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Abstract. We consider Hankel operators of the form Hzk : Fm := {f :

f is entire and
∫
Cn |f(z)|2e−|z|m < ∞} → L2(e−|z|

m
). Here k,m, n ∈ N. We

show that in the case of one complex dimension the Hankel operators are
compact but not Hilbert-Schmidt if m > 2k.

1. Preliminaries

The investigation of Hankel operators on the Bergman space of certain domains
Ω has a long history. See, for example, [24] and [25]. Furthermore, there have been
some attempts to characterize compactness of Hankel operators on L2 spaces of
entire functions. In [26] the case of essentially bounded symbols is considered. This
has the advantage that the corresponding Hankel operator is bounded.

There are interesting connections between the theory of partial differential equa-
tions and the theory of Hankel operators. In [12] it is shown that the canonical
solution operator to ∂ restricted to (0, 1)-forms with coefficients in the spaces of
holomorphic functions that are square integrable with respect to the weight func-
tion e−|z|

m

, m ∈ N, can be interpreted as the Hankel operator with the symbol ∂.
For further connections to the ∂-problem see [2], [1], [4], [16], [21], [27], [29], [12],
[11] and [10].

We want to investigate operators of the form

Hf : Hf (g) = (I − P )(fg).

Here P denotes the Bergman projection

P : L2(Cn, |z|m)→ Fm,

with L2(Cn, |z|m) = {f : f measurable and
∫
Cn |f(z)|2e−|z|m dλ(z) < ∞}. Recall

that the generalized Fock space Fm is the space of holomorphic functions that are
square integrable with respect to the weight function e−|z|

m

. That is,

Fm =
{
f : f is entire and

∫
Cn
|f(z)|2e−|z|

m

dλ(z) <∞
}
.
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We use the following notation:

c2k,m =
∫
Cn
|z|2ke−|z|

m

dλ(z)

:=
∫
Cn
|z1|2k1 . . . |zn|2kne−(|z1|m+···+|zn|m) dλ(z1, . . . , zn).

Here k = (k1, . . . , kn) is a multi-index. We will abbreviate ck,m = ck if no ambiguity
arises.

It is well known [3] that {
uk,m(z) =

zk

ck,m

}
constitutes a complete orthonormal system for Fm. The reproducing kernel is given
by

(1) Km(z, w) =
∞∑
k=1

φk(z)φk(w),

where {φk}∞k=1 is a complete orthonormal system of Fm . It is known [3] that

Km(z, ω) = Km(ω, z),

f(z) =
∫
Cn
Km(z, ω)f(ω) dλ(ω).

Inserting our special orthonormal system into equation (1), we see that in the
case m = 2,

K2(z, w) =
∑ zk√

k!
wk√
k!

= ewz.

We know [3] that the Bergman projection P has the form

P (g)(w) =
∫
Cn
g(z)Km(w, z)e−|z|

m

dλ(z).

Let us abbreviate dµ
dλ = e−|z|

m

.
Until now the investigation of Hankel operators has mostly concentrated on

essentially bounded symbols. That is,

Hf : f ∈ L∞(Cn).

For results see [24], [25] and [26].
Note that L∞(Cn)-symbols have the advantage that the corresponding Hankel

operator is continuous:

‖Tf‖ = sup
‖g‖2=1

‖Tf(g)‖2

= sup
‖g‖2=1

‖P (fg)‖2 ≤ sup
‖g‖2=1

‖(fg)‖2.

So we have

‖Tf‖ ≤ sup
‖g‖2=1

‖(fg)‖2 ≤ sup
‖g‖2=1

‖(g)‖2‖f‖∞

= 1‖f‖∞.
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Here Tf is the corresponding Toeplitz operator

Tf : Fm → Fm,
Tfg = P (fg).

