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ABSTRACT. In this paper we obtain the existence of periodic solutions for
nonlinear “invariance” problems monitored by impulsive differential inclusions
subject to impulse effects.

1. INTRODUCTION

The impulsive differential equations appear to represent a natural framework for
mathematical modelings of several real world phenomena. For instance, systems
with impulse effects have applications in physics, in biotechnology, in industrial ro-
botics, in radiotechnology, in pharmacokinetics, in population dynamics, in ecology,
in optimal control, in the study of microorganism reproduction, in economics, in
production theory, and so on. The qualitative investigation of impulsive differen-
tial equations began in 1960 with the work of Mil’'man and Myshkis (see [§]). The
possibility of wide practical applications of impulsive differential equations explains
the still growing interest of many authors in the investigation of these equations in
recent years and the publication of monographs about this subject by Samoilenko
and Perestyuk (see [I1]), Lakshmikantham, Bainov and Simeonov (see [7]), and
Bainov and Simeonov (see [I]). In the recent past, attention has been given to
impulsive differential inclusions, and interesting results concerning the existence of
periodic solutions for first-order impulsive differential inclusions have appeared: see,
for instance, the papers by Watson (see [I12]) and by Benchohra, Henderson, and
Ntouyas (see [2]). But, unlike Benchohra, Henderson and Ntouyas, in [12] Wat-
son studies an impulsive “invariance” problem. The fundamental tools to prove
existence results for noninvariance problems are essentially fixed point arguments,
nonlinear alternative, degree theory, or iterative methods combined with upper and
lower solutions.

In this note we study the existence of periodic solutions for the following impul-
sive “invariance” problem:

2/ (t) € F(t,z(t)) a.e. t € [0, T\ {t1,...,tp},
(P) xEt%) ((t)k) + I (z(t)) for any k € {1,...,p},
(0
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2340 TIZIANA CARDINALI AND RAFFAELLA SERVADEI

where 2 C RV N > 1, is a canonical domain, F : [0,T] x Q — P(R") is a set-
valued map, 0 =ty <t; < -+ <tpy1 =T, Ij : Q — RY is an impulse function
for any k € {1,...,p}, and z(t*) = 111{5r z(s).

This problem is important in tﬁe case that one needs to study systems for
which the state is required to stay in a set that may be constant. The pioneering
work of Nagumo (see [9]) illustrates that the resolution of an “invariance” problem
needs a tangential condition involving some kind of tangential approximation to
the constraint set. More precisely, Nagumo proved that, for a continuous function
f:RY — RN a necessary and sufficient condition for the differential equation
2’ = f(z) a.e. on RY to leave K invariant is that f(z) € Tk (x) for all x € K,
where Tk (x) denotes the Bouligand contingent cone to K at x € K.

In this paper we obtain existence results for the impulsive “invariance” problem
(P) (see Theorems B0l and B.2)). As in [12], in our proof we use the result due to
Hristova and Bainov concerning the existence of a periodic solution for impulsive
differential equations (see [3]), together with an approximation argument. Our
Theorems [B:1] and [3.2] extend the existence result proved by Watson (see Remarks
B and[3:2) and, moreover, improve the Hristova - Bainov existence theorem in the
case of “invariance” problems involving impulsive differential equations.

2. PRELIMINARIES

Let Q@ ¢ RV, N > 1, be a domain with boundary 02, and let us denote by
Q = QUIQ its closure and by int  the interior of Q. We say that € is a canonical
domain (see [3]) if © is bounded, convex and there exists a finite family of real-valued
continuously differentiable maps {‘1%} such that the following conditions

hold:
_a
Q1) Q:ﬂ{xeRN:@(x)go};
i=1
if there exist o € 9Q and i € {1,...,q} such that ®;(zo) =0,
(Q2) then V®;(zo) # 0.
Let us note that a compact interval of R is a canonical domain.

