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A CHARACTERIZATION
OF SEMI-QUASTHOMOGENEOUS FUNCTIONS
IN TERMS OF THE MILNOR NUMBER

MASAKO FURUYA AND MASATAKA TOMARI

(Communicated by Michael Stillman)

ABSTRACT. We give an inequality on the Milnor number u(f) of a hypersurface
isolated singularity in terms of the weighted Taylor expansion f = f,+ fp+1+
- -+ for a given weight on the coordinates. Here the equality holds if and only if
the leading term f, defines an isolated singularity. This gives a characterization
of the semi-quasihomogeneous condition in terms of p. Our proof uses a result
on multiplicity of filtered rings and is given by purely algebraic arguments.

INTRODUCTION

Let f € C{xy,...,24} define an isolated singularity at the origin. The Milnor
number u(f) is defined and computed by the relation (see [6])

/.L(f)zdlmc C{xh’xd}/(g—{i af )

,...,axd

Let w = (w1, ...,wq) be a weight on the coordinates (z1, ..., x4) by positive integers
wi, ¢ =1,...,d. We have the weighted Taylor expansion f = f, + f,41 + -+ with
respect to w and f, # 0, where f; is a quasihomogeneous polynomial of type
(w1,...,wat1; k), for k > p. Then our main theorem is stated as follows:

Theorem 1. Let the situation be as above. Then:
(1) The following inequality holds:

= (£-1) (2 1)

(2) The equality holds in the above if and only if f, defines an isolated singularity
at the origin.

Here we recall that f is called a semi-quasihomogeneous function if the initial
term f, defines an isolated singularity at the origin. It is well known that Lé Dlng
Tréng and Ramanujam [4] and Arnol’d [1] showed independently that the equality
in (1) holds for a semi-quasihomogeneous function. Furthermore, their formula
is a natural extension of Milnor and Orlik’s formula [7] for a quasihomogeneous
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function. Now our Theorem 1 generalizes their formula and characterizes the semi-
quasihomogeneous condition of f by means of the equivalence condition of (2).

In the above theorem, (1) was first proved by Furuya [2] by using Kouchinirenko’s
result [3], where Furuya strengthened (1) in the following form:

z ; p p
1) = 0y 2 () = (2= 1) (£ -1),

where f is a standard modification of f to a convenient function and v(I'_(f)) is
the Newton number in Kouchinirenko’s sense; cf. [2] and [3] for general facts about
the Newton boundary of f. The proof of this note is different from that of [2],
and uses a theory of multiplicity of filtered rings. By this idea, we also prove the
necessary and sufficient condition where the equality holds. Though our argument
gives no information about the Newton number v(I'_(f)), it is very short. So we
decided to publish this other proof in this note.

See [6] and [7] for the basic facts on the Milnor number, and [5] for those on the
multiplicity of local rings.

§1. A REVIEW OF A THEOREM ON MULTIPLICITY OF FILTERED RINGS

Let (A, m) be a d-dimensional local ring that is defined as the local ring of some
scheme over an infinite field and analytically unramified. A filtration F' = {F¥};>¢
is a decreasing sequence of ideals of A that satisfies F* = A, F! = m, F* 5 Fkt1,
and F*-FJ C FFJ. We always assume that R = @, -, F¥-T* C A[T] is a finitely
generated A-algebra. Here T is an indeterminate. There is a positive integer N
such that F*¥N = (FN)* holds for k > 0, and we assume that F'V is m-primary. One
can find general information on the theory of filtered rings and filtered blowing-up
in [T0]. Let yi1,...,y4 € m be a system of parameters of A, and assume that the
relation y; € F'* holds for each i, where a; € Z>1. Let G = @~ F’“/F’H‘1 be the
associated graded ring, and let P(G,\) = > 1(Gx)\* € Z[[A]]. Then the arguments
of the proof of Theorem A of [9] yield the following result on the multiplicity

e((y1,---,9d), 4).

Theorem 2. (1) We have the inequality

d
> RS -\ )
e((y1,.--,vya), 4) = <i1j[1a>;1g11(1 NAP(G,\)
(2) The equality holds in the above if and only if the following two conditions
hold: (2)-1. y; € F% —F%*t fori=1,...,d, and (2)-2. §; € Gq,, fori=1,....,d,
defines a system of parameters of G.
In the case of (2), we obtain the equality e((y1,...,94),G) = e((y1,.-.,vd), 4).