It is easy to see that Hf is continuous as well. We are interested in the compact-
ness of the operators Hf . In [24] it is shown that, for f ∈ L∞(Cn), Hf is compact
if and only if

‖f ◦ τλ − P (f ◦ τλ)‖2 → 0
if ‖λ‖ → ∞. Here τλ(z) = z + λ.

In the next section we will investigate the compactness and continuity of Hankel
operators with the symbols zn in the spaces Fm.

2. Compactness of Hzm

Here we will investigate continuity and compactness of Hankel operators with
the symbols zm. One difficulty arising in the investigation is that the multipli-
cation operator Mzm with zm is not globally defined as an operator from Fm to
L2(C, |z|m); there exist f ∈ F with Mzmf /∈ L2(C, |z|m), and

Hzm = (I − P )Mzm .

For more details see [3]. In [23] we have seen that the Hankel operator with the
symbol z can be interpreted as a globally defined operator even in the case of several
variables. There we used facts from Hörmander theory and the identification of the
solution operator and the Hankel operator. Here this is not possible.

First we need some definitions.

Definition 1. Let 0 < ρ < 1 and k ∈ N. Then we define

fρ(z) := f(ρz)

and
f̃ρ,k(z) = zkfρ(z).

Proposition 1. Let f ∈ Fm and m ≥ 1. Then

f̃ρ,k(z) = zkfρ(z) ∈ L2(C, |z|m).

Proof. For f =
∑∞

i=0 aiz
i we have

f̃ρ,k(z) = zk
∞∑
i=0

aiz
iρi

=
∞∑
i=0

aiz
kziρi.

Furthermore,

(f̃ρ, f̃ρ) =
∫
C

( ∞∑
i=0

aiz
iρizk

)( ∞∑
i=0

aiziρiz
k

)
e−|z|

2
dλ(z).

Using routine calculations as in [3], one can see that

(2) (f̃ρ, f̃ρ) =
∑
i

ρ2i(i + k)!|ai|2.
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Using the boundedness of the sequence

{(i+ k) . . . (i+ 1)ρ2i, i ∈ N}
and the fact that, when m = 2,

(f, f) =
∑

i!|ai|2,

the proposition follows for m = 2. To prove the general case one has to replace
(i+ k)! by Γ( i+k+2

m ). Therefore, one has to use Stirling’s formula, and the calcula-
tions get messy. �

Remark. Proposition 1 will be the main ingredient in the following investigation.

Interestingly, the sequence
c2k+n,m

c2k,m
− c2k,m

c2k−n,m
will play a very important role. The

following proposition describes its limit behavior.

Proposition 2. Let m > 2n. Then c2k+n,m

c2k,m
− c2k,m

c2k−n,m
→ 0.

Proof. Let us consider the sequence

c2k+n

c2k
− c2k
c2k−n

.

We infer that this sequence is

Γ
(

2k+2n+2
m

)
Γ
(

2k+2
m

) −
Γ
(

2k+2
m

)
Γ
(

2k−2n
m

) .
The limiting behavior of this sequence, due to Stirling’s formula ([24]) Γ(n+ 1) ≈(
n
e

)n√2πn, is equivalent to that of(
2k+2n+2

m − 1
) 2k+2n+2

m −1
e−

2n
m(

2k+2
m − 1

) 2k+2
m −1

−
(

2k+2
m − 1

) 2k+2
m −1(

2k−2n
m − 1

) 2k−2n
m −1

e
2n
m

.

Routine calculation shows that we just have to study the limit behavior of(
2k + 2n+ 2

m
− 1
) 2n

m

−
(

2k + 2n
m

− 1
) 2n+2

m

.

It is clear that this sequence tends to 0 if 2n
m < 1. �

Theorem 1. Let n,m ∈ N. Then∫
C

∣∣∣f̃ρ,n(z)− P (f̃ρ,n)(z)
∣∣∣2 e−|z|m dλ(z)

=
n−1∑
k=0

|ak|2c2k+nρ
2k +

∞∑
k=n

|ak|2c2kρ2k

(
c2k+n

c2k
− c2k
c2k−n

)
,

for each 0 < ρ < 1 and for each f(z) =
∑∞

k=0 akz
k ∈ Fm. Here we abbreviate

ck,m = ck.

