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ABSTRACT. We obtain a Wold-type decomposition theorem for an arbitrary
pair of commuting isometries V' on a Hilbert space. More precisely, V' can be
uniquely decomposed into the orthogonal sum between a bi-unitary, a shift-
unitary, a unitary-shift and a weak bi-shift part, that is, a part S = (51, 52)
that can be characterized by the condition that S152, Siln _ kers3sp and

Sa |mn>0 ker S3Sp are shifts. Moreover, S contains bi-shift and modified bi-shift
maximal parts.

1. PRELIMINARIES

Wold introduced, in a probabilistic language, a remarkable decomposition for
stationary stochastic processes ([Wol). Separating the deterministic part by the
part corrupted by noises, this decomposition becomes the cornerstone of prediction
theory for this kind of process. Other famous mathematicians, including von Neu-
mann, Kolmogorov, and Halmos, formulated Wold’s result for isometric operators
on Hilbert spaces: the study of such operators is reduced to the study of unitary
operators (which are well understood: we have the associated spectral theory and
functional calculus) and of unilateral shifts (which have a very simple geometrical
structure).

A (unilateral) shift is an operator S on a Hilbert space H unitarily equivalent to
multiplication by the independent variable z on a certain Hardy space on the torus.
More precisely, there exist a Hilbert space W and a unitary operator U : H —
H?(T) ® W such that S = U*(T, ® I)U (the symbol “®” denotes the Hilbertian
tensor product). The following characterization illustrates the shift’s geometrical
structure: an isometry S on H is a shift if and only if there exists a wandering
subspace W (i.e., S"W L S™W, n,m > 0, n # m) that generates H, that is,
H=8,-,5"W. W is unique (W = ker §*) and is said to be the defect of S.

An operator V on ‘H is said to be reduced by a (closed) subspace Hy C H if Ho
is invariant under both V and V*, i.e., VHy C Ho and V*Hy C Hp.
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Wold’s Theorem (see [NF1], Chapter 1). To any isometry V on H there corre-
sponds a unique orthogonal decomposition of the form

H="H,DH,

such that V is reduced by H, to a unitary operator and by Hs to a shift. More
ezactly, Hy =50 V"H and Hs = @D,,5o V"W, with W = ker V*.

We want to underline the importance of this decomposition in dilation theory,
invariant subspace theory, prediction theory, and operator interpolation problems.
It is expected that such a result for several commuting isometries would provide a
larger class of applications. Some steps forward, which motivate our present work,
have already been made: certain multi-dimensional Wold-type decompositions have
been applied in index theory for C*-algebras ([BCL]) or invariant subspace theory
(IKa).

One of the first attempts to extend the Wold theorem was made by Stociniski [SH,
who provided conditions on a commuting isometric pair in order to obtain a fourfold
Wold-type decomposition of the form unitary-unitary, unitary-shift, shift-unitary
and shift-shift. In particular, his result applies for double commuting isometries,
that is, isometric pairs (V1, V2) such that Vi commutes not only with V2 but also
with the adjoint of Vo (V4 ker V' C ker V5* or, equivalently, V3 ker Vi* C ker V7¥).

A natural extension for the unilateral shift is the notion of bi-shift, namely a pair
S = (51, 52) on a Hilbert space H unitarily equivalent to the pair of multiplications
by coordinate functions z; and 22 on a certain Hardy space on the bitorus. More
precisely, there exist a Hilbert space YW and a unitary operator U : H — H?(T?)@W
such that S; = U*(T,, ® I)U, i = 1,2. The following characterization illustrates the
geometrical structure of a bi-shift [Sl]: a commuting isometric pair S = (S7,.52) on
‘H is a bi-shift if and only if S is a doubly commuting shift pair if and only if there
exists a wandering subspace W (i.e., SPWW L SIW, p,q € Zi, p # q) that generates
H, that is, H = GapeZi SPW (if p = (p1,p2) € Z* and T = (T, T) € L(H)? is
a commuting pair we use the notation T? for: TP*TY? if py,ps > 0; Tflpl‘TQp2 if
p1 < 0,py > 0; TEP2ITP if py > 0,y < 0; or TPIT5P2l i ) py < 0). Wis
unique (W = ker S; Nker S5) and is said to be the defect of S.

