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Abstract. Global properties of locally homogeneous and curvature homoge-
neous affine connections are studied. It is proved that the only locally homoge-
neous connections on surfaces of genus different from 1 are metric connections
of constant curvature. There exist nonmetrizable nonlocally symmetric locally
homogeneous affine connections on the torus of genus 1. It is proved that
there is no global affine immersion of the torus endowed with a nonflat locally
homogeneous connection into R3.

The best known locally homogeneous affine connections are flat ones. J. Milnor,
[3], proved that there are no flat affine connections on surfaces of genus differ-
ent from 1. We prove an analogous result for nonflat locally homogeneous affine
connnections. We prove, in fact, that a nonflat torsion-curvature homogeneous of
order 1 connection on a compact surface of genus different from 1 must be torsion-
free metric and locally symmetric; that is, it must be a Levi-Civita connection of
constant curvature.

In contrast with this situation, there do exist nonlocally symmetric nonmetriza-
ble locally homogeneous connections on the torus of genus 1. We give a family of
such connections.

Note that, unlike in the case of Riemannian structures, the class of locally homo-
geneous affine connections on 2-dimensional manifolds is much richer than the class
of locally symmetric ones. Some results concerning local homogeneity are proved
in [8], [9] and [10]. A local classification of locally homogeneous connections on
2-dimensional manifolds is given in [5] and [12].

An important question in the theory of affine connections is whether a mani-
fold equipped with a connection ∇ can be realized as a hypersurface (immersed or
imbedded) in a standard affine space in such a way that there exists a transversal
bundle inducing ∇. We study the realization problem for the torus equipped with
nonflat locally homogeneous connections. Using the notion of extrinsic complete-
ness, we prove that there is no immersion of the torus into R3 for which an induced
connection is nonflat and locally homogeneous.
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1.

Throughout the paper we assume that manifolds are connected and of class C∞.
We set the following definitions.

Definition 1.1. A family {Tα} of tensor fields on a manifold M is called pointwise
homogeneous if for each two points x, y ∈ M there exists a linear isomorphism
F : TxM → TyM such that F ((Tα)x) = (Tα)y for each α, where F also denotes the
extension of F to an isomorphism of the algebras of tensors.

Definition 1.2. An affine connection ∇ on M with curvature R and torsion T is
called torsion-curvature homogeneous of order r ≥ 0 if the family

{∇αT,∇αR}0≤α≤r
is pointwise homogeneous. Analogously, ∇ is curvature homogeneous of order r ≥ 0
if the family {∇αR}0≤α≤r is pointwise homogeneous.

Definition 1.3. A connection∇ on M is locally homogeneous if for each two points
x, y ∈M there are a neighbourhood U of x, a neighbourhood V of y and an affine
transformation f : U → V such that f(x) = y.

A connection∇ is locally symmetric if ∇R = 0 and∇T = 0. A locally symmetric
connection is locally homogeneous. The converse is not true. Locally homogeneous
connections are torsion-curvature homogeneous of any order.

For a connection ∇ the image of its curvature tensor at x ∈M is defined as

imRx = span{R(X,Y )Z : X,Y, Z ∈ TxM}.
The nullity space of the curvature tensor is given by the intersection of kerR(X,Y )
for all X,Y ∈ TxM . In case of a two-dimensional manifold the nullity space at
x ∈M is equal to kerR(X,Y ), where X,Y is a basis of TxM . The curvature rank
of a connection ∇ is equal to dim imR.

By an orbit of a 1-dimensional distribution we mean a maximal integral sub-
manifold of the distribution.

We shall need the following theorem ([2], p. 147).

Theorem 1.4. A 1-dimensional distribution D on the torus T 2 either has a periodic
orbit or all its orbits are everywhere dense.

We shall now provide some information concerning affine geometry of hypersur-
faces. For a more detailed exposition we refer to [6].

