω2 has exactly one branching node
at each level), and the family ax = {n : x(n) = 1}, x ∈ A, is an almost disjoint
family in [ω]ω coding all branches of <ω2 via the above enumeration. Hence for
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a given set a ∈ [ω]ω either b = a is almost disjoint from every ax, x ∈ A, and then
(∀x ∈ A)(∀∞n ∈ b) x(n) = 0, or there is x0 ∈ A such that b = a ∩ ax0 is infinite,
and then (∀x ∈ A, x 6= x0)(∀∞n ∈ b) x(n) = 0; hence A�b is countable.

Now we prove that for every set B ∈ P2 there is a perfect set A ∈ I0 disjoint
from B. Let a ∈ [ω]ω be a set with infinite complement such that B�a 6= a2, and
let y ∈ ω2 be such that y�a /∈ B�a. Let π : ω2 → ω\a2 be the homeomorphism
induced by the one-to-one mapping from ω onto ω \ a. Let A0 ∈ I0 be a perfect
subset of ω2. Then the set A = π(A0)× {y�a} is perfect, A is disjoint from B, and
A ∈ I0.

(ii) If [p] ∈ P2, then [p] ∈ I0 and the assertion holds for q = p and c = ω. The
case [p] /∈ P2 is nontrivial. First let us prove the following weaker property:

(2.3) For every perfect set B /∈ P2 in ω2 there are a perfect set A ⊆ B and c ∈ [ω]ω

such that for every a ∈ [c]ω there is b ∈ [a]ω such that A�b is countable.

Since B /∈ P2, there is a set c ∈ [ω]ω such that B�c = c2. By assertion (i) there
exists a perfect set C ⊆ c2 such that for every a ∈ [c]ω there is b ∈ [a]ω such that
C�b is countable. The set {x ∈ B : x�c ∈ C} is an uncountable closed set; let A be
a perfect subset of it.

Let us assume that [p] /∈ P2. Let {si : i ≤ m} = p∩n2. By induction, using (2.3),
we can find infinite subsets of c−1 = ω, c0 ⊇ c1 ⊇ · · · ⊇ cm and perfect trees qi ≤ psi
so that if [psi ]�ci−1 ∈ P2 in ci−12, then ci = ci−1 and qi = psi , and if [psi ]�ci−1 /∈ P2

in ci−12, then qi ≤ psi and ci are such that (∀a ∈ [ci]ω)(∃b ∈ [a]ω) |[qi]�b| ≤ ω. Let
c = cm and q =

⋃
i≤m qi. �

Next we present some perfect sets A ⊆ ω2, discerning the case when almost all
projections are countable from the case when almost every projection is the whole
space.

Fact 2.5.
(i) For a finite partition A of ω there is a perfect set A ( ω2 such that A�a = a2

for all a ∈ A.
(ii) There is a perfect set A ⊆ ω2 such that (∀a ∈ [ω]ω)(∃b ∈ [a]ω)A�b = b2 and

there is no finite partition A of ω into infinite sets such that A�a = a2 for
all a ∈ A.

(iii) There is a perfect set A ⊆ ω2 such that for some set c ∈ [ω]ω the following
conditions hold true:
(a) |A�c| > ω and (∀a ∈ [c]ω)(∃b ∈ [a]ω) |A�b| ≤ ω,
(b) (∀a ∈ [ω \ c]ω)(∃b ∈ [a]ω)A�b = b2, and
(c) A�(ω \ c) 6= ω\c2 and there is no finite partition A of ω \ c into infinite

sets such that A�a = a2 for all a ∈ A.
(iv) There is a perfect set A ⊆ ω2 such that there is no set c ∈ P(ω) such that

(a) (∀a ∈ [c]ω)(∃b ∈ [a]ω) |A�b| ≤ ω, and
(b) (∀a ∈ [ω \ c]ω)(∃b ∈ [a]ω)A�b = b2.

Proof. (i) For a ∈ A let ea : ω → a be a one-to-one mapping from ω onto a. Let
A = {x ∈ ω2 : (∀a, b ∈ A)(∀n ∈ ω)x(ea(n)) = x(eb(n))}.

