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THERE ARE 2% MANY H-DEGREES
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ABSTRACT. We prove that there are 280 many H-degrees in the random reals.

1. INTRODUCTION

We work in Cantor space 2¢ with topology whose basic clopen sets are I, =
{oa: a € 2¥}, having Lebesgue measure 27171,

In this paper, we will denote the prefix-free Kolmogorov complexity of a string o
by H (o). Schnorr proved that a real = is Martin-Lof random iff H(z [ n) > n+0(1)
for every n. This characterization allows us to describe the relative randomness of
reals by measuring their initial segment complexity. Following Downey, Hirschfeldt
and Nies, [2], we say that A <y B iff there is a constant ¢ such that for all n,
H(A | n) < H(B | n) 4 c. (This notion is essentially implicit in the work of
Solovay [7].) Then this allows us to calibrate the reals by a natural measure of
relative randomness. This notion is a pre-ordering, and the equivalence classes
are called H-degrees. The structure of the reals under this pre-ordering is poorly
understood.

It is somewhat understood for the computably enumerable reals, which are those
that are limits of computable sequences of rationals. Equivalently, a real is c.e. iff
it is the measure of the domain of a prefix-free machine. These are the natural
analogs of c.e. sets in classical computability theory. Downey, Hirschfeldt, Nies and
Stephan ([2] and [3]) have shown that for the c.e. reals, the H-degrees form a dense
upper semi-lattice with arithmetic addition inducing a join operation, and following
from a result Kucera and Slaman ([5]) that the H-degree of Chaitin’s ) is the top
degree. Recently Downey and Wu [4] have shown that there are minimal pairs in
this structure. It is not even known that it is not a lattice.

The structure of the H-degrees of the class of all reals is wide open, with even
fundamental questions such as the one we address here being open. How many of
them are there? Moreover, how many H-degrees are there in the random reals? In
this paper we will answer this fundamental question.
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In the realm of c.e. reals, all random reals look alike in a very strong sense.
The analytic analog of m-reducibility is Solovay or domination reducibility, where
a <g [ iff there are a partial computable function f and a constant ¢ such that,
for all rationals ¢ < 3, f(q) 1< «, and ¢(8 — ¢) > a— f(q). Solovay [7] proved that
a <g [ implies that « <y . Kucera and Slaman proved the following analog of
Myhill’s theorem for c.e. reals.

Theorem 1.1 (Kucera and Slaman [5]). If a c.e. real « is Martin-Léf and random,
then « is Solovay complete.

Since Solovay reducibility implies H-reducibility, Theorem [[.T] means that there
is only one H-degree in the c.e. random reals. Does the Kucera-Slaman phenomenon
hold for all random reals? The point here is that most treatments of randomness
are “zero-one” in the sense that all one is concerned with is whether the real in
question is random or not. Thus it is conceivable that all random reals occupy
a single H-degree. The question becomes clearly nontrivial when we look at the
cardinality of a single degree. Despite the fact that the trivial H-degree (the degree
consisting of reals with initial segment complexity identical with 1¢) is countable,
there are 2% many reals 8 <z Q ([8]).

In 1975, Solovay [7] proved a result, a consequence of which is that there exist at
least two H-degrees in the random reals, and a refined version of Solovay’s result
can be found in Yu, Ding and Downey [8].

Theorem 1.2 (Solovay [7], Yu, Ding and Downey [8]). There exist at least two
H-degrees of random sets. Indeed there exists a random o such that

limsup(H(a [ n) — H(Q [ n)) = .
neN

Yu, Ding and Downey proved that there are many H-degrees in the random
reals.

Theorem 1.3 (Yu, Ding and Downey [8]). For every real x, u({y |y <m z}) =0,
and so there are at least N1 many H-degrees in the random reals

In this paper, we settle the cardinality of the H-degrees of the collection of
random reals by the following theorem. A crucial ingredient in the proof is Theorem
above.

Theorem 1.4. There exist 2%° many H-degrees in the random reals. Indeed, these
may be chosen to be an antichain.

We denote the interval {oz : @ € 2¥} by I, for any o € 2<¥. For 0,7 € 2<%
(or 2¥), o C 7 means that o is an initial segment of 7 and o < 7 means that there
exists o’ € 2<¢ so that ¢'" (0) C o but ¢’" (1) C 7. Our notation is relatively
standard, and the reader may refer to the forthcoming book [1J.

2. PROOF OF THEOREM [I.4]
We need some facts about Cantor space.

Fact 2.1. For any set A C 2¥ with u(A) > 0, there is a closed set C C A so that
w(C) > 0.

Fact 2.2. For any set A C 2 with pu(A) > 0, there is a real z € A so that for any
oCux, u(ANI,) > 0.
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Proof. If not, then for every « € A there must be a o, C x so that u(ANI,,)=0.
Since I = U, Io, 2 A, this implies p(A) < p(INA) <> capls, NVA) =0, a
contradiction. g

We now turn to the proof of the main result.

We will construct 2% many random H-degrees. We denote the set {z : z is
a random real} by Ran. Fact 21]says that there is a closed set C' C Ran with
#(C) > 0. From now on, the closed set C'is fixed.

