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ABSTRACT. Andrews and Lewis have conjectured that the sign of the number
of partitions of n with crank congruent to 0 mod 3, minus the number of par-
titions of n with crank congruent to 1 mod 3, is determined by the congruence
class of n mod 3 apart from a finite number of specific exceptions. We prove
this by using the “circle method” to approximate the value of this difference
to great enough accuracy to determine its sign for all sufficiently large n.

1. INTRODUCTION AND STATEMENT OF RESULTS

We define a partition to be a (weakly) decreasing sequence of natural numbers
m = {mo, 71, ..., Tk—1}. We define the weight of a partition w(n) = mo +m1 + -+ +
mp—1. Furthermore, we will use the definition of the crank of a partition used by
Garvan and Andrews, namely

0, if /L(’]T) = 07
v(m) — p(m), if p(m) >0,

where p(7) denotes the number of ones in 7 and v(7) denotes the number of parts
of m larger than p(m). We also define

crank(m) =

M(r,m,n) = #{m : w(r) = n,crank(r) = rmodm}.

Last, we define
g(n) = M(Ov 3; TL) - M(]-v 3; TL)
In a recent paper [I], Andrews and Lewis show that

o 2

4 9)2%
> g(n)g" = 7(;3,(12,) =1-2¢—-¢+3¢" —¢"+¢"+2¢°+ 0 (q"),
n:() bl oo

where (2;¢)oo = [[7—(1 — 2¢"), and they make the following conjecture:

Conjecture (Andrews and Lewis). If n is a positive integer, then
g(3n) > 0,
g(3n+1) <0,
g(3n+2) <0  unless n € {1,4,5}.
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In this paper, we prove this conjecture by using the “circle method” to approx-
imate the size of g(n) from its generating function. In particular, we prove the
following theorem:

Theorem 1. If n is a positive integer, then

g(n) = Z Ak(n)k_B/Q [M}

+ En,

where s(h, k) is the usual Dedekind sum and
Ap(n) = Z em(s(h,k)fzs(h,?,k))efzmng’f;c,
(h,3k)=1
and where

|E,| < 200n1/4,

Corollary 2. Asn — oo we have

. . . . /1 = -
g(n) ~ (6771'1/96727171'1/3 + eﬂ'z/962n7m/3) %egy/Qn/J _ apr(n).

Moreover, the Andrews-Lewis Conjecture is true.

Example. Here we illustrate Corollary 2 by comparing values of g(n) to the values
of the asymptotic approximation apr(n) for n = 60,61 and 62:

n =60, g(n) =74, apr(n) = 74.511..;
n =61, g(n) = —66, apr(n) = —63.646...;
n =62, g(n) = —17, apr(n) = —15.112....

2. DEFINITIONS AND FUNCTIONAL EQUATIONS

We let
Flg) = (¢:9)% -
We have the functional equation that if & > 0,h, H are integers with hH = —1

(mod k) and
Cex 2mih _ 2mz
TEEP AT T e )
, (27riH 277)
' = exp -,
k z
then

F(a) = 00 ()P o (2 T2 Fiat),

The proof of this comes from the functional equation of the Dedekind eta-function
and can be found in [2]. By substituting y = 2%%, we find that

o
F (eXp{ Zh —y})
1/2 2 . 9
_ mis(h,k) ﬂ A Ja 2miH _ 4i
¢ (%) P (6k2y 24) CPVUTE TRyl

(2.1)
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(@* 6% Fla)*
If £ > 0 is an integer not divisible by 3, and h, h/, H, H' are integers so that 3h = h’
(mod k), hH = h'H' = —1 (mod k), then

(o)) - Tlon )

F2 (exp {252 — y})