Let Q be a canonical domain defined by the family {(I)i}ie{l b and let us

define a(x) ={ i€ {1,...,q}: ®;(z) =0}, for any z € 09, and
yeRN: (Vdi(z), y) <0, Vi€ a if x € 092,
PM:{{ (Vi) y) (@)}

i€{1,...,q}

RV if x € Q,

where ( -, - ) is the scalar product in RV,
We recall the notion of Bouligand contingent cone to 2 at x € :

. + Ay, Q)
To(x) = RN : limint 282D _
alz) { yE im in 3 ;

where p(z,Q) = inf || z — v ||. We note that Pg(x) = Tg(z), for any = € Q (see
vE Q

2], Remark 1.3).
Moreover, we recall the definition of normal cone to Q at = € Q:

Ng(x)—{x*ERN: (2%, z) = sup (", z}}.
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The following property holds:
(1) yeTg(z) < (2%, y) <0, Ve Ng(z).

Let F : [0,7] x @ — P(RYM) be a set-valued map. F'is said to be lower
semicontinuous (Ls.c.) in (£,z) € [0,T] x  if, for any open set A C RY such that
AN F(t,z) # 0, there exists a neighborhood U of (t,2) such that AN F(t,z) # 0,
for any (t,z) € UN([0,T] x ). F is said to be upper semicontinuous (u.s.c.) in
(t,7) € [0,T] x Q if, for any open set A C RY such that F(,7) C A, there exists a
neighborhood U of (£, 7) such that F(¢,z) C A, for any (t,x) € U N ([0,T] x Q).

In this work we consider the following impulsive periodic “invariance” problem:

x'(t) € F(t,z(t)) a.e. t €0, T\ {t1,...,tp},
(P) x(t;;) = x(tr) + Ix(z(ty)) for any k € {1,...,p},
z(0) = z(T),

where Q@ ¢ RN, N > 1, is a canonical domain, F : [0,7] x Q — P(RY) is a set-
valued map, 0 =tg <ty < -+ <tpp1 =T, I} : Q — RY is an impulse function
for any k € {1,...,p}, and z(t") = 1112r x(s).

Definition 2.1. A solution of problem (P) is a function z : [0, 7] — €, absolutely
continuous in the closed interval [0,¢;] and in the interval |tx,txy1] for any k €
{1,...,p}, such that

2/ (t) € F(t,z(t)) a.e. t € [0,T]\ {t1,...,tp};
x(t'k") =x(ty) + Ix(z(ty)) for any k € {1,...,p};

and
z(0) = =(T).

To prove our existence results for problem (P) we need the following theorem
due to Hristova and Bainov ([3], Theorem 2) in the version proposed by Watson
(2], Remarks 1.1 and 1.2, p. 397):

Theorem 2.1. Let Q C RN,]X > 1, be a canonical domain defined by the family
{(I)i}ie{l.... ) and let f :RxQ — RN and I}, : Q — RN, k € Z, be functions

such that .
(B1) f is continuous in R x §;
(B2) 3T >0 such that f(t+T,x) = f(t,z), V¥ (t,x) € R x Q;
(B3) (V®;(z), f(t,z) ) <0,V (t,z) e Rx 9N, Viée ax);
(B4) Iy is continuous in €;
(B5) 3L>0: || ft,z)—f(t,y) |[<L|lz—y]|, VtER, Vo, ye;
(BG) dheN: tk+h:tk+T, IkJrh(:L'):Ik(iL'), VLEEQ;
(BT) z+1Ii(z)€ Q, Vze
Then, the system of impulsive differential equations
(HB) { 2 (t) = f(t,2(t)) ae. t e R\ {tr: keZ},

z(tf) = x(te) + In(z(tx))  for any k € Z,
has at least one T-periodic solution lying in Q.