Proof. Since f is holomorphic, it has a Taylor expansion

f(z) =
∞∑
k=0

akz
k.
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Using

P (g)(w) =
∫
C
g(z)Km(w, z)e−|z|

m

dλ(z),

we have

P (f̃ρ,n)(z) =
∫
C

∞∑
k=0

zkwk

c2k

wn ∞∑
j=0

ajw
jρj

 e−|w|
m

dλ(z)

=
∫
C

∞∑
k,j=0

zkwk+n

c2k
ajw

jρje−|w|
m

dλ(z)

=
∞∑

k,j=0

1
c2k
ajz

kρj(wj , wk+n)Fm

Here we abbreviated ck = ck,m. Now using

(wj , wk+n)Fm = c2jδj,k+n,

we can see that the right side of the equation for P (f̃ρ,n)(z) reduces to

∞∑
k,j=0

1
c2k
ajz

kρj(wj , wk+n)Fm

=
∞∑
j=n

aj
c2j
c2j−n

ρjzj−n.

From this we have∫
C

∣∣∣f̃ρ,n(z)− P (f̃ρ,n)(z)
∣∣∣2 e−|z|m dλ(z)

=
∫
C

(
zn
∞∑
k=0

akz
kρk −

∞∑
k=n

ak
c2k
c2k−n

ρkzk−n

)

×
(
zn
∞∑
k=0

akzkρk −
∞∑
k=n

ak
c2k
c2k−n

ρkzk−n

)
e−|z|

m

dλ(z)

=
∫
C

∞∑
k=0

(
|ak|2|z|2k+2nρ2k − 2

∞∑
k=n

|ak|2
c2k
c2k−n

ρ2k|z|2k

+
∞∑
k=n

|ak|2
c4k
c4k−n

ρ2k|z|2k−2n

)
e−|z|

m

dλ(z)

=
n−1∑
k=0

|ak|2c2k+nρ
2k +

∞∑
k=n

|ak|2c2kρ2k

(
c2k+n

c2k
− c2k
c2k−n

)
.

�

Theorem 2. Let n ∈ N and m > 2n. Then there is a constant Cm > 0 such that∫
C

∣∣∣f̃ρ,n(z)− P (f̃ρ,n)(z)
∣∣∣2 e−|z|m dλ(z) ≤ Cm

∫
C
|f(z)|2e−|z|m dλ(z)

for each 0 < ρ < 1 and for each f ∈ Fm.
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Proof. Remember (Theorem 1)∫
C

∣∣∣f̃ρ,n(z)− P (f̃ρ,n)(z)
∣∣∣2 e−|z|m dλ(z)

=
n−1∑
k=0

|ak|2c2k+nρ
2k +

∞∑
k=n

|ak|2c2kρ2k

(
c2k+n

c2k
− c2k
c2k−n

)
.

The theorem follows from the fact that the sequence(
c2k+n

c2k
− c2k
c2k−n

)
is bounded, and from the equality∫

C
|f(z)|2e−|z|

m

dλ(z) =
∞∑
k=0

|ak|2c2k.

�

Now we want to show that the last theorem implies the continuity of the Hankel
operators of the form Hzn in the topology of Fm, where m > 2n.

Theorem 3. Let n ∈ N, and let Fm be defined as above. Furthermore let m > 2n.
Then the Hankel operator with symbol zn,

Hzn : Fm → Fm⊥

is bounded on polynomials and therefore can be seen as a globally defined operator.
Furthermore, it has the form

f 7→ F

where

f(z) =
∞∑
k=0

akz
k

and

F (z) = lim
l→∞

(
zn

l∑
k=0

akz
k −

l∑
k=n

ak
c2k
c2k−n

zk−n

)
.