2miH’ 42
572 y F(exp{ ko 3k2y}>
18k2y 24

Therefore, we have

Pl (- E])
) 2mih 67 572 y
({5 ) < Vo (- -

4 1

2 ) 3 w2

e a0) (01 E )}
because the coefficients of log(F'(¢)) are all positive

Now, if k£ > 0 and h, H are integers with hH = —1 (mod 3k), then

s (exp{2glih _y}) F (exp { £ — 3y})

F2 (exp { 25" — y})

omils(h’ k)—2s(hk)) O
ky

2miH 42
_ emits(h)=2s(h3k) | 2T ™y F(eXp{ Wy})
3ky 54k%y 24 2 (exp{QmH 472 })
(2.3)
2
— mils(h,k)—2s(h,3k)) exp 7T Y fexp
V 3ka

2miH _ 472
3k 92y | )

We modify Andrews’ treatment of the circle method. In particular, we assume
that the reader is familiar with the results in Chapter 5 of [Z]
integration formula, we have

54k%y 24

3. THE INTEGRATION FORMULA

2]. Using Cauchy’s

/ f (exp(—p + 2mig)) "~ ming g

( 27mh)
k<N, O<h<k (h,k)=1
2mih
k

Gh k
X / f <exp{ —(p— 27rz'¢))}) e (P=2mid) gy,
=0k

where the 6 are determined by the distance between the Farey number

h
next Farey number. Therefore, 0}, ;. satisfies the inequality 3 N > Ok > —N (see

and the
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[3]). By making the substitution w = p — 2wi¢, we get that
2mih 1
9(n) = > xp <_ 3k > omi
k<N, 0<h<k,(h,k)=1
2mih
_ nwd .
? w}) ™ dw

p+27ri9;:,k
X / f <exp{
p—QTriG;L’k
’

2mih 1
- (-5,

k<N, 0<h<k,(h,k)=1,-3k

p+2mify) g, 2mih
X / f (exp{ — w})
p—QTF’L'a;%k k
and

(3.1)

This is to say that if

"

D D
h,k)=1,3|k

k<N, 0<h<k,(

pt2mify 2mih
X / f (exp{ — w}) e dw,
p—2mi0}, k
then

(32) TOED DD

The rest of this paper is devoted to the study of Z/ and ZN, where n is assumed
to be a given positive integer.

4. BOUNDS ON 3’

By (2.3) we have

1 p+27ri9;:,k o2mih
—/ f <exp{ R w}) e™dw
27 /’—27”'92,7« k
+27i0), 2
PrEmtin e |67 _ o™ %(i) e(n—1/24)p|w|—1/2
k 18k2 w

w\
o
3
S
=
ES
@
o]
ol

1
2

3 pt2mif} 572 1 L a2 1
2k /pzme/ BT () ) wl™2 B2 expq =5z R ¢ | dw
Now, # p+21m,¢) = ar4mzgz- Therefore,
2772
Y P R i\ i

w’ T p? +4m202 T k2N2p2 4 472

Letting a = N2p, we get that 8‘%(%) > zﬂlf#' Therefore,

(onfEomb) < on )
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So if we insist on the condition
(Condition 1) 6<a<7,

then az‘fﬁ’ﬂz > 3. Therefore,

Now, since

572 1 _ _
exp (e R ) ol /2 < 71

Am
EN

1 p+27ri9;:,k 2mih
—/ f <exp{ R w}) e™dw
211 p727”‘9;L,k k

3 dr p~1/2enp
<12y 2 e 2T 12 < o5l O
= 2k EN' 05 GmN

o —1/2,n
If we sum over all 0 < h < k, then, it is at most 10.5%. If we then sum over

all 0 < k < N, it is at most 5.3p~'/2e"? N~1/2 = 5.3a=1/*p~1/4e"*. Therefore,

Z/ < 3.4p*1/4e”'”.