(ii) Instead of ω we consider ω × ω. Let us denote

A = {x ∈ ω×ω2 : (∀i, j, n)x(i, n) = x(j, n) ∨ x(i, n) = x(j, n+ 1)}
= {x ∈ ω×ω2 : (∀j, n)x(j, n) = x(j, n+ 1)→ (∀i)x(i, n) = x(j, n)}.
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A is a perfect subset of ω×ω2.
For every i ∈ ω, A�({i}× ω) = {i}×ω2. To see this, let x0 ∈ {i}×ω2 be arbitrary.

Define x ∈ A with x0 ⊆ x by x(j, n) = x0(i, n) for all j, n ∈ ω.
Furthermore, we show that if a ⊆ ω × ω is a function, then A�a = a2. Let

a ⊆ ω×ω be a function. Without loss of generality, let us assume that dom(a) = ω.
Let x0 ∈ a2. There is x ∈ ω×ω2, x ⊇ x0, defined by x(i, n) = x0(i, a(i)) if
n− a(i) is even and x(i, n) = 1 − x0(i, a(i)) if n − a(i) is odd. Then x ∈ A, since
x(j, n) 6= x(j, n + 1) for all j, n ∈ ω.

Now we can see that (∀a ∈ [ω× ω]ω)(∃b ∈ [a]ω)A�b = b2. This is because either
for some n the set b = a ∩ ({n} × ω) is infinite, or in the opposite case the set
b = {(i, n) ∈ a : (∀m < n) (i,m) /∈ a} is an infinite function and by previous cases
A�b = b2.

We now prove that there is no finite partition A of ω×ω such that A�a = a2 for
every a ∈ A. So let us assume that A is a partition of ω × ω and |A| = k. By the
Ramsey theorem ω → (ω)2

k, there is an infinite set b ⊆ ω such that {(m,n) ∈ b× b :
m > n} ⊆ a0 for some a0 ∈ A. We show that for a = {(m,n) ∈ b× b : m > n} we
have A�a 6= a2, and hence A�a0 6= a02. Let i > j > m > n be fixed elements of b
and let x0 ∈ a2 be any function such that x0(i, n) 6= x0(j, n) = 0, and

(2.4) x0(i,m) =

{
x0(i, n) if m− n is odd,
x0(j, n) if m− n is even.

Let us assume that there is an x ∈ A such that x ⊇ x0. Since x(i, n) 6= x(j, n), then
x(i, n) 6= x(i, n+1), x(j, n) 6= x(j, n+1), and consequently x(i, n+1) 6= x(j, n+1).
Using the same argument again, we see that x(i, n) = x(i, n+ 2), and by induction
on p ∈ ω we get x(i, n) = x(i, n + 2p) 6= x(i, n + 2p + 1), which contradicts (2.4).
Therefore A�a0 6= a02.

(iii) Instead of ω we consider the countable ordinal ω + ω and the countable
interval of ordinals [ω, ω + ω). Let A1 be a perfect set such that A1 ∈ I0, and let
A2 ⊆ [ω,ω+ω)2 be the perfect set from case (ii). Then A = {x ∈ ω+ω2 : x�ω ∈ A1

and x�[ω, ω+ω) ∈ A2}, as a perfect subset of ω+ω2, has the required property, with
ω + ω instead of ω and with c = ω.

(iv) Let us consider the set ω × ω instead of the set ω, and let

A = {x ∈ ω×ω2 : (∀n,m ∈ ω)x(n,m+ 1) = x(n,m)}.

Let an = {(n,m) : m ∈ ω}. Clearly, |A�an| = 1. Let us assume that there is
a set c ∈ P(ω × ω) satisfying (a) and (b). Then, according to (b), for every n,
c contains almost all elements of an. Let a = {(n,m) ∈ c : (∀k < m) (n, k) /∈ c}.
Then A�a = a2. But since a ⊆ c, this proves that c does not satisfy condition (a),
a contradiction. �

3. The ideal C2

For a ∈ [ω]ω let

C2,a = {A ⊆ ω2 : (∀b ∈ [a]ω) player II has a winning strategy in Γ(A, b)}.

