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MIXED-MEAN INEQUALITIES FOR SUBSETS
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ABSTRACT. For A C X = {z1,...,zn | ©; >0, i =1,2,...,n}, let a4 and g4
denote the arithmetic mean and geometric mean of elements of A, respectively.
It is proved that if k is an integer in (%, n], then

(I ) 2 g X o)

|A|=Fk |Al=k
ACX ACX
with equality if and only if 1 = ... = x,. Furthermore, as a generalization of

this inequality, a mixed power-mean inequality for subsets is established.

1. INTRODUCTION

The classical arithmetic-geometric mean inequality is one of the most important
analytic inequalities, and is used in almost every branch of mathematics. There is
a huge amount of work on its generalization (see [1], [3]-[7]).

In [2] (also see [6] 3.9.69]), Carlson established the following elegant mixed-mean
inequality:

Let the arithmetic and geometric means of the real nonnegative numbers x1, ..., Tn
taken n — 1 at a time be denoted by

1

_:c1+...+:cn—xi (:clxn)Tl
z; ’

i = n—1 ’ 9i =
Then for n > 3,

1
(al...an)n 27g1+.7.1-+9n.

In this note, we establish a new mixed arithmetic-geometric mean inequality for
subsets, which is an extension of the Carlson inequality and also an extension of
the arithmetic-geometric mean inequality. Furthermore, we generalize our mixed
arithmetic-geometric mean inequality for subsets to mixed power mean.
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Our main results are the following two theorems.

Theorem 1. Let X = {xy1,...,2, |2, >0, i=1,2,...,n}. For AC X, letay and ga
denote the arithmetic mean and geometric mean of all elements of A, respectively.
If k is an integer in (G,n], then

(1) (TT an® > 503 9a),

|A|=k noA|l=k
ACX ACX
with equality if and only if xv1 = ... = x,,.

Theorem 2. Let X = {z1,..,o, | 2; >0, i=1,2,..,n}. For AC X andp € RT,
let apa denote the p-th power mean of all elements of A, i.e.,

1

Z:C,;EA xf P
- (B!
If k is an integer in (§,n] and p > q > 0, then
Dotai=rk (apa)d| 1 Do iai=k (aga)P | 1
(2) ( ACX p )‘1 Z ( ACX q )P7
Ck

Cx
with equality if and only if xt1 = ... = x,,.

Remark 1. Taking k& = n in Theorem 1, inequality (1) is just the arithmetic-
geometric mean inequality. Taking k = n in Theorem 2, inequality (2) is just the
famous power-mean inequality. Taking k¥ = n — 1 in Theorem 1, inequality (1)
is just the Carlson inequality. For p = 1 and passing to the limit as ¢ — 0 in
Theorem 2, we see that (2) implies (1). Hence, inequality (2) is a generalization of

(1)

Remark 2. If k < [3], taking 1 = 20 = ... = 2 = I, 2341 = ... = x, = 0 in (1),
then the left-hand side of (1) equals I/C¥, but the right-hand side is zero. Hence
the statement of Theorem 1 fails for & < [F].

2. PROOF OF MAIN RESULTS

Proof of Theorem 1. Put I = {1,2,...,C*} and X}, = {A C X | |A| = k}, and note
that there is an injective mapping f: I — &X.
We will prove the following equality:
1
(3) a5) = @x (@@ +aginse) + -+ ag@nsen)-
n
For this, let f(i) = {@4, T4y, .-, T4y, |, SO that the left-hand side of (3) is equal to

1
E(xil + X + ...+ :cz,c)

We may assume that the right-hand side of (3) can be written as
blxil + 523%2 + ...+ bkxik,

where b; € RT (1 =1,2,..., k).
Obviously, z;; and z;, (4,1 € {1,...,k},j # [) have the same coefficient. So it
follows that

(4) b1 :bgz...zbk.
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ince <., we have
S k> g, h.

fONfG) #®, j=1,2,..,CF

Thus the sum of the coefficients of all elements of ay(;)ns(;) equals 1; hence

1
n v
Ck

From (4) and (5), we obtain

1
blszZ...Zbk:%.