Let f : M → Rn+1 be a hypersurface, i.e., dimM = n and f is an immersion.
From now on we assume that Rn+1 is equipped with the standard affine connec-

tion, denoted by ∇̃.
Let N be a vector bundle transversal to f . If ξ is a nowhere vanishing section of

N (possibly local), then ξ defines the induced connection∇, the second fundamental
form h, the shape operator S and the 1-form τ according to the following formulas
of Gauss and Weingarten:

∇̃Xf∗Y = f∗(∇XY ) + h(X,Y )ξ,(1.1)

∇̃xξ = −f∗(SX) + τ(X)ξ .(1.2)

The connection ∇ depends only on the transversal bundle generated by ξ, not
on a particular choice of a section ξ.
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The induced objects satisfy the fundamental equations

R(X,Y )Z = h(Y, Z)SX − h(X,Z)SY −Gauss,(1.3)

∇h(X,Y, Z) + τ(X)h(Y, Z) = ∇h(Y,X,Z) + τ(Y )h(X,Z) − Codazzi I,(1.4)

∇S(X,Y )− τ(X)SY = ∇S(Y,X)− τ(Y )SX − Codazzi II,(1.5)

h(SX, Y )− h(X,SY ) = dτ(X,Y ) −Ricci.(1.6)

A hypersurface is called nondegenerate at x if hx is nondegenerate as a bilinear
form.

The Gauss equation implies the following equation for the Ricci tensor Ric of ∇:

Ric(Y, Z) = h(Y, Z)trS − h(SY,Z).

It follows that if Ric is nondegenerate at a point x, then so is hx.
The fundamental equations yield the following relations between ∇ (which we

regard as an intrinsic object on M) and the extrinsic objects h, S and τ :

imRx ⊂ imSx,(1.7)

kerhx ⊂ kerRx,(1.8)

for any x ∈M .
If rkhx > 1, we have equality in (1.7). The condition rkhx = 1 implies equality

in (1.8), provided that Rx does not vanish.
If for a manifold M endowed with a torsion-free connection ∇ there are an

immersion f : M → Rn+1 and a transversal bundle inducing the given ∇, we say
that ∇ can be realized on a hypersurface in Rn+1. An immersion f realizing ∇ is
called an affine immersion of ∇.

If D is a distribution on M and X is a vector field, then the notation X ∈ D
will mean that Xx ∈ Dx for all x from the domain of X .

From now on we shall consider only 2-dimensional connected manifolds. In this
case, imRx = imRx(X,Y ) and kerRx = kerRx(X,Y ) for any basis X,Y of TxM .

By a neighbourhood we shall always mean a connected open one.

2.

We shall need

Proposition 2.1. Any affine connection on a compact surface has a point where
its Ricci tensor is symmetric.

Proof. Let ∇ be a connection on a compact surface M2. We can assume that M2

is orientable. Let ∇o be any torsion-free connection with symmetric Ricci tensor
on M2. Take the difference tensor

QXY = ∇XY −∇oXY.
Consider the 1-form

δ(X) = tr QX .

Then
2dδ(X,Y ) = tr∇Q(X,Y, ·)− tr∇Q(Y,X, ·).

The curvature tensors R and Ro of ∇ and ∇o are related by

R(X,Y )Z = Ro(X,Y )Z +∇Q(X,Y, Z)−∇Q(Y,X,Z) +QXQY Z −QYQXZ.
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Hence
trR = trRo + 2dδ.

Since trRo = 0, we have ∫
trR = 0.

It follows that trR must vanish somewhere. This gives the desired condition. �

We shall now prove

Theorem 2.2. Let M2 be a compact 2-dimensional manifold of genus different from
1, and let ∇ be an affine connection on M2. If ∇ is torsion-curvature homogeneous
of order 1, then it is the Levi-Civita connection of a definite metric tensor field of
constant curvature. In particular, it is torsion-free and locally symmetric.

Proof. By a theorem of Hopf, M2 does not admit any 1-dimensional distribution,
and, consequently, it also does not admit any nowhere vanishing 1-form.

We shall first prove some lemmas.

Lemma 2.3. If the torsion tensor of ∇ is pointwise homogeneous, then ∇ is
torsion-free.

Proof. Since the torsion tensor T is a skew-symmetric tensor field of type (1, 2), its
values define a 0- or 1-dimensional vector subspace of the tangent space TxM2 for
each x ∈M2. Since T is pointwise homogeneous, T determines a 0- or 1-dimensional
distribution on M2. �

Lemma 2.4. If ∇ is curvature homogeneous of order 0, then the Ricci tensor of
∇ is a definite metric tensor field.