We are now able to formulate

Stocinski’s Theorem ([SH]). To any double commuting isometric pair V = (V1, V2)
there corresponds a unique orthogonal decomposition of the form

H = Huu @ Hus @ Hsu @ Hss

such that Heya, reduces Vi to a unitary operator if a; = u and to a unilateral
shift if oy = s, i = 1,2. More ezactly, Huuw = (V>0 VI"H N Npso Vo' H, Hus =
@ngo ‘@n(ﬂmzo VI"Wa), Hsu = Gamzo Vf”(ﬂnzo Va'Wh) and Hss :Gapezi VEW,
with Wh = ker Vi*, Wo =ker V' and W = W) N Wa.

It is our aim in this paper to obtain such a Wold-type decomposition for an
arbitrary commuting isometric pair, the bi-shift part being replaced by what we
will call a weak bi-shift. This weak bi-shift contains, in particular, bi-shift and
modified bi-shift maximal parts.
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2. A GENERALIZED WOLD-SLOCINSKI DECOMPOSITION

The first step in our construction is an important observation made by I. Su-
ciu [Su], namely the existence of a maximal bi-unitary part for every commuting
pair of isometries (in short, a bi-isometry). Some years later, Berger, Coburn and
Lebow [BCL] stated that this decomposition between bi-unitary and completely
non-unitary parts is exactly the Wold decomposition for the product isometry, a
result that clarifies the structure of the spaces:

Proposition 2.1 ([Su], [BCL]). Let V = (V1,Va) be a bi-isometry on H. There
exists a mazimal subspace Hy,, of H reducing V to a bi-unitary operator. Moreover,
the orthogonal decomposition H = Hyy @ Hy, coincides with the classical Wold
decomposition attached to the isometry Vi Va; that is,

(1) Huw = () (ViV2)"H.

n>0

V is said to be completely non-unitary (cnu) if Hy,, = {0}.
In such a generality we identify a unitary-shift maximal subspace as in the
Stocinski decomposition theorem:

Proposition 2.2. There is a mazimal subspace Hys of H reducing Vi to a unitary
operator and Vo to a shift. More precisely,

(2) Hus = @ szn( ﬂ Vlm (ﬂ ker Vv2*V1i)>'
n>0 m>0 i>0

Proof. Since W := (50 Vi" (Miso ker V5 V) C ker V5 is wandering for Va, we
can define H,, as the orthogonal sum in [@). Observe that, since the sequence
{vj» (ﬂi>0 ker V' Vf) }m>o s decreasing, its intersection remains unchanged if in-
dexed by m > 1. Hence Vi H,s = Hus; that is, Hys reduces Vi to a unitary operator.
Moreover, VoHys = Hys © Wa C Hys and Vo'Hys = Hys. Consequently, by the
structure of Hys, Va|n,. is a shift having Ws as the defect subspace.

Suppose that Hj is a subspace of ‘H reducing V4 to a unitary operator and V5 to
a shift. We shall prove that Hy C Hys. Since V], is double commuting, we can
use the geometrical structure in the Stociriski decomposition:

Ho = @VQ"( ﬂ Vi (ker V5 N Ho)).
n>0 m>0

Observe that Vy*'Viz = ViViz = 0 (i > 0), for any x € ker V5 N Hy. Then
Ho C Hus, and the maximality is proved. O

By symmetry we can also formulate

Proposition 2.3. There is a mazimal subspace Hs, of H reducing Vi to a shift
and Vs to a unitary operator. More precisely,

(3) Hsu = @Vlm(ﬂ Vf’(ﬂ keer*VQj)>.

m>0 n>0 §>0
Let S = (51, 52) be a bi-isometry on H.
Remark 2.4. S is bi-shift if and only if S is double commuting and

Sllker S5 Sg|ker Sy and 5155 are shifts.
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The direct inclusion follows by the observation that the restriction of a shift to
any of its reducing subspaces remains a shift. For the converse, observe that, under
the given hypothesis ker S5 = @,,~, ST"(ker ST Nker S3) (S1|ker 53 is a shift) and

ker ST = €D, 5 57 (ker ST Nker S3) (S2|ker s; is a shift), we have

P 57 (ker 57 Nker S3) = @) Sy ker St = P 5§ ker Sj.

peZ? m>0 n>0
Also, by double commutativity, (,,5o ST"H N, 5 S5H = ﬂiZO(Sng)iH. Hence
Nso STH = Nso S5H = ﬂiZO(Sng)iH = {0}. Consequently, Hss = H (by
Stociniski’s theorem) and S is a bi-shift. O

More generally, in the non-double commuting case we need to find a good re-
placement for the bi-shift operator as part of such a generalized Wold-Stocinski-type
decomposition.