and, since the length of the integral is at most we have

Now if we set

dition 2 =—
(Condition 2) P=0

then

(4.1) S </

5. APPROXIMATION OF Y.

We will look at

1 (o2t 2mih
— flexp —w,p | e"dw.
211 p727”‘9;L,k 3k
By (2.3), this is

p+2miby, )
L/ " Wh, J; €XP <2Mh> 2T nm1/24w
2mi p—2mib}, 3k Shuw

" 2 f omiH 472 p
Xp | ———— Xp —— —
P 52w P13 T k2w [ )

Wk = eﬂi(s(h7k)725(h,3k)).

where

Now, we wish to approximate the f term by 1. We have that

(5.1) Z" => 4>

" n
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where
Z’”_ Z w ox 27Tlh 2 1
N hok EXP 3k 3k 27
3k<N,0<h<3k,(h,3k)=1
p+2mify) 2
></ " w1/ 2en—1/24)w exp( 7r2 )dw
p,Qﬂ.w;w 54k2w
and

‘ /l//

p+27ru9h K 2
—-1/2 nw T
Z V 67k —2rif), © P (54k2w>
2miH 4r
X (f (exp{—gk _—9k2w}> —1) dw

(where the sum is over the same set).

nn

6. BOUNDS ON >

Notice that g(n) < p(n) (where p(n) is the number of partitions of n). Therefore,

|f(z) — 1] < F(|z|) — 1. Therefore, ‘%‘ < % By our discussion in section

2miH 472 472
_— — -1 < 43.
Therefore,

p+27ri9;:’k 2 2miH 4 2
—1/2 ™ e s
/p—zm‘e' e e (54k2w) (f (exp[ 5 oktw)) )
Rk
/p+27”.0;£,k ( 237‘(’2 )
exp | ———— | dw
/’_QWWL,IC 54k2w

< 541p*1/26”PkiN.

4, ® (9k2 ) < —% when w is between p — 2mif), , and p + 276y . Therefore, in
this range,

< 43p—1/26np

This means that

>

nn

1
—-1/2 _np
< E 125p e BN
3k<N,0<h<3k,(h,3k)=1

1
—-1/2,n
< E 250p epkl/QN
3k<N

S 145p_1/26npN_1/2,

which by Conditions 1 and 2 implies that

(6.1) ‘Z

"

< 170n'/4.
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7. APPROXIMATION OF 3"

We will consider

p+2mif;) 2
L/ ok w-1/2e(n—1/24)w eXp( 772 )dw.
27 J p—2rio;, , 54k2w
This is

(04) p+27r19h Tk p727ri0'h k 2
) _ _ T
w I/Qe(n 1/24)w exp 5 d’LU,
27” oo+27mt9;/k 00727”'9;% 54k%w

where fft) denotes integration over the contour leading from one branch of —oo,

around 0, to the other branch (see [3]). Call the last two integrals [, and [,
respectively. Now, if z = x + 2746, then

2 2 B xm?
54k2z ) 54k2(x2 + 47262)
x
< —
— 216k262
Therefore,

(o) < 500

Also on this line, |w|~*/? < v/2kN. Therefore, the sum of the integrals over contours

1 and 2 is at most
\/QkN < 6.3VkNn L

—1/24
Therefore, the total error contributed b}{ the integrals over 1 and 2 is at most
> L5NY2p=1 < 25 N°/2 71
0<3k<N,0<h<3k,(h,3k)=1
< 20n'/%.
This leaves us to approximate
% _(j:) w-2e(n—1/20)w exp (547;2211}) dw.