In this paper we also need the following theorem by Papageorgiou (see [10],
Theorem 3.1).
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Theorem 2.2. Let (M,X, 1) be a complete, o-finite measure space, X a separable
Banach space and v € [1,00[. If fn, f € L%(M), for anyn € N, f.(-) — f(-)
in L (M) and, for p- a.e. t € M, there exists a nonempty, weakly-compact subset
G(t) of X such that f,(t) € G(t), then

f(t) eco W-@{fn(t)} for p-a.e. t € M,

where w-Tm {fu(t)} = {o € X 12 =w- lim fu, (1), (fur (D) € (Jul®))n |-

3. MAIN RESULTS

In this section we state and prove our existence results on periodic solutions for
the impulsive problem (P).

Theorem 3.1. Let Q C RN, N > 1, be a canonical domain such that int Q # 0,
and let F : [0,T] x Q@ — P[RY) be a set-valued map such that the following
conditions hold: .

(H1) F(t,x) is nonempty, convez, and closed, ¥ (t,x) € [0,T] x Q;

(H2) F(t,-) is u.s.c. inQ, a.e. on [0,T];

(H3) Fisls.c in[0,T]xQ;

(H4) F(t,r)NTg(x) #0, ¥ (t,z) € [0,T] x Q;

(H5) 3~ € L>([0,T)) such that || F(t,z) || <~(t) a.e. on[0,T], ¥z €;
and let I, : Q — RN, k€ {1,...,p}, be an impulse function such that

(B4) Iy is continuous in Q;

(BT) z+Ix(z)e Q, Ve
Then, there exists a solution for the impulsive differential problem (P).

Proof. Let (04)nen, 0 < 0, <1 for any n € N, be a sequence such that lim 6, =0

n—oo
and, for any n € N, let F), : [0,T] x Q — P(RY) be a set-valued map defined as
follows:
(2) En(t,x) = F(t,z) + 6,B(0,1), ¥ (t,z) € [0,T] x Q,

where B(0,1) is the ball of center 0 and radius 1.

First of all, for a fixed n € N, we want to show that the set-valued map Fn(, Jn
Tq(+) is Ls.c. in [0, 7] x Q. Since int Q # @ yields int Tg(z) # 0, V 2 € Q (see [5],
p. 281), by using (H4), we have that F),(t, )N int T5(z) # 0,V (¢, ) € [0,T] x Q.
Moreover, (H3) and Proposition 2.59 of [d] imply that F, is Ls.c. in [0,T] x €.
By Proposition 5.35 of [4] the set-valued map (¢, z) — Tg(x), (t,7) € [0,T] x Q,
is Ls.c. in [0,7] x  and has convex values. So, by Proposition 2.54 of [4], we
can deduce that F,(-,-) N Tg(-) is Ls.c. in [0,T] x €. Taking into account that
the set-valued map Fn(, -) N T5(+) has nonempty, convex and closed values, from
Michael’s selection theorem we can say that there exists a continuous selection
gn [0, T] x @ — RY for the set-valued map F,(-,-) N Tg(-) such that

(3) gn(t,x) € E(t,x) N Ts(z), ¥ (t,z) € [0,T] x Q.

Now, by Lemma 1 of Lasota and Yorke (see [6]), we have that there exists a locally
Lipschitz function g, : [0, 7] x @ — R¥ such that

(4) | gn(t,2) = gu(t,) || < 02€, ¥ (t,2) € [0,T] x Q,
where £ is a positive constant such that
(5) €<l and Efa" || <(z", x), Va*e Ngx).
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At this point, let us define f,, : [0,T] x Q@ — R as follows:

(6) fult,z) = gu(t,z) — 6px, ¥ (t,2) € [0,T] x Q.
Now we prove that

(7) fut,z) € Tg(x), ¥ (t,z) € [0,T] x Q.

In order to obtain (@), let us fix (¢,z) € [0,7] x Q and z* € Ng(z). Taking into
account (@), @), ), @) and (), we have that

<(E*, fn(t LE)> <£E*, gn(tvx)_(s LE>

= (2% gn(t, ) ) + (27, gult,x) —gn(t, ) ) — On( 2™, x)

<1l a* I [} ot 2) — gult,2) | I2* |

<o Eflat | —on&llar | =0,
and so (@) is proved.

