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ABSTRACT. We prove existence and regularity of entire solutions to Monge-
Ampere equations invariant under an irreducible action of a compact Lie group.

We consider Monge-Ampere equations of the form

(0.1) f(Vo)det Dy = g(x),

where f and g are nonnegative measurable functions on R™. We recall first the
concept of a weak solution of ([II). Let ¢ be a convex function. Then V¢ is a
well-defined multi-valued mapping: (V¢)(x) is the set of slopes of all supporting
hyperplanes to the graph of ¢ at (x, ¢(x)). If B is a subset of R, let V¢(B) be its
image in the multi-valued sense. Then ¢ is a weak solution of (IJ) if

(0.2) /B g()dz = /v oy S0

for every Borel set B. Let us denote the right-hand side by w(B, ¢, f). It can
be shown that it is a Borel measure on R™. A basic result [I] is that if uy — u
compactly and fr — f uniformly, then w(-, ug, fx) converges to w(:,u, f) weakly,
i.e., as functionals on the space of compactly supported continuous functions.

Existence of weak solutions to (0.I)) defined on all of R™ has been shown in [I]
under the assumption that ¢ € L'(R"), and in [9] in the case when f = 1 and
g,1/g are bounded. In this note we wish to give a simple proof of existence and
regularity of entire solutions to (0]) under a different type of assumption: f and g
are invariant under an irreducible action of a compact (Lie) group. More precisely,
we shall prove:

Theorem 0.1. Let K C O(n) be a compact subgroup acting irreducibly on R™, and
let f, g be two nonnegative K -invariant measurable functions on R™. Furthermore,
assume that f and g are locally bounded and that

/nf=+oo.

Then there exists a (weak) conver K-invariant solution ¢ : R™ — R of the Monge-
Ampeére equation (II).
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Theorem 0.2. In the situation of Theorem [0l suppose, in addition, that f and g
are strictly positive and of class CP“, p > 0, o > 0. Then any entire K-invariant
convez weak solution ¢ of (I is CPT2.

Well-known examples show that this regularity result does not hold without the
assumption of K-invariance, even when f =g =1.

The above theorems have been proved before in [2| in the case when K is a
reflection group. They can be applied to show existence of Kahler metrics with
prescribed Ricci curvature on complexified symmetric spaces.

1. PROOFS
We begin with a simple lemma:

Lemma 1.1. Let K C O(n) be a compact subgroup acting irreducibly on R™. For
any x € R™, let C, be the convex hull of the orbit K -x. There exists an € > 0 such
that the ball B(0,€) is contained in Cy, for any x with || = 1.

Proof. Suppose that the conclusion does not hold. Then there exists a sequence of
points zj with |xi| = 1 such that the boundary of Cy, contains a point y, with
yr — 0. By choosing a convergent subsequence of zj; we find a point z, on the
unit sphere such that 0 lies on the boundary of C_ . Since Cy_ is convex, it lies
to one side of any of its supporting hyperplanes at 0. Hence the orbit K - x, lies
to one side of a hyperplane H passing through 0. Therefore the center of mass of

the orbit
1 /
m=— g Toodg
K| Jk

cannot be the origin unless the whole orbit lies on H. On the other hand, m has to
be the origin, since it is a K-invariant point and the representation is irreducible.
It follows that the orbit K -z, is contained in a hyperplane, and therefore the
subspace generated linearly by K -z, is a proper K-invariant subspace of R", a
contradiction. O

We now prove Theorem [0l Put fr = f + 1/k and g, = g+ 1/k, k € Np. Let
B,. denote the ball of radius r centered at the origin. Let Ry be a number defined

by
fe= / 9k-
BRk Bk

According to [3],[7] there exists a unique (up to a constant) strictly convex solution
(bk of

(1.1) fk(V(bk)det Do = gk(a:)

which is of class C18, for some 8 > 0, and such that V¢, maps By, onto Bg,.
Moreover, since K C O(n) and all the data are K-invariant, ¢y is K-invariant
(this follows from uniqueness, since ¢y o g, g € K, is also a solution of (ITl)). To
prove the existence of a weak solution to (ITl), defined on all of R", it is enough to
show that the functions ¢y, are uniformly (in k) bounded on any ball Bg, k > R.
Indeed, a bounded sequence of convex functions on a bounded open convex domain
has a convergent subsequence. This follows from the elementary fact, which we
will use repeatedly, that the slopes of supporting hyperplanes of a convex function,
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bounded by R on a domain G, are bounded by 2R/§ on any subdomain G’ such
that dist(G’, 0G) > 6.

Let us show that the functions ¢r, k > R, ¢x(0) = 0, are bounded on Bp
uniformly in k. It is enough to show that V¢ are bounded uniformly on Bg.
Suppose that there exists a sequence of points x; in Bg such that ‘ng)kj (wx, )| >7.
Let yx; = Vu, (z;). Consider the unique solution ), 1x(0) = 0, to the equation

91 (Vi) det Dijr = fr(y)

mapping BRkj onto By,. According to [3], V¢ is the inverse of V¢i. Thus
Vi, (Yr;) = @k, , and hence |Vwkj (ykj)‘ < R. Observe that Vi, (0) = 0, since Vi),
is K-equivariant and the representation is irreducible. Let vg, be the unit vector
in the direction yy,. Since 1y is convex, (Vi (y),vr,;) < R for all y € [0,yy,],
and therefore |1/ka (y)} < R|y| for such y. Now using Lemma [T, we conclude that
for any r > 0, 9, is bounded by %r on B, for large j. It follows that there is a
subsequence of ¢y, convergent to a convex solution ¢ : R" — R of

g(V)det D¢ = f.
The function v is bounded by Rr/e on any B,. Since v is convex, V) is bounded
by 4R/e on B, 5. Thus U = V¢ (R") is contained in Byp/.. However,

+oo=/nf=/Ug,

which leads to a contradiction. Theorem [0l is proved.