This equals

—S

1 /(0+) 1/2 (n—1/24)w = ( ™ )Sw
— (e — | —dw
21 J_ o ; 54k? sl
= (L= (0+)
:Z (54k2> _/ w—s—1/2(n—1/20w g
21

s!
s=0 o

72(n—1/24

G 72) 1 (0+)
= (n—1/24)"1/2 Z L—, / 25263,
s=0 -

)
s! 271

Now, letting o =
get that this equals

% and using Hankel’s loop integral formula (see [3]), we

oo
aS

n— —Y _—.
(n—1/24) 2;} sll(s+1/2)
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Using the functional equation for the factorial function, we get that this equals

72 (n — 1/24)71/2 i % =71 %(n—1/24)7" cosh(2V/a).
s=0 ’

Setting x = Z-1/2(n — 1/24)/3, this is equal to
3k
[2m 1 (cosh(z)
3 3k x ’
"

Proof of Theorem 1. We have
Z - Z w ex . 2mwih
= h,k €XP 3k

0<3k<n,0<h<3k,(h,3k)=1
" k_3/22_7r {cosh(x)]
r=T-1/2

9 T = \/2(n—1/24)/3

Z A, (n)k’3/22—7r |:COSh(£L‘) ]
k2 < 280 9 z z=21/2(n—1/24)/3

plus an error of at most 20n'/%. Therefore, since g(n) = > + 3" + 3", we have

2 h
& 9 z o= /2(n—1/24)/3

2 < 2%”

where
|E,| < 200n/4.

2
(This assumes that [ 287" > 24n, though it is easy to verify this for all other

n.) O
Proof of Corollary 2. We have

1 =
g(n) = an\[am”gemm/?’ +F,

where
1.87... ifn=0(3),
ap = e T 2mI/3 | omi/92nmi/3 — ) 153 ifp = 1(3),
—.347... if n=2(3),
and
m=mn—1/24.
Hence

|Fn| < 200n /4 + Z %kilmm*l/%%m

k2<28n
< 200n'/* + %2_98m1/26%\/2m,/3

< 200n 4 + 2m/2e5V2M/3,
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Now the absolute value of the main term is at least
Am~Y/2e5/2m/3

Therefore, the absolute value of the main term is bigger than the absolute value of
F, if n > 500. Therefore, g(n) has the correct sign for n > 500, and it is easy to
verify the conjecture for all smaller n. O

Examples. Here we illustrate Theorem 1 for n = 300,301 and 302. It turns out
that, for n = 300,

9(300) = 119587,

and that the first few partial sums in the approximation are, to the nearest integer,

119590,
119580,
119586,

while the error of the approximation is
—.158....

For n = 301 we have
9(301) = —99807.

The first few partial sums in the approximation are, to the nearest .1,

— 99785.9,
— 99810.9,
— 99807.0,

and the error of the approximation is
312,

For n = 302 we have
9(302) = —23174.

The first few partial sums in the approximation are, to the nearest .1,

—23138.8,
— 23181.7,
— 23175.2,

and the error of the approximation is

—.079....

ACKNOWLEDGMENT

I would like to thank Professor Ken Ono for giving me this problem to work on
and for suggesting methods with which to approach it.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2256 DANIEL M. KANE

REFERENCES

[1] G. E. Andrews and R. Lewis, The Ranks and Cranks of Partitions Moduli 2,3 and 4, Journal
of Number Theory 85 (2000), 74-84. MR 2001k:11200

[2] T. M. Apostol, Modular Functions and Dirichlet Series in Number Theory, 2nd edition,
Springer-Verlag, New York, 1990. MR 90j:11001

[3] G. E. Andrews, The Theory of Partitions, reprint, Cambridge University Press, Cambridge,
1984. MR [58:27738

2814 REGENT STREET, MADISON, WISCONSIN 53705

Current address: Department of Mathematics, Massachusetts Institute of Technology, 77
Massachusetts Avenue, Cambridge, Massachusetts 02139

E-mail address: dankane@mit.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2001k:11200
http://www.ams.org/mathscinet-getitem?mr=90j:11001
http://www.ams.org/mathscinet-getitem?mr=58:27738

	1. Introduction and statement of results
	2. Definitions and functional equations
	3. The integration formula
	4. Bounds on '
	5. Approximation of ''
	6. Bounds on ''''
	7. Approximation of '''
	Acknowledgment
	References