Clearly, C2,a is a σ-ideal and C2 = C2,a ∩ C2,ω\a for every a ∈ [ω]ω. The following
holds true:
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Lemma 3.1. If player II has no winning strategy in Γ(A, a) and B ∈ C2,a, then
for every b ∈ [a]ω with infinite b′ = a \ b, player II has no winning strategy in
Γ(A \B, b).
Proof. Let us assume the lemma fails for b ⊆ a. Then there are winning strategies
S and S′ for player II in Γ(A \B, b) and Γ(B, b′), respectively. Then the strategy
of player II which follows S for n ∈ b and S′ for n ∈ b′ is a winning strategy of
player II in Γ(A, a), a contradiction. �

Notice that player I has a winning strategy in the game Γ(A) if and only if there
are an infinite set a ⊆ ω and a perfect tree p ⊆ <ω2 with [p] ⊆ A in which every
branch ramifies on all levels n ∈ a. It turns out that the analogue of the perfect
set theorem corresponding to Theorem 2.2 for this ideal is the determinacy of the
game Γ(A) for analytic sets:

Theorem 3.2. If A is an analytic subset of ω2 such that A /∈ C2,a, then there
exists b ∈ [a]ω such that player I has a winning strategy in the game Γ(A, b). In
particular, the game Γ(A) is determined for analytic sets A ⊆ ω2.

Proof. Let A ⊆ ω2, and let f be a continuous mapping from ωω onto A. Let us
assume that A /∈ C2,a, and let a0 ⊆ a be such that II has no winning strategy
in Γ(A, a0). Let {un : n ∈ ω} be an enumeration of <ωω with u0 = ∅, and by
induction on n ∈ ω let us construct infinite sets an+1 ⊆ an such that for every
n ∈ ω, either f([un]) ∈ C2,an , or player II has no winning strategy in Γ(f([un]), an).

Let a′ ⊆ a be an infinite pseudo-intersection of the system {an : n ∈ ω}. It
follows that player II has no winning strategy in Γ(A, a′), and for every n ∈ ω,
either f([un]) ∈ C2,a′ , or there is m ∈ ω such that player II has no winning strategy
in Γ(f([un]), a′ \m).

Let T = {u ∈ <ωω : f([u]) /∈ C2,a′}. We have

f([Tu]) ⊇ f([u]) \
⋃
{f([v]) : v ∈ <ω2 and f([v]) ∈ C2,a′}.

Let a′′ ∈ [a′]ω be such that a′\a′′ is infinite. Since C2,a′ is a σ-ideal, using Lemma 3.1
we can easily see that

(3.1) (∀u ∈ T )(∃m ∈ ω) player II has no winning strategy in Γ(f([Tu]), a′′ \m).

For u ∈ T let p(u) = {s ∈ <ω2 : [s] ∩ f([Tu]) 6= ∅}. By induction on n = |s|
for s ∈ <ω2 we define an infinite set b = {kn : n ∈ ω} ⊆ a′′ with kn+1 > kn and
systems X = {us : s ∈ <ω2} ⊆ T , Y = {ts : s ∈ <ω2} ⊆ <ω2 so that u∅ = ∅, and
for every s ∈ <ω2,

(i) if |s| = n, then ts ∈ p(us) ∩ kn2,
(ii) t_s 0, t_s 1 ∈ p(us), and
(iii) f([Tus_i ]) ⊆ [t_s i] for i = 0, 1.

Let us assume that us for s ∈ n2 have been constructed. By (3.1) there is m such
that player II has no winning strategy in any game Γ(f([Tus ]), a′′ \m) for all s ∈ n2.
If n > 0, we take such m > kn−1. Let kn = min(a′′ \m). Then for every s ∈ n2
there is ts ∈ p(us) ∩ kn2 such that t_s 0, t_s 1 ∈ p(us) (otherwise II wins in his first
move). Hence conditions (i) and (ii) are fulfilled. Using the continuity of f , there
are us_0 and us_1 so that (iii) is fulfilled.