Proof. The second statement of the theorem is obvious from the proof of Theorem
2.

For the first part we just have to make use of Fatou’s theorem:∫
C

lim
ρ→1

∣∣∣f̃ρ,n(z)− P (f̃ρ,n)(z)
∣∣∣2 e−|z|m dλ(z)

≤ sup
0<ρ<1

∫
C

∣∣∣f̃ρ,n(z)− P (f̃ρ,n)(z)
∣∣∣2 e−|z|m dλ(z)

≤ Cm
∫
C
|f(z)|2e−|z|m dλ(z).

Hence

F (z) = lim
l→∞

(
zn

l∑
k=0

akz
k −

l∑
k=n

ak
c2k
c2k−n

zk−n

)
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is in L2(Cn, |z|m) and∫
C
|F (z)|2e−|z|m dλ(z) ≤ Cm

∫
C
|f(z)|2e−|z|m dλ(z),

and hence the Hankel operator is bounded. �

Up to this moment all results are valid in the case of several dimensions as well.
The only difference is that one has to use the multi-index notation, and therefore
some notational problems arise. Now we will investigate the compactness of the
Hankel operators discussed above. Intuitively speaking, one has to expect that
compactness fails in the case of several dimensions. We will restrict our attention
to the case of one complex dimension in the following investigation.

Proposition 3. Let f = zj where j ∈ N. Furthermore, let n,m ∈ N and j ≥ n.
Then

P (fzn)(w) =
c2j,m
c2j−n,m

wj−n.

Proof. We have

P (fzn)(w) =
∫
C
K(w, z)f(z)zne−|z|

m

dλ(z)

=
∫
C

∑ zi

c2i
wiznzje−|z|

m

dλ(z)

=
∫
C

∑ zi+nzj

c2i
wie−|z|

m

dλ(z)

=
∑ 1

c2i
wi
∫
C
zi+nzje−|z|

m

dλ(z)

=
∑ 1

c2i
wi
(
zj , zi+n

)
F

=
∑ c2i+n

c2i
δi+n,jw

i =
c2j
c2j−n

wj−n.

�

Proposition 4. Let n,m ∈ N, i ≥ n ∈ N and ui(z) = zi

ci
. Then

H∗znHzn(ui) =

(
c2i+n,m
c2i,m

−
c2i,m
c2i−n,m

)
ui(w).

Proof. Direct calculation with S1(ui) := Hzn(ui) shows that

S∗1S1(ui)(w) =
∫
C
Km(w, z)

(
znui(z)− ciz

i−n

c2i−n

)
(z − w)e−|z|

m

dλ(z)

=
∫
C

(∑ zk

ck

wk

ck

)
×
(
znui(z)− ciz

i−n

c2i−n

)
(z − w)e−|z|

m

dλ(z)
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and ∫
C

(∑ wk

ck

zk

ck

)(
znui(z)− ciz

i−n

c2i−n

)
(zn)e−|z|

m

dλ(z)

=
∫
C

zi+n

ci

(∑ wk

ck

zk+n

ck

)
e−|z|

m

dλ(z)

− ci
c2i−n

∫
C
zi
(∑ wk

ck

zk

ck

)
e−|z|

m

dλ(z)

=
wi

c3i

∫
C
|z|2(i+n)e−|z|

m

dλ(z)− wi

c2i−nci

∫
C
|z|2ie−|z|m dλ(z)

=
(
c2i+n
c2i
− c2i
c2i−n

)
ui(w).

�

Remark. It is easily seen that

P (zizn)(w) =
∫
C

(∑ wk

ck

zk

ck

)
(zn)(zi)e−|z|

m

dλ(z) = 0

if i < n.

Theorem 4. Let n ∈ N and m > 2n. Then the Hankel operator

Hzn : Fm → Fm⊥

is compact.

