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ABSTRACT. In this paper, we obtain certain discrete orthogonal polynomials
expressed in terms of the (d + 1,2(d + 1))-hypergeometric functions, from the
eigenmatrices of character algebras.

INTRODUCTION

In 1942, Kawada [§] introduced the notion of character algebras, motivated by
the Tannaka duality for noncompact topological groups (see §llbelow for the defini-
tion of character algebras). Later, Bannai [5] showed that the concept of character
algebras is closely related to that of fusion algebras (at the algebraic level), which
appears in conformal field theory in mathematical physics. This concept also pro-
vides an algebraic framework for the theory of association schemes (in the sense
that the Bose-Mesner algebras of commutative association schemes turn out to be
character algebras), while the concept of association schemes can in turn be con-
sidered as a purely combinatorial interpretation of that of transitive permutation
groups. The purpose of the present paper is to obtain “many” discrete orthogo-
nal polynomials which are expressed in terms of certain hypergeometric functions
defined below, called the (n + 1, m + 1)-hypergeometric functions [2} [13], from the
eigenmatrices of character algebras. Our main result is given in Theorem [T.1

Throughout this paper, we denote the set of the nonnegative integers by Np:

No = {0,1,2,...}.

Also let
Mm,n(NO) = {A = (aij)lgism | aij € NO}

1<j<n
When m = n, we simply write M,, instead of My, ,,. Let

zz+1)(x+2)...(z+r—1) if r=1,2,...,

@r =91 i r=o.
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2614 HIROSHI MIZUKAWA AND HAJIME TANAKA

If N is a positive integer, then we define the (n+ 1, m + 1)-hypergeometric function
F(a, 3;—N; X) by

n m—n—1 aij;
Z Hi:l (ai)Zj aij Hj:l (ﬂj)zi aij H” Lyj

Fla,B8;,—N; X) = )
(@, ) (=N)x, , ais [ ; ais!

AEMp m—n-1(No)
Zq‘,,j aij<N
for a = (ay,...,a,) € C* and B = (B1,...,Bm-n_1) € C" "1 where X stands
for the variables z;; (1 <i <n,1 <j <m —n—1). This definition is originally
due to K. Aomoto and I. M. Gelfand.

In [10], the first author showed that the Gelfand pair (G(r,1,n),S,,) gives rise
to orthogonal polynomials expressed by (r,2r)-hypergeometric functions, where
S, and G(r,1,n) = (Z/rZ) ! &,, denote the symmetric group of degree n and the
imprimitive complex reflection group, respectively. Also, Akazawa and Mizukawa
[1] obtained a similar result for the pair (D(r,n), D(1,n)), where D(r,n) = D16,
is the wreath product of the dihedral group of order 2r and &,,. Since the Hecke
algebra of any Gelfand pair is a character algebra, our result includes all the cases
dealt with in [I0] @] (see Remark [2Z1]).

The class of P- and @Q-polynomial association schemes plays a central role in the
theory of commutative association schemes (see [6] B]). It is often considered as a
combinatorial analogue of compact symmetric spaces of rank one. As is well known,
the zonal spherical functions of compact symmetric spaces of rank [ are described
by generalized Jacobi polynomials in [ variables (see e.g. [12]). On the other hand,
a famous theorem of Leonard [9] (see also [0, §3.5]) states that the P- and Q-
polynomial association schemes, or more precisely the character algebras of P- and
@-polynomial type, characterize the Askey-Wilson orthogonal polynomials in one
variable (including certain limiting cases). For instance, Krawtchouk polynomials
are obtained as entries of the eigenmatrices of Hamming schemes H(n,q), one of
the most important families of P- and Q-polynomial association schemes.

In the proof of our main theorem, we consider symmetric tensor spaces of a
character algebra. If the character algebra is of class one, then they essentially
coincide with the Bose-Mesner algebras of Hamming schemes (see also Remark
B.1). We prove Theorem [[1] by explicitly expressing their eigenmatrices. The idea
is quite simple and natural, but it seems that this is in fact the first example of
a systematic construction of discrete orthogonal polynomials in several variables
having hypergeometric series expressions from character algebras. Although the
notion of association schemes (or character algebras) of “higher ranks” has not
yet been established, our result gives a nice generalization of the relation between
Hamming schemes and Krawtchouk polynomials. In this sense, it seems possible to
say that this paper represents a kind of an attempt to extend Leonard’s theorem
mentioned above.