We construct a tree, stage by stage, (U, Ts, C) = (T,C) C (2<¥,C) and sets
{D,}ser so that for every s > 0 the following hold:

(i) Dg = C and D, C I, for every o € Tg;

(ii) u(Dy) > 0 for every o € Ts;

(iii) Dy 2 D, if 0,7 € Ty and 0 C 75

(iv) VsVo € TsIro3m[10 € Ts41&m1 € Ts11&70, 71 D 0&19 € &1 € 70);

(v) YsV10, 11 € Toqy1 — T5[|m0] = |m| &0 < 1 — In(H(o [ n) + s <
H(r [ n))).

Note 1. T may not be closed under initial segments, and so is different from
the trees in the usual sense.

Note 2. The argument is more or less similar to the Cantor-Bendixson argument
used in descriptive set theory, by which they proved that every uncountable closed
real set has a nonempty perfect subset. (The reader can refer to Moschovakis’s
book [6].) The reader may mind that we replace “countable” by “has measure 07
and “uncountable” by “has measure larger than 0” here.

If this construction is successful, we set R = [T] = {z : x is an infinite path in
T}. By (i), (iii) and (iv), |R| = 2% and R C C since C is closed. But for every
pair of reals g < x1 € R, by (v), limsup,,(H(z1 | n) — H(xo [ n)) = co. This will
finish the proof.

We begin to construct these sets.

At stage 0, set Dy = C.

At stage s+ 1, suppose that we constructed the tree (|, 7t, C) and the sets
{Do}ocU,co i1, that satisfy (i)—(v). Enumerate T — Ts_1 as {0 }i<n with o3 < 0
if i < j. We proceed by induction on i to define appropriate extensions 7;9, 7;1 O 0;
and reals z;; € I,; N Dy,. We then use these to define T4 1.

Since u(D,,) > 0, we can find two strings 700,701 D 0o with 790 < 701 SO
that w(Dsy) > w(lrgy N Dgy), it(Iry, N Dyy) > 0. By Fact 221 there is a real
x0o € Iryy N Dy, so that for any 7 C zog, p(lroy N Do, N 1) > 0. By Theorem [[3]
p{y:y <w xo0}) =0, and so p({y : y €1 zoo} N Iy, N Dy,) > 0. Thus by Fact
B2, select a real xg1 € Iy, N Dy, so that limsup,, (H(xo1 [ n) — H(zg [ n)) = 0.

Suppose for every i < k < n, we can find intervals I,,, and I ,, (m0 < 71 and
Tio, Ti1 D 0;) with u(Dy,) > u(Ir,, N Dy, ), p(Ir,; N Dy,) > 0 and reals x;0 < ;1 with
Ti0 € Ir,y N Dy, and x4 € I, N Dy, so that for any 7 C x4, u(I-,, N Dy, NI;) >0
( =0,1) and for any x;; < zy s, limsup,, (H(x;; [ n) — H(zyj | n)) = co.

Since p(Dy,, ) > 0, there exist two strings Tk, 71 O 0 with Tx0 < 71 so that

(Do) > p(Iryy N Doy )y (I N Do) > 0.

Let j = 0. By Theorem [[3] pu({y : vy <g zi;}) = 0 for every i < k and j' =0, 1,
and so

,LL( U {yny xij’}mITkijUkj)>0'
i<k,j’=0,1
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By Fact 22 there is a real xx; € I, N Dy, so that u(lr,; N Dy, N 1) > 0 and
Tk Lu iy for any 7 C zy; (Le., imsup, (H(zg; | n)—H(zj | n)) = oo) for every
it < kand j' =0,1. If j = 1, then reasoning as above, by Theorem [[3] and Fact
2.2, there is a real xy; € I, N Dy, so that for any 7 C g, u(Ir,, N Do, N 1) >0
and limsup,, (H(zk; | n) — H(z;5 | n)) = oo for any ¢ < k and j° = 0,1, and
limsup,, (H (zx; [ n) — H(zpa—jy [ 1)) = .

Thus there are 2n many reals {z;; o<i<n,0<j<1 S0 that

(1) limsup,,(H(zi; | n) — H(xyy [ n)) = oo for any x;; > xyj;

(2) Tij € ITi,j mDUf,;

(3) for every 7 C x5, (L7, N Dy, V1) >0 (j =0,1).

By (1), for every pair of x;; > x;;/, there is a number m;j; ; so that

H(xij [ migiy) — H(zig [ mgingr) > s.

Define m = max{m;jyj : 0 <4, <nmand 0 < j,j <1} +1. Set 0y5j =x;; [ m
and D,,, = Dy, N1y,;. By (2) and (3), u(Dy,) > pu(Dy,;) > 0 for any 0 <i < n
and 0 < j < 1. Define Ts11 =T, U{o;; : 4 <n,j <1}

Now it is easy to check (i)—(v).

This concludes the proof that there are 2%° many H-degrees.

The extension to making the degrees all H-incomparable is not hard (but te-
dious), by a trivial extension of our argument. To do this we would redo the
process back the other way at every stage.
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