Proof. By Proposition 2.1 we know that the Ricci tensor is symmetric. Since M2

does not admit any 1-dimensional distribution, the Ricci tensor cannot have rank
1 and cannot be nondegenerate indefinite. By the theorem of Milnor it also cannot
vanish. �

Lemma 2.5. If C is a cubic form, g a definite metric tensor field on M2 and the
pair {g, C} is pointwise homogeneous, then C is symmetric and tr gC(X, ·, ·) = 0
for every X.

Proof. We first observe that

tr gC(X, ·, ·) = 0, tr gC(·, X, ·) = 0, tr gC(·, ·, X) = 0

for any X . Set τ(X) = tr gC(X, ·, ·). The 1-form τ is pointwise homogeneous.
Hence it vanishes on M2. It follows that tr gC(X, ·, ·) = 0. Similarly one gets the
two other equalities. The equalities imply the symmetry of C. Indeed, let X,Y be
an orthonormal basis of TxM2 relative to g. We have

C(X,Y, Y ) = −C(X,X,X), C(Y,X,X) = −C(Y, Y, Y ),

C(Y,X, Y ) = −C(X,X,X), C(X,Y,X) = −C(Y, Y, Y ),

C(Y, Y,X) = −C(X,X,X), C(X,X, Y ) = −C(Y, Y, Y ).

By comparing the terms in columns we see that C is symmetric. �

Recall that a Ricci-symmetric connection ∇ on a 2-dimensioanl manifold is pro-
jectively flat if ∇Ric is totally symmetric.
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As an immediate consequence of Lemmas 2.3–2.5 we get

Lemma 2.6. Let M2 be a compact surface of genus different from 1, and let ∇
be an affine connection on M2. If ∇ is torsion-curvature homogeneous of order 1,
then ∇ is torsion-free, Ric is a definite metric tensor field on M2, ∇ is projectively
flat and trRic∇Ric(X, ·, ·) = 0 for every X.

We also have

Lemma 2.7. Let M2 be a compact surface of genus different from 1, g a metric
tensor field on M2 and C a symmetric cubic form satisfying tr gC(X, ·, ·) = 0 for
every X. If C is pointwise homogeneous, then C is constantly 0 on M2.

Proof. Assume first that M2 is orientable. Since g must be definite, M2 can be
covered by an atlas of isothermal coordinates. Let z = x + iy be an isothermal
coordinate, X = ∂x and Y = ∂y. Define a complex symmetric 3-form by

Φ = (C(X,X,X)− iC(X,X, Y ))dz3.

This form is globally well defined on M2. Since the Euler characteristic of M2 is
not zero, Φ must vanish somewhere. By the pointwise homogeneity it is identically
zero on M2. If M2 is not orientable, we can lift C and g to the double covering
space of M2. �

We can now finish the proof of Theorem 2.2.
By virtue of Lemma 2.6 we can apply Lemma 2.7 to C = ∇Ric and g = Ric.

Hence ∇ is the Levi-Civita connection for the metric tensor field Ric. The proof is
completed. �

An immediate consequence of Theorem 2.2 is the following.

Corollary 2.8. The only locally homogeneous connection on the sphere S2 is the
standard one.

We also have

Corollary 2.9. Let ∇ be a connection on a surface M2 of genus different from 1,
and let f : M2 → R3 be an affine immersion of ∇. If ∇ is curvature homogeneous
of order 1, then M2 is a topological sphere, f is an imbedding and f(M2) is an
ellipsoid.

Proof. Since ∇ is automatically torsion-free and consequently torsion-curvature
homogeneous of order 1, we can apply Theorem 2.2. By this theorem ∇ is the
Levi-Civita connection for the nondegenerate Ric. Using now the Cartan-Norden
theorem (see for instance [6]), we get that f is an isometric immersion relative to
some scalar product G (automatically definite because Ric is) on R3. Hence f is
an isometric immersion of a space of constant curvature into R3 equipped with G.
It is known that f is an imbedding of the sphere S2 as a round sphere relative to
G. Hence f(M2) is an ellipsoid. �

We shall now give an easily constructed class of locally homogeneous connections
on the torus of genus 1.

