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ABSTRACT. In this paper, we first prove the local two-weight Caccioppoli in-
equalities for solutions to the nonhomogeneous A-harmonic equation of the
form d*A(z,dw) = B(z,dw). Then, as applications of the local results, we
prove the global two-weight Caccioppoli-type inequalities for these solutions
on Riemannian manifolds.

1. INTRODUCTION AND NOTATION

The A-harmonic equation for differential forms has received much investigation
in recent years. The A-harmonic equation is an important generalization of the
p-harmonic equation in R™, p > 1, and the p-harmonic equation is a natural exten-
sion of the usual Laplace equation. Caccioppoli-type inequalities have been widely
studied and frequently used in analysis and related fields, including partial differ-
ential equations and the theory of elasticity. Roughly speaking, these inequalities
provide upper bounds for the L*-norm of Vu if w is a function (0-form) or du if u
is a form in terms of the L*-norm of the differential form u. Many mathematicians
have made their contributions to this topic; see [6], [, [9], [13], [14]. Different
versions of the Caccioppoli-type inequality have been established in [1], [3], [12],
[15] for solutions of the homogeneous A-harmonic equation d*A(z,dw) = 0 in a
domain in R™. In this paper, we shall prove the Caccioppoli-type inequality for
solutions of the nonhomogeneous A-harmonic equation d*A(x, dw) = B(zx,dw) on
Riemannian manifolds on R™. Our main results are presented in Theorem 2.9 and
Theorem 3.1, respectively. Each of them contains two weights and two parameters
that make the inequalities more powerful and useful.

As usual, let eq, eq,- - - , e, denote the standard orthogonal basis of R™. Suppose
that A = AY(R™) is the linear space of [-vectors, generated by the exterior products
er = e;, Neg, A+ - Ae;,, corresponding to all ordered I-tuples I = (41,42, -+ ,i;), 1 <
i1 <idg <---<i<n,1=0,1,--- ,n. The Grassmann algebra A = @7:0/\1 is a
graded algebra with respect to the exterior products. For a = Y  ale; € A and 3 =
3" Bler € A, the inner product in A is given by {(a, 3) = > of 37 with summation
over all [-tuples I = (41,42, ,%;) and all integers | = 0,1,--- ,n. We define the
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Hodge star operator x: A — A by *w = sign(m)a, 4y, ip (T1, T2, -+, Ty )dxj;, A
s ANdTp—g, where w = Qg gy e i (1, T2, -, Ty )dxiy Adziy Ao ANdxg,, 1 < <
- < g, is a differential k-form, 7 = (i1, ,ik,J1,** ,Jjn—k) IS @ permutation of
(1,---,n) and sign(r) is the signature of the permutation. The norm of o € A is

given by the formula |a|? = (a,a) = x(a A xa) € A = R. The Hodge star is an
isometric isomorphism on A with x: A’ — A" and xx (=1)1"=D . Al — AL
Throughout this paper, we always assume that M is a compact Riemannian
manifold on R"; see [10] for basic properties of a compact Riemannian manifold. Let
A'M be the I-th exterior power of the cotangent bundle. We use D’ (M, A!) to denote
the space of all differential I-forms and LP(A'M) to denote the I-forms w(z) =
Yorwr(z)der =Y wiyiyeq (x)dzy, Adzg, A--- Adxg, on M satisfying [, lwr]? < oo
for all ordered I-tuples I. Thus LP(A'M) is a Banach space with norm ||w||, x =

(fur |w(x)|pdx)1/p = ([ lwr()]?)P/2dx) YP We denote the exterior derivative
by d : D'(M,A") — D'(M,A"*') for I = 0,1,---,n. The Hodge codifferential
operator d* : D'(M,A'"™) — D'(M,A') is given by d* = (—=1)"*! xdx on
D'(M,A"1),1=0,1,--- ,n. We use B to denote a ball, and 0B, ¢ > 0, is the ball
with the same center as B and with diam(oB) = odiam(B). For a measurable set
E C R", we write |E| for the n-dimensional Lebesgue measure of E. We call w a
weight if w € L} _(R"™) and w > 0 a.e. For 0 < p < oo, we write f € LP(A'E, w®) if

loc
the weighted LP-norm of f over E satisfies || f||p,5,we = ([5 |f(2)[Pw(z)*dz) Yr
o0, where « is a real number.
The nonhomogeneous A-harmonic equation for differential forms is a nonlinear
elliptic equation of the form