Observe that (0),»,ker S35% (= ker S if S is double commuting) is invariant
under 51, as well as ;5 ker 5153 (= ker Sf if S is double commuting) under Ss.
By the previous remark it is natural to introduce our bi-shift replacement by

Definition 2.5. S is said to be a weak bi-shift if

Sl|ni20 ker S5 S 52|mj20 ker 5p54 and 515 are shifts.

Recall that, for any contraction T" acting on a Hilbert space H, there is a maximal
subspace H,, of H reducing T to a unitary operator ([Lal, [NE2]). More exactly,

(4) Hu ={z e H| | T"2| = [l=]| = [IT*"«], n >0}

T is said to be completely non-unitary (cnu) if its corresponding space H,, = {0}.
The definition above can be reformulated in order to better illustrate the weak
bi-shift structure. We need the following:

Lemma 2.6. Let S = (S1,.52) be a bi-isometry on H. The following assertions are
equivalent:

(i) Sl|ﬂ¢>o ker 5351 15 @ shift;
(i) S1(I — S9.5%) is cnu; ‘
(i61) Npso STH N (N0 ker S38% = {0}

By symmetry, the same kind of results are also true for 52|n o ker SiSi-
j>0

Proof. We prove first that Sy ()5, ker S35 = SiH N [);50 ker S55%. The direct
inclusion is obvious. For the converse, consider z € S;HN m>0 ker S35%. Then x =
S1Stx and S5Sixz =0, i > 0. Consequently, S35 (S7x) equals S5 Sz = SFS5z =0
for i = 0, and S5Si 'z = 0 for i > 1. Obtain that 2 € Sy (),5, ker S3Si. Then
the maximal subspace of (- ker 53 S% on which Sy |ma‘,20 ker S5 i is unitary, namely
Niso ST Niso ker S3.57 (by the theorem of Wold), coincides with (), <o ST"H N
ﬂi;) ker S3S7. The equivalence (i) < (iii) is proved. -

The next step is to compute the maximal subspace reducing S1(I — S253) to a

unitary operator (according to (#))). Proceed inductively by proving that = € H
satisfies

(5) 1511 = S285)) al| = |l = I[S1(I = S295)] all, 0<k<n,
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if and only if x € ﬂz;é ker S35 NNj_y STH. It is enough to apply successively the
following classical result: if P is an orthogonal projection on H, then z € PH if and
only if || Pz|| = ||z||. Forn =1, ||S1(I—5255)z| = ||=| if and only if x € ker S5 (take
P =1-5553), while ||(I — 5255)S7x| = ||| if and only if © € ker(S152)* NS1H
(take P = S1(I — S255)ST and observe that PH = Sy ker S5 = ker(5152)* N S1H).
Suppose now that the property is true for a given n > 1. Then (&) holds for
0 <k <n+1if and only if

n—1 n
v e [)kerS35F N (1) SEH,
k=0 k=0

[151(I = 52.55)[S1(I = S2.93)]" x| = [[[S1 (1 — 52.5)]" ||
(i.e., [S1(L — S255)]"x € ker S5) and
I(I = S253)ST[(I — 5255)51]" || = [[[(I — 5252)57]" ||

(e, [(I — 5253)ST]"x € ker(S1S2)* N S1H). The induction is completed by the
remark that, for x € ﬂz;é ker S5 5% N(Ni_y SEH we have [S1(I — S283)]"x = STz
(so S7x € ker S5, that is, x € ker S357) and [(I — S255)S7]"x = Si"x (so Si"zx €
ker(S152)*NS1H, that is, z = SPS;"x = S}(S157 51 x) = SPH Sy € STTIH).
Deduce that, by (4), the maximal subspace reducing S;(I — S253) to a unitary
operator is (), 5o ST"HN(;>, ker 5557, the same as the maximal subspace reducing
51l ker 5558 to a unitary operator. The equivalence (i) < (ii) is proved. O