Recalling that f,, is Lipschitz in [0, T] x 2 (being locally Lipschitz in the compact,

convex set [0,7] x ), Hristova and Bainov’s theorem (see Theorem [Z)) implies
that the impulsive periodic problem

n

Z'(t) = fu(t, z(¢)) a.e. t € 0,7\ {t1,...,6p},
(P) #(tF) = 2(tn) + Tu(a(tn) for any b€ {1,....p }
x(0) = 2(T)

has a solution z,, : [0,T] — Q, absolutely continuous in the closed interval [0, ]
and in the interval |tx, tx41] for any k € {1,...,p}.
Let us define y,, : [0, 7] — R as follows:

2 (t) if ¢ € 0,4],

k
B =3 0 0) = Y Laalty) it € bt ke {L...p ),
j=1

for any n € N. Now, we prove that the sequence (y,)nen is equibounded in [0, T].
First of all, we observe that, for any n € N,

t
+/ fu(s,@n(s))ds ifte 0.0,
Ty (t) = +ZI (zn(t / fr(s,an(s))ds if t € Jtg, teya],
kef{l,....p}.

Then it follows that
(9) %w=%@+/n@%@m
0

for all ¢ € [0,7] and for any n € N. So, the fact that Q is bounded (this implies
that there exists R > 0 such that Q C B(0, R)), (@), @), @), @), @), (H5) and the
choice of (0y,)nen yield
t
[y (@) | < [l 2n(0) || + /0 [fu(s,2a(s))||ds < R+ KT,

for all £ € [0,7] and for any n € N, where K =1+ &4 R+ || v || oo (jo,17)-
Now let us prove that the sequence (yn)nen is equicontinuous in [0,7]. Let us

fix t,s € [0,7]. By @), @), @), @), @), (H5), the choice of (,)nen and the
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boundedness of Q we have that
t
(10) 190 = 0a0) | = || [ fuleizalenaz || < K J2=51,

for any n € N; 80 (Yn )nen is equicontinuous in [0, 7.
Then, by the Ascoli - Arzela theorem, there exists a subsequence of (yn)nen,
which we again denote by (yn)nen, such that

(11) Yn — Yo uniformly on [0, T].

By ), ({1) and (B4) it follows that there exists a subsequence of (2, )nen, denoted
again by (z,)nen, such that

(12) &, — o uniformly on [0, 7.

We claim that ¢ is a solution of the impulsive differential inclusion (P). The fact
that x,, solves problem (P,,), for any n € N, (I2) and (B4) yield

zo(t) € Q, Yt €[0,T], 20(0) = zo(T),

and
zo(tf) = lim 2o(t) = lim lim 2,(t) = lim z,()
t—t) t—t} n—oo n—00
= nllﬂgo [ @n(te) + Ik (zn(te)) | = wolte) + In(zo(tr)),
for any k € {1,...,p }. Now we prove that z is absolutely continuous in the closed

interval [0,¢1] and in the interval ¢y, tr41] for any & € {1,...,p}. Actually, by
(I0), the sequence (yn)nen is equi-Lipschitz in [0, 7. So, by using (&), we can say
that (z,)nen is equi-Lipschitz in [0,¢1] and in |t, tgy1], for any k£ € {1,...,p }. By
passing to the limit as n goes to infinity, we obtain that x is Lipschitz in [0, ¢1] and
in Jtg, tky1], for any k € {1,...,p}. It remains to show that z{(t) € F(t,zo(t)) a.e.
t €0, 7]\ {t1,...,tp}. Without loss of generality, given a fixed k € {1,...,p }, we
can suppose that z, and z( are continuous in [tx, tx41] by defining them in ¢ in
this way:
Tn(te) = zn(tf) and  xo(te) = 2o(t)),

for any n € N. By using the fact that z,, is a solution of problem (P,), for any
neN, @, @, @), @), (H5), the choice of (§,)nen and the boundedness of
Q yield that the sequence (2/,)nen is bounded in L2([ t,tr+1]). So, there exist
v € L2([ tg,tr+1]) and a subsequence of (z,)nen, denoted again by (2, )nen, such
that