(1.1) d* Az, dw) = B(x,dw),

where A : M x AY(R") — AY(R"™) and B : M x AY(R") — AI=1(R") satisfy the
conditions

(1.2) Az, €)| < alglP™,  A(z,€) €= [¢f7 and [B(z,6)| < [¢77

for almost every z € M and all ¢ € A/(R™). Here a > 0is a constant and 1 < p < oo
is a fixed exponent associated with (1.1). A solution to (1.1) is an element of the
Sobolev space W,LP(M, A'"1) such that

(1.3) /MA(x,dw) ~do+ B(z,dw) -9 =0

for all p € Wllo’cp (M, A'~1) with compact support. The solutions of the A-harmonic
equation are called A-harmonic tensors. We should notice that if the operator B = 0
in (1.1), then equation (1.1) is called the homogeneous A-harmonic equation, or the

A-harmonic equation.

2. THE LOCAL CACCIOPPOLI-TYPE INEQUALITIES

We first prove the following local Caccioppoli-type inequality for solutions to
the nonhomogeneous A-harmonic equation. This will play an important role in
this paper.

Theorem 2.1. Letu € D'(M, A!) be a solution to the nonhomogeneous A-harmonic
equation (1.1) on a manifold M, and let o > 1 be a constant. Then there exists a
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constant C, independent of u, such that
(2.2) |dullp. s < Cdiam(B)™*||u — ¢|
for all balls or cubes B with cB C M and all closed forms c. Here 1 < p < oo.

p,0B

Proof. Let ¢ > 1 be a real number, n € C3°(0B), 0 < n < 1 with p = 1 in
B, and |Vn| < ﬁl(B)' Choosing the test form ¢ = —un? for (1.1), we have

do = —nPdu — punP~ldn.
From (1.3), we obtain

@3) [ Abwd)- Grau) =~ [ Aedu) - (pur~an) [ Blodu) - ().

oB
Applying (1.2) yields
(2.4) / |A(a:,du)-(n”du)|:/ P Az, du) - dul 2/ I |?|dul?.
oB oB o

Note the fact that |Vn| = |dn| and diam(B) < diam(M) < co. Using (2.4), (2.3),
(1.2) and the Hoélder inequality, we obtain

[, Inpldup < / JAGw.du) - ()
< / VAGe. )] Gl o) + / 1B(o.du)| - ullnP)

< [ alaup=t Gl + [ blaup = (ullal)

Co
< 2 p=1|yp—1 p—1 p
< ey [Pl G [l
Cy —1\ 3% p;I p;I
< p p—1 p
< drareggllon ([ (autny=)T) 7+ Callmalon( [ (i)
Co B
< (—=2_ : P
< (Granegy el + Colmadon) ([ caldul’)
Cy + Csdiam(B) / e
< . du)?
< gz Nelon( [ ur?)
< ool ([ i) T
=~ diam(B)" "7 oB ’
which is equivalent to
Cy
< — .
Il o5 < g tslulos

Thus, we have

(2.5) ldullp.5 = [Indullp,5 < [[ndul |ullp,o5-

4
R —
Pl = diam(B) |

It is clear that u — ¢ is also a solution of (1.1) if u is a solution of (1.1) and ¢ is any
closed form. Therefore, from (2.5), we conclude that

ldullp, B < Cdiam(B)*IHu —¢|

p,ocB-

We have completed the proof of Theorem 2.1. O
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Definition 2.6. We say that a pair of weights (w1 (z), w2 (z)) satisfies the A, »(E)-
condition in a set £ C R", and write (w1 (), wa2(z)) € A, A(E) for some A > 1 and
l<r<oowithl/r+1/r=1if

1/Ar’

1 \ 1/Ar 1 1 Ar'/r
su — w1 ) dz — — dx < 00.
s (i Le0ae) (1 (o)

The class of A, »(E)-weights (or the two-weight) appears in [11]. It is easy to see
that the A, »(E)-weight is an extension of the usual A,-weight [§] and A, (\)-weight
[4). See [2] and [5] for more applications of the two-weight. We need the following
generalized Holder inequality.