Consequently:

Proposition 2.7. The following assertions are equivalent:
(1) S is a weak bi-shift;
(1) S1(I — S525%), So(I — S157) and 5152 are cnu;
(4i7)
() STHN [ ker S587 = () SyH N () ker S5 = () (S152)"H = {0}.

m>0 i>0 n>0 §>0 n>0
The main result of this section is

Theorem 2.8. Let V = (V1,Va) be a bi-isometry on H. There is a unique orthog-
onal decomposition of the form

(6) H= Huu SY Hus D Hsu S st

into reducing subspaces for V' such that V|, is bi-unitary, V|x,. is unitary-shift,
V., s shift-unitary and Vy,,, is a weak bi-shift.
In addition, Hyy, Hus and Hs, have the structure given by ), (@) and respec-

tively (B)).

Proof. Define Hy, by (@), Hus by @) and Hg, by @). If H = HE @ H* is the
Wold decomposition associated to the isometry Vi, k = 1,2, then H,, C HLNH2,
Hus C HENH2 and Hg, C HL N H2. The orthogonal sum Hyy @ Hys @ Hey is
then well-defined, and its orthogonal complement H.,,s is also reducing for V. Since
V|x,,. does not have reducing bi-unitary, unitary-shift or shift-unitary parts, we
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obtain
(M AV2)"H) N Hws = {0},
n>0
( N v (N kervgvf)) N Hus = {0}
m>0 i>0
and

(ﬂ (N keer*VQJ)) N Hus = {0}.
n>0  j>0
According to Definition &5, V|, is a weak bi-shift.

IH="H,,oH, dH., &H,, is another decomposition into reducing summands
such that V|y —is bi-unitary, V]x, is unitary-shift, Vs is shift-unitary and
V3, is a weak bi-shift, then M., C Hyu, Hlyy C Hus and H,, C Hs, by maximal-
ity (Propositions ZTH2ZJ). Then H) ; O (Huu © H)p,) ® (Hus O Hly) ® (Hsu O HL,,)-
Since a weak bi-shift has null bi-unitary, unitary-shift and respectively shift-unitary
maximal parts, we obtain Hy, 6H,,, = {0}, Hus©H,,, = {0} and H,, &H,, = {0}.
The decomposition is unique. O

There is a maximal bi-shift part in any bi-isometry (see [Sul, [Sf], [GST]). We
give here a more precise structure:

Proposition 2.9. There exists a maximal subspace Hs C Huys of H reducing V' to
a bi-shift. More precisely,

(7) Ho= P vp(ﬂ ker Vy V5 () ker Vl*vg’).

pezz @0 >0

Proof. An easy computation shows that W = (1,5 ker V5V N ;>0 ker ViVi s
wandering for V. If we denote by H, the orthogonal sum in (), then ViH, =
He © (D50 Ve W) and VH, = H,, k = 1,2. Therefore, H, reduces V to a
bi-shift having W as the defect subspace.

Suppose that Hy is a subspace of H reducing V to a bi-shift. Since V|, is
double commuting, we can use, as before, the geometrical structure in the Stocinski
decomposition:

Ho = P VP (ker Vi Nker V5 N'Ho).

2
PELL

Observe that VyViz = ViViz =0 (i > 0) and Vi*Viz = Vi Ve = 0 (5 > 0), for

any x € ker Vi* Nker V5 N'Hy. Then Hy C H,, and the maximality is proved.
With the notation in the proof of Theorem [2Z§] it is easy to observe that Hs C

HINHZ. Consequently, Hs | Hyw®Hus®Hsy and, by TheoremZ8 Hy C Hyps. O

In any bi-isometry we can identify a double commuting part. More precisely:

Proposition 2.10. Let V = (V4,V2) be a bi-isometry on H. Then there exists a
mazimal subspace Hye of H reducing V' to a double commuting bi-isometry. More
precisely,

(8) Hae = {z € H | V"V V3 Vy e = V3V Vit Vite, m,nyi, j > 0}
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Proof. Define Hg. by (8). Hac is a closed subspace, being an intersection of bounded
operator kernels. For any x € Hg. and m,n,,j > 0, observe that