(13) 2, vy in L2t )
Since x,, is absolutely continuous in [t,tx+1], for any n € N we have that

(14) Ent) — Tnty) = / 2 (s)ds,

t

forall t € [ty, tk+1]. By (12), (03), ([I4) and the absolute continuity of zo in [tx, tx+1]
it follows that x{, = vy a.e. on [t, tx+1]. The same argument can be used to prove
that there exists vg € L2([ 0,¢1]) such that zo’ = vg a.e. on [0,%1]. So

(15) xl %zl in L2([0,T7)).
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Let us denote by N C [0, 7] the set such that 4N = 0 and hypotheses (H2) and
(H5) are satisfied in ([0,7]\ N) x Q. Now let us fix t € [0,7]\ N and € > 0. By
the choice of (0, )nen, it follows that

(16) dny=ni(e) eN:Vn>ng o, <e.

By using (H2), we can say that

(17) 3p = ple,z0(t)) > 0:Vo € Q, || z — x0(t) ||< p, F(t,7) C F(t, 20(t))+B(0,¢).
By ([I2), we have that

(18) I na(e; t) = na(p(e, z0(t))) : Vn = na(e, 1) || 2nls) —xo(s) [[< p,V s € [0,T].
Then, by (I7) and (I8), we obtain that

(19) F(t,zn(t)) C F(t,20(t)) + B(0,€), ¥ n > na(e,t).

Then, setting n(e, t) = max {ni(e), na(e, t) }, by @), (@B and (@) we have that
(20) E(t, 2, (t)) C F(t,xo(t)) + B(0,2€), ¥ n > nfe,t).

Since z,, is a solution for problem (Ppn), for any n € N, (@), @), @) and the
boundedness of € imply

J);l(t) = fn(t7 xn(t)) = gn(tv xn(t)) Onn(t)
(21) = gjb(ta J)n(t)) + gn(tv xn(f')) gn(t xn(t)) - 5n$n(f')
€ Fu(t,zn(t)) + (£ + R)6,B(0,1)

a.e. t € [0,T]\ {t1,...,tp} and for any n € N. By using 1), @), (H5) and the
choice of (d,,)nen and &, we have that

2 (t) € F(t,z,(t)) +0,B(0,1) + (£ + R) 6,B(0,1)

(22) c (7(,5) Loy R)B(O, 1) = G(t)

a.e. t € [0,T)\ {t1,...,t,} and for any n € N. Taking into account that G(¢) is a
convex and weakly compact subset of RY, (IH) and (2) allow us to deduce that
(see Theorem 2.2)

(23) xh(t) € T w- lim {2/, (t)} a.e. t € [0,T).

n—oo

Now, by (I6) and (ZII) it follows that
(24) 2, (t) € Fu(t,zn(t)) + (€ + R)B(0,¢)
a.e. t € 0,7\ {t1,...,tp}, for any n > n(e,t). Then 23)) and (24)) yield

(25) zh(t) € T w- im_ (Fn(t, 2n (1)) + (€ + R)B(0, e))

a.c. t €[0,T)\{t1,...,tp}. So, by (Z3), @) and (H1), we obtain that
(26) @h(t) € T (F(t,wo(t)+(2+E+R)B(0,€) ) = F(t,ao(t))+ (2+&+R) B(0, ¢)
a.c. t € [0,T]\ {t1,...,t,}. So, the arbitrariness of ¢, (28) and (H1) yield

z((t) € F(t,zo(t)) ae. t€[0,T)\{t1,...,tp}- O
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Remark 3.1. We note that there exist set-valued maps satisfying the hypotheses of
Theorem BT, but not the conditions of Theorem 2.1 due to Watson (see [12]). For
example, we can consider the set-valued map F': [0,1] x [0,1] — P(R) defined as
follows:

[ {0}y ift=0, z€]0,1],
F(tvx)—{ [0,1] if¢t€]0,1], = €[0,1].