1. MAIN RESULT

A character algebra of class d is an associative and commutative algebra 2 over
the complex number field C with a distinguished basis zg, x1, ..., x4 that satisfies
the following conditions (see [6} [5]):

(i) =g is the identity element of 2;
(i) the structure constants {pf;}o<ijr<a (i-€., ziz; = Ezzopfjxk) are real
numbers;
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HYPERGEOMETRIC FUNCTIONS 2615

(iii) there exists a permutation ¢ — i’ of {0,1,...,d} such that (i)’ = ¢ and
Pl =l
(iv) for each i = 0,1,...,d, there exists k; > 0 such that pgj = d;;0k; for all j,
and the map x; — k; (i =0,1,...,d) is a linear representation of 2.
The Hecke algebras of Gelfand pairs, or more generally, the Bose-Mesner algebras
of commutative association schemes, are typical examples of character algebras.
The character algebra 2l is semi-simple, and therefore has the basis eg, e1, ..., €4
of the primitive idempotents, where e is the idempotent of 2 corresponding to the
linear representation x; — k;. We define the first and the second eigenmatrices

P = (P;j)o<i,j<a and Q = (Qij)o<i,j<d of A by

d d
1
Tj = E Pz-jei and €5 = N E Qijl‘i
i=0 =0

for 0 < j < d, where N = ko + --- + kq. In particular, we have k; = Fp; for all
j. Note that in the case of the Hecke algebra of a Gelfand pair, the eigenmatrices
are essentially equivalent to the zonal spherical functions (cf. [6, §2.11]). The
eigenmatrices P and @ satisfy the orthogonality relations (cf. [6, p. 94, Theorem

5.5])
(1) Qij/mj = Pji/ki,
where m; = Qo; (> 0),
d
1 N
2 _P 5i';
( ) Z kl mi J
1 N
(3) ; le 1Qj1 ki Y
Now, for any o = (a1, ..., ay) € Nj, we define || = aq + - - -+ . The following

is the main result in this paper:

Theorem 1.1. We use the same notation as above. Let Q = (1 —wy;)1<i j<a where
wij = Pij/kj for 1 <i,5 <d. Then, for any positive integer n we have

i o kB " . —a) (—B): —n: O —&) (=8 —n: O
SIS (4. 5,) P (0 - O F(a), (3 —rst)
|B]<n

-1
= @0 ag ad
my= ..My aQp,...,0Qq

for all a, & in N& with |al, |&| < n.

WX i (0" ) F(C0). 3 OF (). (-1
la|<n

_ AN ( n )_15h
k‘go...kgd ﬂOv"'?ﬁd e’

for all 8, 3 in Ng with |3, |B| <n.
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2616 HIROSHI MIZUKAWA AND HAJIME TANAKA

In the above equations, conventionally we put Bg =n — E?Zl Bj for any B € Ng
with |5 < n.

Remark 1.2. In fact, in the process of proving Theorem [[LT] we give an explicit
formula (see (@) for the entries of the first eigenmatrix of the character algebra of
the n-th symmetric tensor space of 2, in terms of the (d+1, 2(d+1))-hypergeometric
functions appearing in the theorem. See also Remark 211

Remark 1.3. It is known that there exists a character algebra 2* with eigenmatrices
P*=Qand Q" = P (cf. [6, §2.5]). Therefore, Theorem [Tl (ii) can also be obtained
by applying Theorem [IT] (i) to the dual algebra 2(*.

Remark 1.4. If d = 1, then by @) we have wy; = —ﬁ. In this case, the
polynomials F(—k,—j;—n;Q) (0 < k,j < n) become 2F1(—k,—j;—n;%) in
the standard notation of hypergeometric series in one variable. Thus, Theorem

[T gives the orthogonality relation of Krawtchouk polynomials Ky(x;n,N) =
()N = DfaFy (—h, —a; —n: 5.