VIV Ve Vi = VMVEVIVE Ve = VeV VTV Vi
Vlmvl*l‘/gn‘/;j‘/l*x — Vlmvl*lvl*‘/gn‘/;jx — ‘/Qn‘/;]vlmvl*zvl*x.
Hence Hge reduces Vi and, similarly, also V. It is obvious that V|, is double
commuting and Hg4. is maximal. O

Corollary 2.11. The Stociriski decomposition attached to V|, is
Hae = Huuw ® Hus © Hsu © Hs,
the subspaces Hyw, Hus, Hsu and Hs being given by ) -@) and (@).
We can now give another definition for the weak bi-shift:

Corollary 2.12. A bi-isometry V on H is a weak bi-shift if and only if V|, is a
bi-shift.

3. THE ASSOCIATED DUAL BI-ISOMETRY

Let V = (Vi1,V2) be a bi-isometry on a Hilbert space H. A pair U = (U, Uz) of
commuting unitary operators on a Hilbert space K D H with Ug|y = Vi, k=1,2
(extension), and K =V ;2 UPH (minimality) is said to be the minimal unitary
extension of V. Its existence is given by a result of Ito ([If]), and the minimality
condition assures its uniqueness up to an isomorphism.

Observe that H = K © H is invariant under U*.

Definition 3.1. The bi-isometry V := U*| is said to be the dual bi-isometry
associated to V' (see [GS2]).

We can introduce some particular classes of bi-isometries by certain properties
of their associated dual bi-isometries:

Definition 3.2. V is said to be:
(1) dual double commuting if V is double commuting (see [GQ]);
(2) modified bi-shift if V is completely non-unitary and V is bi-shift (see [GS2]);
(3) modified weak bi-shift if V is completely non-unitary and V is weak bi-shift.

To prove some properties of the dual bi-isometry we need the following:

Lemma 3.3. (a) Vy*ker V;*Vy* = Uy ker V'V, n > 0;

(b) Vo ker Vi VY = V"™ H N ker(ViVa)*, n > 0.

By symmetry, the same kind of results are also true if we switch the roles of V3
and V5.

Proof. (a) If y € ker V;*V3?, then PrUL U™y = Vi Viy = 0; that is, U U™y € H.
Moreover, Vi*VJ*U U™y = Vi*Uy = Pry = 0.

Conversely, for x € ker Vi*V3*, we obtain that PyU;Ujx = Vi*Vj'x = 0; that is,
UiUyx € H. Moreover, Vi VUi Ua = Prx =0.

(b) Observe that, for x € V5""'H (or equivalently z = V'™V " e), o €
ker(V;Va)* if and only if (Vi Va)*Va" M V" e = 0, that is, Vo™ e € ker Vi*Vyt. O

Since ker V5 is invariant under V*, we can consider Vi*|kerv; as a contraction
on ker V5" and, similarly, V5" |ier v+ on ker Vi*.
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Proposition 3.4. (i) V is always completely non-unitary (that is, ViVa is a shift).

(ii) V is completely non-unitary if and only if V="V
(#i7) The following assertions are equivalent:

(a) V is dual double commuting;
b) ker Vi* L ker V5,
¢) Viker V5* D ker Vy* (or Vaker Vi* D ker Vi*);
d) Vilkervy (01 V5 |kervy) is isometric.

o~ o~

—

Proof. (i) and (i¢) have been proved in [Pol Remark 3.5].

(i77) By Lemma B3(a) for n = 0, ker V;* L ker V;* if and only if V; ker Vit L
Viker Vo' or, equivalently, Vi(I — ‘72‘72*)]*[‘72 (I - ‘71‘71*)] =0 (in operator form).
By an easy computation we obtain ‘71*‘72 = ‘72‘71* For the second part, by Lemma
B3I(b), Vi ker V¥ D ker V5* if and only if Vi'H D ker V' or, equivalently, ker V* L
ker V5*. Finally, Vi*|xer vy is isometric if and only if

0= [I( = VaV)a|® — |V (I = VaV5)z|* = (1 = ViV (I = VoV )al?, @ €M,
that is, if and only if ker V;* L ker V5. g

Using Proposition B.4l(7), write the Wold-type decomposition in Theorem for
V instead of V:

(9) H = Hus ® Hou ® Hus-
Then H,s = Do V2" W, = D<o UsWe with Wy = Mo v (ﬂizo ker ‘72*‘711)

and, by passing to the dual, Hys = D,z UQ"WQ & Hys = GanZO UQ"(UQWQ). Ob-
serve that Uy (), ker V5 ViD >0 ker V5 Vi and, by duality, U; MNi>o ker Vo
Mi>o ker Va2 Vi'. Use this observation and Lemmal33(a) (more precisely, ker V5 V;'
= U Ul ker V5 V{) to prove that
UQWQ = U2 n Uim(n kerVg*Vlz)
mez i>0
"ET N Ulker ViV
pEL,i>0
= ﬂ % ﬂ ker V5 V.
p=>0 120

Deduce Hys = Hus and, by symmetry, Hsy = Hsy. Therefore, by duality, relation
(@) becomes

(10) H = Huu ® Hus 2 Hsu 2 ﬂwsa

that is, Hays = Huws. In other words:
Corollary 3.5. V is a weak bi-shift if and only if V is a modified weak bi-shift.
As observed earlier (Proposition 229 cf. [Sul, [SH], [GS1]), the weak bi-shift part

contains a maximal bi-shift. Then H,, := H, is the maximal modified bi-shift

subspace and is contained in Hus = Hups. Hym Was already considered in [GS2]. We
give here a more precise structure:
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Corollary 3.6. There exists a mazimal subspace H,, C Hyws of H reducing V' to
a modified bi-shift. More precisely,

(11) Ho= P vp( N viHn ) V'Q"Hﬁker(VlVg)*)
pEZ>\(—o0,—1]? m>0 n>0

(according to the notation for VP in Section 1).
Proof. H, = GapeZi Ve (nizo ker %*Vliﬁﬂjzo ker ‘71*‘723) by Proposition[Z9l Then

Hyp = Hs = @pEZQ\{_Zi} ur (ﬂizo ker ‘72* f/iiﬁﬂjzo ker ‘71*‘72]) Use again Lemma
(a) and (b) to see that

Ho= @ or 0D (ﬂ Vit ker Vy V4 0 () V3 ker Vl*V2j>
peze\{~72} i>0 720

- P UMLU(Q vrHn ) VQ"Hﬁker(Vﬂ/g)*).

peZ\{-Z%} m20 n=0

Moreover, H,, C H implies UP~(LV g = P, Ur~(Ug = yr=hg for any x €
Nyso VITH N N,>0 Va'H Nker(ViV5)* and p & (—oo,0]2. () is proved. O
Remark 3.7. (a) Since H,,, = H,, the method above would not provide another
reducing subspace of Hs.

(b) If V4 (resp. Vz) is a shift, then Hyy = Huys (resp. Hew) = Him = {0}; if V3
(resp. V) is unitary, then Hsg,, (resp. Hys) = Hyws = {0}.

(¢) If V is dual double commuting (ker V;* L ker V5 according to Proposition
B4), then the decomposition (I0) becomes the one given in [GG:

H :Huu @Hus @Hsu @Hm-

We can give here a more precise structure than in [Po]. Observe that, in this
case, by Lemmal[3.3(a) applied for n = 0, Uz ,,,>o Vi" ker V5 =, <o UT" ker V5* =
>0 ker V5 V™, and this implies that

Hus = @ VQ"(ﬂ ker V;Vf).

n>0 i>0
Similarly,
Hsu = @ ‘/lm(ﬂ ker ‘/1*‘/2]'> .
m>0 §>0

Moreover, ker Vy Vi =V; ker V5* Vi (i > 0) since, on the one side, z € V; ker V5V
(x = ViVi*z and V5*Vi ™'V = 0) implies & € ker V5'V{, and, on the other side,
r € ker V5V implies © € Viker Vy* C Vi'Vit ker V¥ = Viker Vi (since by
Proposition BA4] ker V5 C Vj ker Vi), that is, = ViV*x € Vi ker V;Vf“. Then
Vit ker Vi Vi = Viker Vi (i > 0), VJ T ker Vi*VJ = Vaker Vi (j > 0), and so, by
Corollary [3.8,

Ho= @ vP(VikeVyniekerVy).
pEZL2\(—o0,—1]?