Now, by using Theorem B.I] we are able to prove the following result.

Theorem 3.2. Let Q C RN, N > 1, be a canonical domain such that int Q # (),
and let F : [0,T] x Q@ — PRYN) be a set-valued map such that the following

conditions hold: .
(C1) F(t,x) is nonempty, convez, and closed a.e. on [0,T], V x € Q;

(H2) F(t,-) is w.s.c. in Q, a.e. on [0,T];
(C2) 3 (Fu)nen, Fn :[0,T] x Q@ — P(RYN) such that
(C2.1) F,(t,x) is nonempty, convez, and closed, ¥ (t,x)
€0,T] xQ, VneN,;
(C2.2) F,isls.c in[0,T]xQ, VneN,
(C2.3) Fo(t,z)NTg(z) #0, V (t,2) €[0,T] xQ, Vn eN;
(C2.4) F~y e L>*(0,T)) such that || Fo(t,z) ||< ~(t)
a.e. on[0,T], Vo e€Q, VneN;
(C2.5) ae te[0,T], Ve>03n=nmn(et) €N such that
F.(t,x) C F(t,x) + B(0,¢), ¥n >n, ¥ x € Q;
and let I, : Q@ — RN k€ {1,...,p}, be an impulse function such that
(B4) Iy is continuous in Q;
(B7) z+I(z)e Q, Vze
Then, there exists a solution for the impulsive differential problem (P).
Proof. Let (0n)nen, 0 < 6, <1 for any n € N, be a sequence such that lim 4,, =0

and, for any n € N, let E, : [0,T] x @ — P(RN) be a set-valued map defined as
follows:

(27) En(t,x) = Fo(t,x) + 6,B(0,1), ¥ (t,x) € [0,T] x Q.

In order to prove the existence of a continuous selection g, : [0,7] x @ — R for
the set-valued map F,(-,-) N T(-), we can apply the same arguments used in the
first part of the proof of Theorem [3.1l Now let us consider the impulsive periodic

problem
' (t) = gn(t, z(t)) ae. t € [0, T\ {t1,...,tp},
(P) #(t7) = alth) + Te(o(ty)) for any k€ {1,....p )
x(0) = x(T).

By Theorem Bl there exists a solution x,, : [0, 7] — Q for problem (P,), for any
n € N. Arguing as in the proof of Theorem [3.1] we obtain that

(28) %y, — o uniformly on [0, 7],

where ¢ is a function, absolutely continuous in the closed interval [0, ¢1] and in the
interval Jtg, tr41] for any k € {1,...,p}, such that

zo(t) €Q, Vt€0,T], 20(0) = zo(T),
zo(t) = zo(te) + In(xo(tr)), k€ {l,....,p },
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and
(29) xl, =% x) in L2([0,T7)).

To prove that xg is a solution for the impulsive differential problem (P), it remains
to show that z((t) € F(t,zo(t)) a.e. t € [0,T]\ {t1,....tp}

Let us denote by N* C [0,T] the set such that uN* =0 and (C1), (H
and (C2.5) are satisfied in ([0,7] \ N*) x Q. Now, let us fix t € |
e > 0. Hypothesis (C2.5) implies that

), (H2),(C2.4)
0,77\ N* and

(30) dn=n(et) EN:Vn>nlet) Flt,z,(t)) C F(t,zn(t)) + B(0,€).

As in Theorem BT], by the choice of (0y,)nen, (H2) and (28), we can say that there
exists 7 = n(e,t) € N such that

(31) on <€ and F(t,z,(t)) C F(t,zo(t)) + B(0,€), ¥V n > n(e,t).
Then, setting n*(e,t) = max {n(e, t), (e, t)}, by @B0) and [BI) we obtain that
(32) Fult, 2a (1)) € F(t,20(0)) + B(0,36), ¥ n > n*(e,1).