Lemma 2.7. Let 0 < a <00, 0 < B <o0 and st =a L + 371 If f and g are
measurable functions on R™, then

I fgl

5B < | fllag -1l glse
for any E.C R™.

The following weak reverse Holder inequality appears in [12].
Lemma 2.8. Let u be a solution of (1.1) in M, 0 > 1 and 0 < s,t < co. Then
there exists a constant C, independent of u, such that

[ulls,p < CIBI** |lu||1,05

for all balls or cubes B with cB C M.

Now, we are ready to prove the following two-weight Caccioppoli-type inequality.

Theorem 2.9. Let u € D'(M,A"), 1 =0,1,---,n, be a solution of the nonhomoge-
neous A-harmonic equation (1.1) on a manifold M C R™, and let p > 1. Assume
that 1 < s < 00 is a fived exponent associated with the A-harmonic equation (1.1)
and that (w1 (x), wa(x)) € Apa(M) for some A > 1 and 1 < r < co. Then there
exists a constant C, independent of u, such that

1/s C 1/s
2.1 S . — o[ ws
(2.10) (/B |du|*w] da:) < Ziam(B) (/pB |u — ¢|*w$ dx)

or

(2.10) lldul|s,B,we < Cdiam(B) ™ ||u — clls,pBwg

for all balls B with pB C M and all closed forms c. Here a is any constant with
0<a<A

Proof. Choose t = As/(A—a). Since 1/s = 1/t+ (t—s)/(st), using Lemma 2.7 and
Theorem 2.1, we obtain

1/s s 1/s
(2.11) (/ |du|swj’da:> = (/ (|du|w‘f/5) dx)
B B
1/t st/(t—s) (t—s)/(st)
< (/ |du|tdx) (/ (wf/s) dx)
B B
a/(As)
< |ldull¢,B - (/ wi‘dm)
B

a/(Xs)
= Cydiam(B) |lu — c|lt.oB </ wi‘dm)
B
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for all balls B with ¢B C M and all closed forms c¢. Note that ¢ is a closed
form and u is a solution of (1.1). Then u — ¢ is still a solution of (1.1). Taking
m = As/(A+ a(r — 1)), then m < s < t. Using Lemma 2.8, we have

(2.12) lu— ellt.on < Cal BIT =9/ |lu — |l m,p,
where p > o > 1. Substituting (2.12) in (2.11), we have
(2.13)

/s a/(As)
( / du|*w da:) < Cydiam(B)~ 1| BI™ /™y — el s ( / w’\dx) .
B

Using Lemma 2.7 with 1/m = 1/s+ (s —m)/(sm) again yields

1/m
(2.14) ||u—c||m,,,B:( / |u_c|mdx)
pB
1/m
= ([, (lwmetwsrwm) " ar)
pB
1/s 1 \M-D a(r—1)/(xs)
(L0 (L)
pB pB w2

for all balls B with pB C M and all closed forms ¢. Substituting (2.14) into (2.13),

we find that
(2.15)
(J rar)”
1/s
< ngz'am(B)’1|B|(m’t)/(mt)||w’\||(§/§||1/w2|\§;;_1)7p3 (/B lu — c|8wgdx> .
p.