2

A sketch of the proof. The arguments for “yi,...,y4 ” in the paragraphs (1.6) and
(1.7) of [9] work for almost all of these claims. However, for the convenience of the
readers, we give a sketch of the proof.
(1) Let L be a positive integer divisible by L.C.M.(a1,...,aq). We have the
L L L

L L L L
relation (y;'',...,y %) C FE¥ and the inequality e(FX, A) < e((y;*,...,y5%), A).
We can choose L so big that the relation F*- = FL ... FL (k times) holds for k > 0.
Then we can show the relation (Lemma (1.3) of [9]) e(FL, A) = L% limy_1(1 —
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A)eP(G, )\). By Lech’s Lemma (Theorem (14.12) of [5]) we can show the equality
L & L L
e((yll 1 7ydd )7A) = - -—-6((2117 ce 7yd)7A)'
ai aq
Therefore we obtain the desired inequality.
(2) First we assume that the equality holds. Then the inequality (1) implies the
L L
condition (2)-1 obviously. We obtain the relation e(FL, A) = e((y;*,...,y5%), A).
L L
A theorem of D. Rees [8] implies that (y;,...,y %) is a reduction of F~. Then
z L
one can show that the initial forms ;" ,...,9,;¢ give a parameter system for G.

In (1.7) of [9], Tomari proved this assertion by using the filtered blowing-up by
F. Next we assume that the conditions (2)-1 and (2)-2 hold. We can show the

relation (Lemma (1.5) of [9]) e((g1, . .., 54), G) = (H§:1 ai) limy_1 (1—\)?P(G, \).

Since grr((y1,..-,va)") D (J1,...,5a)" holds for I > 0, we can easily show the
relation e((y1,...,y4), 4) < e((g1,...,79a), G). Hence, by the inequality (1), these
are equal. O

§2. A PROOF OF THEOREM 1

(1) Let F = {F*} be the filtration on C{x1,...,24} by the weight w on the
coordinates z1,...,24. We have the relation f € F? — FP*t!. Since f defines an

isolated singularity at the origin, —f —— define a system of parameters of

Ox1’ " Oxy
C{z1,...,xq}.
We have the weighted Taylor expansion f = Ekz 0 fr where fj is a weighted

0]
homogeneous polynomial of the type (w1, ..., wq; k). Furthermore, we have =
T

0 0
Zkz 0 a—ﬁ Here 5‘];]: is zero or a weighted homogeneous polynomial of type

(w1,...,wg; k — w;). Hence € FP~wi for ¢ = 1,...,d. By (1) of Theorem

(9:@
2, we obtain the relation
d
of of : d
=2 . > —w; - ).
(G5 0), Cln a2 (H@ w )) lim (1 - X)'P(G, )
Since C{x1,...,zq} is Cohen-Macaulay, it is well known that
of of . of of
— ..., =—),C =dimC — ).
e((axla 5 axd)a {xla ,J?d}) 1m {xla ,md}/(axl, ) 3xd)
This coincides with p(f).
By our definition of the filtration F*, G = Clz1,...,24] and we can easily
1
see the relation P(G,\) = A=y (1= ) Hence we obtain the relation
1
limy 1 (1 — A\)¢P(G,\) = ————. This completes the proof of (1) of Theorem 1.

w1y -+ - Wy
(2) Let us employ the notation of (1). First, we show the necessity part of
our assertion. Suppose the equality holds in (1) of Theorem 1. Then by (2) of

c Frwi _ prw,-Jrl, fort =1,...,d.

Theorem 2, we obtain the relations

8$i
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0 0
Hence j # 0, and we may write € G as To € Clxy,...,zq4] = G. By
0] 0]
Theorem 2, 8—fp, ceey 8—fp define a system of parameters at the origin. Hence f,
X1 Td

defines an isolated singularity at the origin.
Next we show the sufficiency part. Assume that f, defines an isolated singularity.