Since xy, is a solution for problem (P,) and g, is a selection for Fn(, ) NTg(+), for
any n € N, (1), (C2.4) and the choice of (§,,)nen imply

(33) @, (t) € Fult,@a(t)) = Fult,za(t)) + 6, B(0,1) € B(0,7(t) + 1) = G(t)

a.e. t € [0,T)\ {t1,...,tp} and for any n € N. Taking into account that G(¢) is a
convex and weakly compact subset of RY, [Z9) and (33)) allow us to deduce that
(see Theorem 2.2)

(34) zy(t) € o w—nlinéo{x%(t)} a.e. t € [0,77].

Since {z,(t)} C Fn(t,z,(t)) a.e. t € [0,T]\ {t1,...,tp}, for any n € N, by (34) it
follows that
(35) zh(t) €@ w- lim F), (¢, 2, (1))

n—oo

a.e. t € [0,T]\ {t1,...,¢p}. Then, by (3H), B2) and (C1), we obtain that
(36) wl(t) €T (F(t, 2o(t)) + B(0, 3¢) ) = F(t,z0(t)) + B(0, 3¢)

a.e. t € [0,T)\ {t1,...,tp}. So, by the arbitrariness of ¢, (B6) and (C1), we can
conclude that z is a solution of problem (P). O

Remark 3.2. Let us remark that Theorem improves Theorem [BI] (and so it
extends the result due to Watson (see Remark[3.1])). It is obvious that, if F satisfies
all the hypotheses of Theorem [3.1] we can take F,, = F, for any n € N. Moreover,
there exist set-valued maps F' satisfying the hypotheses of Theorem that are not
l.s.c. For example, we can consider the set-valued map F : [0,2] x [0,1] — P(R)
defined as follows:

[—1,0] ifte [0,1], z € 0,1],
(37) F(t,z) =< [-1,1] ift=1, x€ [O 1],
[-1,2] ifte]1,2], z€[0,1].
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F is not l.s.c. in [0, 2] x [0, 1], but it satisfies hypotheses (C1) and (H2) of Theorem
B2 Moreover, we can construct the sequence (Fy,)nen, Frn : [0,2] x [0,1] — P(R),
in this way:
[ [-1,t"] ifte [0,1], z €[0,1],
Pty ) = { [1,2] ifte]l,2], z€0,1],
for any n € N.

This sequence satisfies conditions (C2.1), (C2.2), (C2.3), (C2.4) and, since it con-
verges to F, (C2.5).

We also want to observe that in Theorem [3.21we do not need that the sequence
(F)nen converges to F. Indeed, the sequence (F),)nen, Fy : [0,2] X [0,1] — P(R)
defined by

~ _J -1 L] ifte [0,1], z €][0,1],

Fu(t,x) = { [-1,2] ifte]0,1], z €0,1],
for any n € N, does not converge to the set-valued map F defined as in (&), but it
satisfies all the hypotheses of Theorem B2l

Remark 3.3. Let us note that there exist u.s.c., but not lLs.c., set-valued maps F
saisfying the hypotheses of Theorem [3.2] For example, we can consider the set-
valued map F : [0,2] x [0,1] — P(R) defined as follows:

[ [-1,0] ifte [0,1], z €]0,1],
F(t,2) { [—1,1] ifte [1,2], z€[0,1].

In this case we can construct the sequence (F),)nen, Fr : [0,2] X [0,1] — P(R), in
this way:

_J -1 L] ifte [0,1], z €][0,1],
Fult, z) { [—1,1] ifte]l,2], z €[0,1],

for any n € N.

Remark 3.4. Finally, we observe that there exist set-valued maps satisfying the
hypotheses of Theorem [3.2 that are neither l.s.c. nor u.s.c. For example, we can
consider the set-valued map F' defined as in (B7).
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