2. PROOF OF THEOREM [[L1]

Let 7" =T"(A) = A ® --- @A (n times). Then it is easy to see that T™ is a
character algebra with a distinguished basis z;, ®- - -®x;, (j1,...,7n € {0,1,...,d})
and the primitive idempotents e;, ®---®e;, (i1,...,in € {0,1,...,d}). Clearly, the
(41,383 J1, - - -, jn)-entry of the first eigenmatrix of T™ is given by P, j, ... P, j,-

Now, let S™ = S™(2() be the symmetric tensor subspace of T™, that is, S™ consists
of the vectors that are invariant under the action 21 ® -+ ® 2p = 2y (1) @+ @ Zy(n)
(w € 6,,) of the symmetric group &,, on T". For each 8 = (Bo, b1, --,04) € Ng“
with |3| = n, define

1
T Bl Ba wgezh Tug(w(1)) @+ @ Ty (w(n));

where
g = (pg(1),...,pug(n))=(d,...,d,...,1,...,1,0,...,0) € Nj.
N—— —— Y——
Ba B1 Bo

Note that the vectors zg (|3| = n) are (0,1)-combinations of the z;, ® --- ® z;,
and they form a basis of S™. We also let

1
N D Chalw) @@ i)
weS,
for each a = (ap,@1,...,04) € Ng“ with |a] = n. Then, the e, are pairwise
orthogonal idempotents, and we have

Tp = Z P(ygea,
|a]=n

where

1
(4) Pap= =27 Y Pra@usw) - Pua(myuswim)):-
Bol - Bl o2
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HYPERGEOMETRIC FUNCTIONS 2617

This implies that the subspace S™ is closed under the multiplication in T". There-
fore, S™ is also a character algebra with a distinguished basis zg (|8] = n) (see also
[4, Lemma 1]).

Remark 2.1. If A is the Hecke algebra of a Gelfand pair (G, H), then S™ () coincides
with that of the Gelfand pair (G16&,,, H16,,) (see [L0L[1]). In particular, when G =
S, and H = 641, S™(2) is the Bose-Mesner algebra of the Hamming association
scheme H(n,q). More generally, if 2 is the Bose-Mesner algebra of a commutative
association scheme X = (X, {R;}o<i<a), then S™(2) gives that of the “extension of
X of length n” considered in [7, §2.5] (see also [11]).

In what follows, we evaluate

P 1
(5) o= D W) - - Dt (myas (w(m))
(om)p T wes,

where (0") stands for (n,0,...,0) € N¢™'. First, we have

Pop _Hzoo‘lnaoﬂﬂ S| Wi-1,j-1)"

P(On)ﬁ - aij !

)
AcA1<4,5<d+1

where A = {A = (a;;) € May1(No) | X ai; = Bj—1, 3041 aij = a;_1}, which is
equal to

Lo HJ o > 11 (1+ (wim1,-1 — 1))

ai;!
A€ A1<i,j<d+1 Y

_ ITi—o O‘%!nl!_[j=o 5! . Z H as;! Z H (az+1 J+1>(wij 1),

AcA \1<ij<d+1 BEB4 1<i,j<d

where B4 = {B = (bi;) € Ma(No)|bij < aiq1,541 for 1 < 4,5 < d}, since wyo =
wo; = 1 for all 0 < ¢,j < d. Now, for each B € M4(Ny), define

d+1 d
Zldﬁl cij = Bj-1 — Zid:l bij—1,

b
D et Cij =Qim1 — Y i g bi1

where we put by = bg; = 0 for all 4,j. Then,

Cp = {C = (cij) € Mat1(No)

-1

(o7 J* i »
- P.gs :Hzo H o 5! 3303 I e II %

Pn
(om)B B CeCr \1<ij<d+1 1<i,j<d

_ 1. S [T, ol H?:1 Biln =32, ; bij)! 10 (wij — 1)b0
n! B H;i 1(0@'-2? 1b1])'H]d 1(5'_2?:1 sz)' i.j bij!
Reyii= (=) by T (2895, by p (1 — wig)b
> Cos =0
= F((—al, ceey —Oéd), (—ﬂl, ey —ﬂd); —n; Q),

where in the above equations, the first sums are over all B € My(Np) such that
d d
E i=1 bij < ﬂj and E j=1 bij < q;.

bij

i J
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2618 HIROSHI MIZUKAWA AND HAJIME TANAKA

Therefore, the result in Theorem [Tl immediately follows by applying the or-
thogonality relations (2) and (B]) to the character algebra S™.
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