Clearly, ts ⊆ t_s i ⊆ ts_i and us ⊆ us_i, and the systems X and Y determine
perfect trees T0 and p0 in <ωω and <ω2, respectively. The corresponding perfect
sets B = [T0], C = [p0] are compact, and, since C = f(B), C ⊆ A. The perfect
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tree p0 has the property that a node in p0 is a branching node if and only if it is
on the level kn for some n. Hence the winning strategy of player I in Γ(A, b) is to
follow any branch in the tree p0. �

The following lemma has no particular importance, but we need it in the proof
of Theorem 4.4 (namely Claim 4.7).

Lemma 3.3. If p ⊆ <ω2 is a perfect tree in which the value 1 appears only at
branching nodes and a ∈ [ω]ω is such that for every t ∈ p, [pt]�a has a nonempty
interior in a2, then there is b ∈ [a]ω such that player I has a winning strategy in
Γ([p], b).

Proof. For every t ∈ p, since [pt]�a has a nonempty interior in a2, for all but finitely
many n ∈ a there is t′ ∈ p ∩ n−12 with t′ ⊇ t such that t′_1 ∈ p. Since the value 1
appears in p only at branching nodes, for all but finitely many n ∈ a there is
a branching node t′ ∈ p∩n−12, t′ ⊇ t. Therefore, by induction we can construct an
increasing sequence kn, n ∈ ω, and ts ∈ p ∩ kn−12 for s ∈ n2 such that t_s i ⊆ ts_i
for i = 0, 1. Let b = {kn : n ∈ ω}. Then the strategy of player I to follow any
branch in the tree generated by the system {ts : s ∈ <ω2} is a winning strategy in
the game Γ([p], b). �

4. Isometric images of sets

In what follows, by a metric on the Cantor space ω2 we mean the metric d defined
by d(x, y) = 2−min{n:x(n) 6=y(n)} for x, y ∈ ω2, x 6= y. Let F be the family of all
bijective mappings ϕ : <ω2→ <ω2 such that for every s, t ∈ <ω2,

(i) |ϕ(s)| = |s|, and
(ii) s ⊆ t implies ϕ(s) ⊆ ϕ(t).

Every isometric function f : ω2 → ω2 is a homeomorphism of the form fϕ where
fϕ(x) =

⋃
n∈ω ϕ(x�n). Clearly, f−1

ϕ = fϕ−1 .

Lemma 4.1. If A,B ⊆ ω2 and B is isometric to A, then for every a ∈ [ω]ω,
player I (player II ) has a winning strategy in Γ(A, a) if and only if he has one in
Γ(B, a). Consequently, A ∈ C2 if and only if B ∈ C2.

Proof. Let B = fϕ(A) for some ϕ ∈ F , and let F : <ω2 → {0, 1} be a winning
strategy for player I or player II in the game Γ(A, a) where a ∈ [ω]ω. Then the
function F ′(s) = ϕ(ϕ−1(s)_F (ϕ−1(s)))(n), s ∈ n2, n ∈ ω, is a winning strat-
egy for the same player in Γ(B, a), because if x(n) 6= F (x�n), then fϕ(x)(n) =
ϕ(x�n_x(n))(n) 6= ϕ(x�n_F (x�n))(n) = F ′(ϕ(x�n)) = F ′(fϕ(x)�n). �

Theorem 4.2. The ideal P2 is not closed under isometric images. In fact, every
uncountable analytic set in ω2 is isometric to a set that does not belong to P2.

Proof. Since every uncountable analytic set contains a perfect subset, it is enough
to prove the theorem for perfect sets. Clearly, every perfect set A ⊆ ω2 is isometric
to a perfect set B ⊆ ω2 such that in its corresponding perfect tree p ⊆ <ω2 the
branches have the same values at all nodes between any two successive points of
ramification. Then, as in the proof of Theorem 3.3 of [8], let a = {n0, n1, . . . } be
an increasing sequence of natural numbers such that for every s ∈ ni+12 ∩ p there
is a branching node above s before level ni+1, and then B�a ⊇ [p]�a = a2. �
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If a set A ⊆ ω2 has size < c, then all its isometric images belong to P2. This
fact together with the previous theorem suggests the question of whether there is
a set A ⊆ ω2 of size c all isometric images of which belong to P2. The next theorem
partially answers this question.