Then % #0fori=1,...,d, and %, ey % define a system of parameters at
ox; _axl O0xq
o . Of Afp _
the origin. Since we may write B € G as D € C[z1,...,24] = G, Theorem 2
implies the relation ' '
of  of T . a
e((a—xl7 ceey a—xd), (j{l'l7 . ,.Td}) = E(p — U}z) . ;Llrll(l — A) P(C‘:7 )\)

§3. CONCLUDING REMARKS

Remark (3.1). (A similar result for a formal power series where the ground field

is more general.) In their proof for the semi-quasihomogeneous complex analytic

functions, Lé Ding Trang, Ramanujam and Arnol’d used topological arguments in

[1] and [E]. However, our proof is different from those and is purely algebraic. Since

Theorem 2 holds for a more general situation, we can show a similar result for a
formal power series over an arbitrary infinite field.

o of of

Let k be an infinite field and f € k[[z1,...,xq]]. We assume (8—, B

T1 Td

system of parameters of k[[x1,...,xq]]. Then we define the Milnor number p(f) as

0 0]

w(f) = dimy, k[[zq, . .. ,xd]]/(a—i, cey a—xj;)
Let w = (wy,...,wq) be a weight on the coordinates on (x1,...,24) by positive
integersw;, i =1,...,d,andlet f = f,+f,41+ - be the weighted Taylor expansion
with respect to w with f, # 0, where f} is a quasihomogeneous polynomial of type
(w1, ..., wap1; k).

We can show the following theorem by the same arguments as in the proof of
Theorem 1.

)is a

Theorem 3. Let k be an infinite field, and let f € k[[x1,...,24]] be as above.
Then:
(1) We have the following inequality:

u(f) = <£_1> <i—1).
w1 wWq
. . . L 0fp fp
(2) The equality holds in the above if and only zf(aT, ceey 5‘7) defines a system
1 d
of parameters of k[x1,...,xq4].
We will give the following simple computations.

Example (3.2). (1) Let f € C{x,y, 2} be a unimodal function as follows:

1 1 1
f=aP +y?74+ 2" +ayz, 2<p<qg<r, with —+-+ =<1
rp q T
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One can compute p(f) as pu(f) =p+qg+r—1 (cf. [3]). We define a weight w on

the coordinates (z,y, z) as w = (gr, pr,pq). Then the initial term contains zyz and

(g+7)(r+p)p+aq)
par

1 1 1
we have the relation pu(f) —II=(p+q+7) (1 ______ > > 0.
p

p = qr+pr+pq. Our lower bound II is written as Il = . Here

(2) Let f € C{x1,...,z4} define a hypersurface isolated singularity of mul-
tiplicity e. Assume f is written as follows: f = z§ + Y7 | gi(22,...,za)z]{"
with g; € (w2,...,24)" for i = 1,...,e. Let r be the integer defined by r =

da;
minj<i<e [Q (> 1). We define a weight w on the coordinates as w(z1) = r,
and w(xz;) = 1 for ¢ = 2,...,d. Then the initial term f has the degree p = re.

Theorem 1 implies the inequality u(f) > (e — 1) - (re — 1)47L.

We will close this note by giving the following comment by the second named
author (M. Tomari).

(3.3) One may ask whether one can get another proof of our results by follow-
ing the studies of Kouchinirenko [3]. As remarked in the introduction, Furuya [2]
showed the inequality (1) of Theorem 1 using 10 pages of combinatorial arguments
about polyhedra. This is elementary but long, so does not necessarily show substan-
tial points of this problem (I feel). In what follows, I consider a future approach and
difficulties for proving the characterization of semi-quasihomogenity (2) following
these lines a little. Let us employ the notation used in this paper.

Suppose the equality p(f) = (u% — 1) (wid — 1) holds. There are many
examples in which the Newton boundary I'( f) touches the hyperplane defined by the
weight condition (wsi,...,wq;p) and has several maximal-dimensional faces (e.g.,
f=zy+ 2™+ 2™ + y™ with n sufficiently large with respect to m).

So even in this case, the Newton filtration is not so simple as in the case of weight
filtration. If the nondegenerate conditions are satisfied, the Poincaré series of the
associated graded rings of the Newton filtration have a nice inductive property [3].
However, in general, the treatment of this is difficult.

For simplicity, I assume that I'( ) has the unique maximal-dimensional face, and

that f is convenient. In particular, the support of f, contains xf/wi fori=1,...,d.
Hence f is a p-constant deformation of some Brieskorn singularity. Then there
would some geometric approach to prove that f, is an isolated singularity. Or
more generally, for the case that (wy, ..., w4, p) is a quasi-smooth weight, a similar
approach would work.

I hope that the studies along the line given by [3] will become more ring theo-

retical and involve our results in the future.
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