Proof. We will make use of the fact that Hzn is compact ⇔ H∗znHzn is. It follows
from Theorem 3 that for i ≥ n,

H∗znHzn(ui) =
(
c2i+n
c2i
− c2i
c2i−n

)
ui.

Here

{ui(z), i ∈ N} =
{
zi

ci
, i ∈ N

}
.

Again using Stirling’s formula

Γ(n+ 1) ≈
(n
e

)n√
2πn,

we infer that
c2i+n,m
c2i,m

−
c2i,m
c2i−n,m

≈

( 2k+4n
m −1

e

) 2k+4n
m −1√

2π
(

2k+4n
m − 1

)
( 2k+2n

m −1

e

) 2k+2n
m −1√

2π
(

2k+2n
m − 1

) −
( 2k+2n

m −1

e

) 2k+2n
m −1√

2π
(

2k+2n
m − 1

)
( 2k
m−1

e

) 2k
m−1√

2π
(

2k
m − 1

) .

We have
c2i+n,m
c2i,m

− c2i,m
c2i−n,m

→ 0 as i→∞.
So we are finished. �
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Lemma 1. The Hankel operator (m > 2n) Hzn : Fm → Fm⊥ is Hilbert-Schmidt

if and only if limi→∞
c2i+n
c2i

<∞.

Proof. Direct calculation shows that for k ≥ n (we abbreviate cn,m = cn)

‖Hzn(uk)‖2 =
1

c2k,m

∫
C

∣∣∣∣∣znzk − c2k,m
ck−n,m

zk−n

∣∣∣∣∣ e−|z|m dλ(z)

=
1

c2k,m

∫
C
|z|2k−2n

(
|z|4n − 2c2k|z|2n

c2k−n
+

c4k
c4k−n

)
e−|z|

m

dλ(z)

=
1

c2k,m

∫
C
|z|2k+2ne−|z|

m

dλ(z)− 2
c2k−n

∫
C
|z|2ke−|z|

m

dλ(z)

+
c2k
c4k−n

∫
C
|z|2k−2ne−|z|

m

dλ(z)

=
c2k+n

c2k
− c2k
c2k−n

.

Since it is known that an operator is Hilbert-Schmidt if and only if
∞∑
k=0

‖Hzn(uk)‖2 <∞,

the theorem follows easily. �

Theorem 5. The Hankel operator Hzn is not Hilbert-Schmidt as an operator from
Fm to Fm⊥.

Proof. The theorem follows from Lemma 1 and the fact that

c2i+n,m
c2i,m

→∞.

�

Corollary 1. Let φk be a complete orthonormal system of F . Then∫
C

∫
C
|zn − wn|2|

∑
k

φk(z)φk(w)|2e−|z|me−|w|m dλ(z) dλ(z) =∞

and, equivalently,∫
C

∫
C
|zn − wn|2|K(z, w)|2e−|z|me−|w|m dλ(z) dλ(z) =∞.

Proof. We just have to prove the second equality, becauseK(z, w)=
∑
k φk(z)φk(w).

Suppose that the kernel belongs to L2(C×C, µ⊗µ). Then the corresponding integral
operator is a Hilbert-Schmidt operator, which would imply that the restriction to
Fm is also Hilbert-Schmidt. But this restriction coincides with the Hankel operator
Hzm , which we already know is not Hilbert-Schmidt. �

Corollary 2.∫
C

∫
C
|zn − wn|2

∣∣∣∣∣∑
k

zk√
k!
wk√
k!

∣∣∣∣∣
2

e−|z|
2
e−|w|

2
dλ(z) dλ(z) =∞
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and, equivalently,∫
C

∫
C
|zn − wn|2|ezw|2e−|z|

2
e−|w|

2
dλ(z) dλ(z) =∞.

Proof. The first equation follows from Corollary 1. The second equality follows
from

∑
k
zk√
k!
wk√
k!

= ezw. �
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