Proposition 1.2. Suppose, in addition, that fRng > 0. Then any entire K-
invariant convez solution ¢ of [@I) is a proper function.

Proof. Suppose that there exists an unbounded sequence of points xj such that
¢(z1) is bounded. Using convexity of ¢ and Lemma [T we conclude that ¢ is a
bounded function. This, however, implies that ¢, being convex and defined on all
of R™ is constant, which contradicts the assumption on g. O

This proposition allows us to prove the regularity results of Theorem [[.21 The
proof is essentially the same as the one given by Caffarelli and Viaclovsky [8]; we
give it here for completeness.

Consider the convex (and bounded by the last proposition) sets Q. = {z; ¢(z) <
c}, ¢ € R. For every ¢, we can find R(c) > c such that dist (¢, 0Qr()) > 1. By
the argument used before, the slopes V¢ of ¢ are bounded by 2R(c) on .. If f
and g are strictly positive and continuous, then equation (0.2 implies that there
are constants A1, A2, depending on ¢, such that

(1.2) M|B| < [V(B)| < Xo| Bl

for any Borel subset B C Q.. We can apply Corollary 2 in [4] to .41 and conclude
that ¢ is strictly convex at any point of €).. Since ¢ was arbitrary, ¢ is strictly convex
everywhere. Now the main result of [6] implies that ¢ is locally of class C1-#, where
“locally” means that § can be chosen uniformly only on bounded subsets of R™.
We observe that the only additional properties of f and g we have used so far are
the boundedness of 1/f and 1/g. Therefore we have proved:

Proposition 1.3. In the situation of Theorem [l suppose, in addition, that 1/ f
and 1/g are locally bounded functions, and let ¢ be an entire K-invariant convex

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2682 ROGER BIELAWSKI

weak solution of ([I1). Then ¢ is of class C1P on any compact subset P, where (3
may depend on P. O

To finish the proof of Theorem [0:2} assume that f and g are of class C%“. Now,
¢ is a solution of det D;;¢ = g, where g = g/ f(V¢). Since, by the last proposition,
V¢ is Holder continuous, g is (locally) of class C%7. Using ([.2), we can apply
Theorem 2 in [5] to u(z) = ¢(z) — ¢, ¢ € R, and the convex and bounded set
Q. = {z;u(x) <0} to conclude that ¢ is locally of class C*7 and hence globally C?.
Therefore § = g/f(V) is of class C®* everywhere and, repeating the argument,
we conclude that ¢ is C%®. Higher regularity is standard.

REFERENCES

(1] I. J. Bakelman, Convex analysis and nonlinear geometric elliptic equations, Springer-Verlag,
Berlin, 1994. MR 95k:35063

[2] R. Bielawski, Kéahler metrics on GC, J. Reine Angew. Math. 559 (2003), 123-136. MR
2004d:53089

[3] Y. Brenier, Polar factorization and monotone rearrangement of vector-valued functions,
Comm. Pure Appl. Math. 44 (1991), 375-417. MR 92d:46088

[4] L. A. Caffarelli, A localization property of viscosity solutions to the Monge-Ampére equation
and their strict convexity, Ann. of Math. (2) 131 (1990), 129-134. MR [91£:35058

[5] L. A. Caffarelli, Interior W?2P estimates for solutions of the Monge-Ampére equation, Ann.
of Math. (2) 131 (1990), 135-150. MR [91f:35059

[6] L. A. Caffarelli, Some regularity properties of solutions of Monge-Ampére equation, Comm.
Pure Appl. Math. 44 (1991), 965-969. MR 92h:35088

[7] L. A. Caffarelli, The regularity of mappings with a convex potential, J. Amer. Math. Soc. 5
(1992), 99-104. MR [92j:35018

[8] L. A. Caffarelli and J. A. Viaclovsky, On the regularity of solutions to Monge-Ampére equa-
tions on Hessian manifolds, Comm. Partial Differential Equations 26 (2001), no. 11-12, 2339—
2351. MR 2002k:35083

[9] K.-S. Chou and X.-J. Wang, Entire solutions of the Monge-Ampére equation, Comm. Pure
Appl. Math. 49 (1996), 529-539. MR [96m:35089

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GLASGOW, GLASGOW G12 8QW, SCOTLAND
E-mail address: R.Bielawski@maths.gla.ac.uk

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=95k:35063
http://www.ams.org/mathscinet-getitem?mr=2004d:53089
http://www.ams.org/mathscinet-getitem?mr=92d:46088
http://www.ams.org/mathscinet-getitem?mr=91f:35058
http://www.ams.org/mathscinet-getitem?mr=91f:35059
http://www.ams.org/mathscinet-getitem?mr=92h:35088
http://www.ams.org/mathscinet-getitem?mr=92j:35018
http://www.ams.org/mathscinet-getitem?mr=2002k:35083
http://www.ams.org/mathscinet-getitem?mr=96m:35089

	1. Proofs
	References