Using the condition (wi(x),w2(z)) € A, A(M), we obtain
(2.16)

r—1 a/(As)
e IS0 Al pB<<< [ wtas) ([ punevac) )
pB pB
/(1 re1 a/(As)
lpB| pB IpB| pB \W3

<Oy |B|ar/()\s).
Combining (2.15) and (2.16), we conclude that

e (fpiin) < gl (o eruga)

for all balls B with pB C M and all closed forms c. This ends the proof of Theorem
2.9. O

Note that Theorem 2.9 contains two weights, wy (z) and ws(x), and two param-
eters, A and . These features make the Caccioppoli-type inequalities more flexible
and more useful. The existing versions of the Caccioppoli-type inequality in [1],
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[3], and [12] are special cases of Theorem 2.9 with suitable choices of weights and
parameters. For example, if we choose @ = 1 in Theorem 2.9, we have the following
corollary.

Corollary 2.18. Letu € D'(M,A"), 1 =0,1,--- ,n, be a solution of the nonhomo-
geneous A-harmonic equation (1.1) on a manifold M C R™, and let p > 1. Assume
that 1 < s < o0 is a fived exponent associated with the A-harmonic equation (1.1)
and that (w1 (z),wz(x)) € Ap (M) for some X > 1 and 1 < r < co. Then there
exists a constant C, independent of u, such that

(2.19) dulls, 3, < Cdiam(B)™ = clls p,0s
for all balls B with pB C M and all closed forms c.

If we put wy(z) = wa(z) = w(z) in (2.19), we have
(2.20) dullp 5.0 < Cdiam(B) " = cllpps.u

where the weight w(z) satisfies

1 1/Ar 1 1 Ar!)r 1/Ar!
2.21 sup | — w) Nz —/ (—) dr < 00,
a2 (g [ ore) <|B| s\

which is a generalization of the usual A,-weights [§].
It is easy to see that if we choose wy(z) = we(x) and A = 1 in Definition 2.6, we

have
1/r’

1 1/r 1 1 r'/r
sup | — [ wdx — — dx < 00,
Bc%<|B|/B ) <|B|/B<w) )
1 1 1 1/(r—1) r=t
su — [ wdx — — dx < 00,
BeE (|B|/B ) |B|/B<w>

since 7’ /r = 1/(r — 1). Thus, we see that the A, (M )-weight reduces to the usual
A, (M)-weight if wy(z) = wa(z) and A = 1. Hence, setting wq(z) = we(x) and
A =1 in Theorem 2.9, we obtain the following local A, (M )-weighted Caccioppoli-
type estimate.

that is,

Theorem 2.22. Let u € D'(M,A!), 1 =0,1,---,n, be a solution of the nonhomo-
geneous A-harmonic equation (1.1) on a manifold M C R™, and let p > 1. Assume
that 1 < s < 00 is a fized exponent associated with the A-harmonic equation (1.1)
and that w(z) € A.(M) for some 1 < r < co. Then there exists a constant C,
independent of u, such that

(2.23) ldulls 5w < Cdiam(B) ™ — clls pue

for all balls B with pB C M and all closed forms c. Here a is any constant with
0<a<l.

Remark. We can obtain many interesting versions of the Caccioppoli-type inequality
from different choices of weights and parameters a and A. Considering the length
of the paper, we can only list a few of them here.
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3. THE GLOBAL TWO-WEIGHT CACCIOPPOLI-TYPE INEQUALITY

As applications of the local results, we prove the global A, \(M)-weighted Cac-
cioppoli-type inequality on manifolds.

Theorem 3.1. Let u € D'(M,A"), I = 0,1,---,n, be a solution of the nonho-
mogeneous A-harmonic equation (1.1) on a compact Riemannian manifold M C
R™. Assume that 1 < s < 00 is a fixed exponent associated with the A-harmonic
equation (1.1) and that (wi(x),w2(x)) € Ap x(M) for some A >1 and 1 < r < oo.
Then there exists a constant C, independent of u, such that

1/s C 1/s
. s, < s,
(32) ([ ragar) " < 2 Cos ([ - erugar)

for all closed forms c. Here « is any constant with 0 < a < \.