Thus (3) is proved.
Next, we will prove the following analogue to (3):

Sa—""

(6) (Hgf< i)

By applying the arithmetic-geometric inequality, we get
(7) ar@nfG) Z 9F@HNIG)-
From (3) and (7), we infer that

Ck

U6 =GR ng HN7G)-

Therefore,
. Cc -
C!L n
(IT a2)™ = (I aso)
®) |A|=F i=1
ck o
ck
—k(H ng< NG )
noi=1 j=1

On the other hand, using the discrete case of Holder’s inequality in the form

(9) > ( fﬂjk) <|(]] (Zfﬁjk) ;
k=1 j=1 j=1 k=1
where n,m € N and xj; > 0 (j,k =1,2,...,m) (see [6] 2.14.2]), we obtain
ck ¢k ) ck ck )
(10) (H (ng(sz(;))) =>> (H gf(i)ﬂf(j))
=1 j=1 i=1  j=1
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Combining (6), (8) and (10), we see that

1 1 Cn  Cn !
ok =3
( 11 GA) = —kZ( gf(i)ﬂf(j))
lA|=k no=1  j=1
ACX
Ck
1 & 1
= Ak 9ri) = Ax gaA,
o &0~ T 2
ACX
which is just the inequality (1). O

Proof of Theorem 2.

Lemma 1. Suppose that (c;;) is an m X n matric with nonnegative entries. If
q < 1, then the g-th power mean of all the arithmetic means of the rows is greater
than or equal to the arithmetic mean of all the g-th power means of the columns.

Proof. Tt suffices to prove the inequality

3 (ijl Cij)q (Zi:;}icij)q)a

. o i—1
(1—1 ) q > J ’
m n

(S ()

i=1  j=1 j=1 i=1

-

or equivalently,

<
Y
/N
—
o
N
<
~—
Q
~——
Q|-

which is just Minkowski’s inequality. O

We will prove the inequality (2) in two steps.

First, we prove that if (2) holds for p = 1, then (2) holds for p € RT.

In fact, for A = {a;,,...,2;, } T X, let y; = 2P, a = %, Y = {y1,...,yn}, and
A" =A{yiy, .., ¥i, } CY. Then, the left-hand side of (2) equals

1
Z\A\:k ('Z%;Axi) 1 E\A’\=k (ZyEI?/y )‘*
( cX p — cY )

Hence, (2) is equivalent to the following inequality:

o=k (@1a)® 1 Y jar=k Gaar
Alcy < > Alcy
e =~
which is just inequality (2) forp=1 (¢ =a < 1).
Second, we prove that (2) holds when p = 1.
In fact, let C' = (c;;) be a C¥x C¥ matrix with rows indexed by X, = {f(i)| f(i) C
X, |f(#)| = k} and columns indexed also by X}, where

Cij = Qqf()Nf()-
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The g-th power mean of the j-th column equals

Ck

(%Z(%ﬂwm ) (CkZ(( > m)l)q)

noj—1 i=1 z€f(i)Nf(5)

1 o z?
EZ 2 |f(i)ﬁf(j)|)

" i=1zef(i)Nf(J)

1
q

Q=

Since the elements of f(j) are in the same situation, the right-hand side of the
above equality does not contain the term x? (if z; ¢ f(j)) and the sum of the
coefficients of all z:{ (if 2, € f(j)) equals 1. Thus we have

k

(Ckz aqf(i)nf i) )l = (% Z xq)i

™i=1 z€g(s)

Hence, the arithmetic mean of all the g-th power means of the columns is equal to

(11) CkZ( > ) =g Y

z€g(j) i |41=K

On the other hand, according to the famous power mean inequality, and noting
that ¢ < 1, we have

Cij = Aqf()nf(5) = QLFE)NF()-

It follows that the arithmetic mean of the i-th row is less than or equal to

Ck
1 & T
oF 2“0 = g Z 2 TN T

" j=1zef(B)Nf (5

Y.

z€f(J)

Hence, the ¢g-th power mean of all the arithmetic means of the rows is less than or

equal to
S Decr() TNN\T (1 i
12) (G (55)) = (g X @)
= 415

Applying Lemma 1, it follows from (11) and (12) that

1

(gg 2 0wr)" = g 32 aon

n A=k n A=k
ACX ACX

Thus, (2) is true for p = 1. O
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