Theorem 4.3. If the covering number of the ideal of meager sets or of the ideal of
measure zero sets is c, then there is a subset of 2ω of size c every isometric image
of which belongs to P2 \ I0.

Proof. Let {(aα, ϕα) : α < c} be an enumeration of [ω]ω × F . Since the sets
Ax,a,ϕ = {y ∈ ω2 : fϕ(y)�a = fϕ(x)�a}, for x ∈ ω2, a ∈ [ω]ω and ϕ ∈ F , are meager
sets of measure zero, using the assumption of the theorem on the covering number
of such sets, we can inductively define reals xα, yα for α < c so that

xα ∈ ω2 \
⋃
{Axβ,aγ ,ϕγ ∪Ayβ ,aγ ,ϕγ : β, γ < α},(4.1)

and

yα ∈ ω2 \
⋃
{Axβ,aγ ,ϕγ ∪Ayβ ,aγ ,ϕγ ∪Axα,aγ ,ϕγ : β, γ < α}.(4.2)

Let A = {xα : α < c}. If α > β > γ, then xα /∈ Axβ ,aγ ,ϕγ and hence fϕγ (xα)�aγ 6=
fϕγ (xβ)�aγ . Therefore, |fϕγ (A)�aγ | = c for every γ. Also, fϕγ (yγ)�aγ /∈ fϕγ (A)�aγ
for every γ, since fϕγ (yγ)�aγ 6= fϕγ (xα)�aγ by (4.1), for α > γ, and by (4.2) for
α ≤ γ. �
Theorem 4.4. Let A ⊆ ω2 be a closed set. Then A ∈ C2 if and only if

(4.3) (∀a ∈ [ω]ω)(∃b ∈ [a]ω)(∃ϕ ∈ F) |fϕ(A)�b| ≤ ω.
Proof. If b ∈ [ω]ω and ϕ ∈ F are such that fϕ(A)�b is countable, then there is
a winning strategy for II in Γ(fϕ(A), b). By Lemma 4.1, then there is a winning
strategy for II in Γ(A, b). Therefore the condition in the theorem implies that
A ∈ C2.

Conversely, let A ∈ C2 and a ∈ [ω]ω be arbitrary. Let p ⊆ <ω2 be the tree such
that A = [p]. We find b ∈ [a]ω and ϕ ∈ F such that fϕ(A)�b is countable.

By induction on n ∈ ω let us define trees pn ⊆ p and an ∈ [a]ω with pn+1 ⊆ pn
and an+1 ⊆ an as follows: Let p0 = p and a0 = a. Let us assume that pn and an are
defined. If there are s ∈ pn and c ∈ [an]ω such that for some ϕ ∈ F , [ϕ((pn)s)]�c
is countable let sn be such an s of minimal length, let an+1 be the corresponding
set c, and let pn+1 = pn \ {s ∈ pn : s ⊇ sn}. If there is no such s ∈ pn (e.g., if
pn = ∅), then let pn+1 = pn and an+1 = an.

Let b ⊆ a be an infinite pseudo-intersection of all an, n ∈ ω, and let ωp ≤ ω be
the maximal ordinal such that pn 6= pn+1 for all n < ωp. Thus, for every n < ωp,
sn is defined and

(4.4) there is ϕn ∈ F such that [ϕn((pn)sn)]�b is countable.

For any m ∈ ω and ϕ ∈ F there is ϕn ∈ F such that (4.4) holds and ϕn(s) = ϕ(s)
for |s| ≤ m.

Claim 4.5. |sn| ≤ |sn+1| whenever n+ 1 < ωp.