Proof. Let U = {B;}icr be an open cover of M. Since the manifold M is com-
pact, then M has a finite open cover ¥V = {By, Ba, -+, By} C U. Assume that
d; = diam(B;) > 0,9 =1,2,--- ,m, and let d = min{dy,ds,-- ,dm}. Since M is
compact, hence it is bounded. Thus, there exists a constant C; such that

1 Ch

- < —

d — diam(M)

Using (3.3) and Theorem 2.9, we have

1/s 1/s
dul®*wdz < dul®wdz
([ 1auusar) < X ([ ura)

(3.3)

Cy 1/s
<— — c*w§ :
= diam(M) ( /M [ = effws dw)

Hence, (3.2) follows. The proof of Theorem 3.1 is complete. U
Letting a = 1 in Theorem 3.1, we obtain the following corollary.

Corollary 3.4. Let u € D'(M,A"), | = 0,1,---,n, be a solution of the non-
homogeneous A-harmonic equation (1.1) on a manifold M C R™. Assume that
1 < s< o0 is a fivred exponent associated with the A-harmonic equation (1.1) and
that (w1 (x),wa(x)) € Ap A(M) for some A > 1 and 1 < r < co. Then there exists
a constant C, independent of u, such that

(35) [ dulls,atw, < Cdiam(M) ™ |Ju — ¢lls 11w,

for all closed forms c.

Select w1 = wy = w in Theorem 3.1 and A = 1. We have the following A, (M)-
weighted Caccioppoli-type inequality.
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Corollary 3.6. Let u € D'(M,A"), | = 0,1,---,n, be a solution of the non-
homogeneous A-harmonic equation (1.1) on a manifold M C R™. Assume that
1 < s < o0 is a fized exponent associated with the A-harmonic equation (1.1) and
that (w1 (x), wa(z)) € Ar(M) for some r, 1 <r < oco. Then there exists a constant
C, independent of u, such that

(3.7) dulls,p1,we < Cdiam(M) ™ lu = clls,ar,w0
for all closed forms c. Here « is any constant with 0 < a < 1.

We shall obtain some desired versions of the Caccioppoli-type inequalities which
have rich symmetric properties by different choices of weights and parameters in
Theorem 3.1. For example, choosing & = 1/s and o« = 1/r in Theorem 3.1, respec-
tively, we have the following A, (M )-weighted Caccioppoli-type inequalities:

1/s /s
s, 1/s /s
(3.8) (/M |du|*wy dx) dmm (/ lu — c]*w dx) ,
e \Y° 1/
) s r c_ - _ r
(3.9) (/M |du)*w; dx) < dmm (/ lu — ¢|*w, da:)

Similarly, let A > 1 and set & = 1/\. Then a = 1/A < A. From Theorem 3.1, we
find that

1A 1/s /)\ 1/s
1 s < - !
(3.10) (/M|du| wl da:) _dmm (/ lu— of*w )

for A > 1. Finally, setting « = 1—1¢, 0 < ¢ < 1, in Theorem 3.1, we obtain the
following result.

| /\

Corollary 3.11. Let u € D'(M,A"), | = 0,1,---,n, be a solution of the non-
homogeneous A-harmonic equation (1.1) on a manifold M C R"™. Assume that
1 < s< o0 is a fivred exponent associated with the A-harmonic equation (1.1) and
that (w1 (z),wa(x)) € Arx(M) for some X > 1 and 1 < r < co. Then there exists
a constant C, independent of u, such that

1/s 1/s
d S —td < -
(/M| o] u) < i (/ - )

for all closed forms ¢ and some real number t with 0 < t < 1, where the measures
w and v are defined by du = wy(z)dx and dv = wa(z)dx, respectively.

We have the following A, (M )-weighted Caccioppoli-type inequality for solutions
of the nonhomogeneous A-harmonic equation if we choose w1 = wo = w and A =1
in Corollary 3.11:

1/s /s
12 dul®*w™td < —cl*w™td
i) ([ o) < g ([ e e u)

for all closed forms ¢ and some real number ¢ with 0 < ¢t < 1, where the measure p
is defined by dp = w(z)dz and w(x) € A.(M).
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