(d) If V is simultaneously double and dual double commuting (V; ker V5" = ker V'
or, equivalently, Va2 ker V}* = ker V}*), then, using again the notation in the proof of
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Theorem 28, Hys = H2, Hsyw = H. and H,s = {0}. More precisely, the decompo-
sition (B) becomes
H = (HiNH2) dH2 o H. o {0}.

Modified bi-shifts can be characterized as follows:

Proposition 3.8. The following assertions are equivalent:
(1) V is a modified bi-shift.
(1) V is dual double commuting and
H= P v(VikerVy nVakerVy).
pEZ?\(—o0,—1]?
(@17) Vilkervys Vo'lkervy and ViVa are shifts.
Proof. (i) and (i) are equivalent by Remark B(c). In addition, by Remark

2.4, if V' is completely non-unitary, then V' is a modified bi-shift if and only if
Vi ker Vo Valior T and V7 V5 are shifts. The proof is completed by the observation

that Vi, 7y (respectively Voo ¢7+) 1s a shift if and only if V{"|ker v (respectively
V5 |ker v+ ) is a shift. We just have to see that, by Lemma B3{(a), the relation
ker V' = @ V" (ker V' © Vi ker V)

m>0

can be rewritten as
ker V5 = @ U™ (ker Vo' © Uy ker V3).
m>0
Moreover, Ui ker V5 C ‘H (and consequently U; ker Vi = Vi*ker V) if V' is dual

double commuting. ([l

Ezample 3.9. We shall consider the example given in [Sl]. Let H be a Hilbert
space having an orthonormal basis of the form {e; ; | i € Z4 or j € Z;}. The pair
V = (V1, Va) defined on H by

Vieij = eiy1; and Vaeij = eijpa (i 20 or j > 0)
is clearly a cnu bi-isometry. It is easy to see that
ker Vit = \/{eo; | j < =1} L \/{ewo |i < =1} = ker V5,
that is, Vi"|ker vy and Vo' ker vy are isometries. They are shifts, since V;*™ ker V5" =
VH{eio | i < —m — 1} implies
ﬂ Vi ker V' = {0}
m>0

and, similarly,
() Vs ker Vi = {0}.
n>0
It follows by Proposition that V' is a modified bi-shift.

As proved in [GS1] (or deduced directly following ([7) and (), Hs L Hyy,. Then,
by Propositions ZZTHZ.3] 2.9, Theorem [Z.§8 and Corollary B8, we can conclude the
following theorem.
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Theorem 3.10. Let V be a bi-isometry on ‘H. There is a unique orthogonal de-
composition of the form

H:Huu@Hus@Hsu@Hs@Hm@He

into subspaces of H reducing V' and mazimal on which V is, respectively, bi-unitary,
unitary-shift, shift-unitary, bi-shift or modified bi-shift.

Since H. vanishes in some important cases (for example, if V' is double or dual
double commuting), we call V|3, the evanescent part of V.

We give some necessary and sufficient conditions on V' in order to have no evanes-
cent part:

Proposition 3.11. Let V be a bi-isometry on H. Then
(12) H=Huu ® Hus ® Hou ® Hs © Him
if and only if
(I =iV (I = VaV5) (] Vi"H = {0},
m>0

VS V(I = ViV (I = VoV ) (I = ViVy') = 0,
and

VIVE (I = ViV (I = VaV5) (I = iVy') = 0,
for alln,i,j > 0.

Proof. Just observe that there exists an orthogonal decomposition of the form (12)
if and only if V|xg#, is dual double commuting, that is,

ker ViN(HoHs) CVA(HOHs)
by Proposition [3:4[7i:). Equivalently, by passing to orthogonal complements,
(13) ke Vi Cc VaH & @ V"W, with W = (| ker V5V N (1) ker Vi V3.
m>0 i>0 §>0

(I3) can be rewritten as (I — VoV )(I — ViV )H C €D,,5o Vi™"W or, equivalently,
I=WNV7)I=V2V5) 5o VI"H = {0} and (I-VA V)V (I=Vo V3 )(I=VA Vi) H C
W (n > 0). The conclusion follows by the definition of W. O

In some other cases V' can have only evanescent part:

Ezample 3.12. Let S be a shift on H and V' = (5,5). Then V has no double
commuting part. Moreover, by Remark [3.7] (b), the modified bi-shift part is also
null. Then H = H,, as required.
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