Proof. Let m = max{|sn|, |sn+1|} and let ϕn, ϕn+1 ∈ F be such that ϕn(s) =
ϕn+1(s) = s for |s| ≤ m and (4.4) holds for n and n + 1. Then (ϕn�(pn)sn) ∪
(ϕn+1�(pn+1)sn+1) is a function, and hence it can be extended to a ϕ ∈ F . Clearly,
[ϕ((pn)sn ∪ (pn+1)sn+1)]�c = [ϕn((pn)sn)]�c ∪ [ϕn+1((pn+1)sn+1)]�c is countable.
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Since pn = (pn)sn ∪ pn+1, we have (pn)sn+1 ⊆ (pn)sn ∪ (pn+1)sn+1 , and hence the
inequality |sn+1| < |sn| would contradict the minimality of |sn|. �

Let q =
⋂
n∈ω pn.

Claim 4.6. If q 6= ∅, then q is a tree, and for any s ∈ q, c ∈ [b]ω, and ϕ ∈ F , the
projection [ϕ(qs)]�c is uncountable.

Proof. If ωp < ω, then there is n such that q = pn = pn+1, and the claim holds by
the definition of pn+1.

,Let ωp = ω. To obtain a contradiction, let us assume that for some t ∈ q,
c ∈ [b]ω, and ϕ ∈ F , the projection [ϕ(qs)]�c is countable. Let us fix an m such
that |t| < |sm|, and let ϕn ∈ F for n ∈ ω be such that ϕn(s) = ϕ(s) for |s| ≤ |sn|
and (4.4) holds for all n. By Claim 4.5, sn, n ∈ ω, are pairwise incompatible,
and hence (ϕ�q) ∪

⋃
n∈ω(ϕn�(pn)sn) is a function. Let ψ ∈ F extend it. Now

p = q ∪
⋃
n∈ω(pn)sn , t ∈ q ⊆ pm, and (pm)t ⊆ qt ∪

⋃
n∈ω(pn)sn . Therefore,

[ψ((pm)t)]�c ⊆ [ϕ(qt)]�c ∪
⋃
n∈ω[ϕn((pn)sn)]�c is countable, which contradicts the

minimality of |sm|. �

Claim 4.7. q = ∅.

Proof. Let us assume that q 6= ∅, and let us define ϕ ∈ F by induction as follows:
(1) ϕ(∅) = ∅.
(2) If for some i ∈ {0, 1} we have s_i ∈ q and s_(1 − i) /∈ q, then ϕ(s_i) =

ϕ(s)_0 and ϕ(s_(1− i)) = ϕ(s)_1.
(3) Otherwise, ϕq(s_i) = ϕ(s)_i for i = 0, 1.

It follows that in the tree q′ = ϕ(q) the value 1 appears only at branching nodes.
Using Claim 4.6, we can construct a centered system {cs : s ∈ q′} ⊆ [b]ω such
that [q′s]�cs = cs2, and let c ⊆ b be an infinite pseudointersection of cs’s. Then for
every s ∈ q′, [q′s]�c has a nonempty interior in c2. By Lemma 3.3 there is d ∈ [c]ω

such that player I has a winning strategy in Γ([q′], d). By Lemma 4.1, player I has
a winning strategy in Γ([q], d) and hence also in Γ([p], d). This is a contradiction,
since [p] ∈ C2. Therefore q = ∅. �

Hence p =
⋃
{(pn)sn : n < ωp}. Let ϕn ∈ F for n ∈ ω be such that ϕn+1(s) =

ϕn(s) for |s| ≤ |sn| and (4.4) holds for all n. There is ϕ ∈ F that extends all
ϕn�(pn)sn , and then [ϕ(p)]�b =

⋃
{[ϕn((pn)sn)]�b : n ∈ ωp} is countable (i.e.,

s0 = ∅, ωp = 1, and p1 = ∅). This finishes the proof of Theorem 4.4. �

We do not know whether Theorem 4.4 can be generalized for Borel or even for
analytic sets, and neither do we know whether condition (4.3) can be replaced by
(∃ϕ ∈ F) fϕ(A) ∈ P2. Let us define

P
∗
2 = {fϕ(A) : A ∈ P2 and ϕ ∈ F}.

Then P2 ( P∗2 ⊆ C2. The next questions are open: Is P∗2 = C2? Is P∗2 an ideal?
Is the σ-ideal generated by P∗2 equal to C2?
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