Example 2.10. Let X , Y be analytic nowhere vanishing tangent vector fields on
the circle S1. After trivially extending X , Y to the vector fields, say again X ,
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Y , tangent to the torus T 2 = S1 × S1, we obtain a global analytic frame on T 2.
Moreover, [X,Y ] = 0.

Let A, B, C, D, E, F be real numbers. Define a torsion-free connection ∇ on
T 2 as follows:

∇XX = AX +BY, ∇XY = CX +DY, ∇Y Y = EX + FY.

The connection is analytic, and covariant derivatives of its curvature tensor are
given by the same formulas everywhere on T 2. By Theorem 7.4 from [4], ∇ is
locally homogeneous.

A straightforward computation shows that the Ricci tensor of ∇ is symmetric
and ∇ is projectively flat.

Depending on the numbers A, B, C, D, E, F , the Ricci tensor of ∇ can have
rank 2 or 1 or 0. By the Gauss-Bonnet theorem, among the connections with
nondegenerate Ricci tensor there are no locally symmetric ones. On the torus,
however, there do exist nonflat locally symmetric connections. For instance, let
C = D = 0, EB 6= 0, and EB − AF = 0. Then the Ricci tensor of ∇ has rank
1, the connection is locally symmetric nonmetrizable, and, as we shall prove in the
next section, none of the connections can be globally realized on a surface in R3.
Recall that all locally symmetric connections on 2-dimensional manifolds can be
locally realized on various surfaces; see [7].

3.

We shall now study the realization problem for arbitrary locally homogeneous
connections on the torus.

Recall the definition of extrinsic completeness given in [11].

Definition 3.1. Let N be a manifold with a connection ∇̃, and let f : M → N be
an immersion. We say that f is extrinsically complete if the following condition is
fulfilled. Let γ : (a, b)→M be a curve, where b ∈ R, a ∈ R or a = −∞. If f ◦ γ is
a geodesic in N relative to ∇̃, then limt→b γ(t) exists in M .

We have

Proposition 3.2. Let f : M → N be an immersion and ∇̃ a complete connection
on N . If M is compact, then f is extrinsically complete.

Proof. Let γ : (a, b)→M , b ∈ R, be a curve such that f ◦ γ is a geodesic relative
to ∇̃. By the completeness of ∇̃ there exists z = limt→b(f ◦ γ)(t) in N .

For any sequence bn → b such that γ(bn) has a limit, say x in M , we have
f(x) = z. Suppose there are two sequences bn → b, cn → b, bn, cn ∈ (a, b), such
that γ(bn) → x, γ(cn) → y and x 6= y. Take a neighbourhood V of x such that f
is an injection on V and almost all γ(cn) are outside V . Then im γ ∩ V consists
of infinitely many slices of im γ, and one sees that there exist points other than x
that are limits of γ(dn) ∈ V for some dn → b, dn ∈ (a, b). This contradicts the
injectivity of f in V . The proof is completed. �

Proposition 3.3. Let D be a 1-dimensional distribution on the torus T 2, and let
f : T 2 → R3 be an immersion. There is no plane field in R3 along f transversal
to f∗(D) and constant along orbits of D.
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Proof. Assume that π is a plane field transversal to f∗(D) and constant along the
orbits of D. If D has a periodic orbit, say N , then N is a compact submanifold of
T 2. Let 〈 , 〉 be the standard scalar product in R3, and let e be a nonzero vector
perpendicular to π restricted to N . Consider the function

(3.1) ψ : x→ 〈f(x), e〉 ∈ R

defined along N . The function attains an extremum at some point, say x ∈ N .
Then 〈f∗(X), e〉 = 0 for every X ∈ TxN = Dx. This means that f∗(Dx) ⊂ πx,
which contradicts the transversality of π to f∗(D).

If D has no periodic orbit, then the orbits of D are dense in T 2, Consequently π
is constant on T 2. Consider the function given by (3.1) defined along T 2, where e
is a nonzero vector perpendicular to the constant plane π. At a point x ∈ T 2 where
the function attains an extremum, we have f∗(TxT 2) = πx. This contradiction
completes the proof. �

We can now prove the main result of this section.

Theorem 3.4. Let ∇ be a nonflat locally homogeneous connection on the torus T 2.
There is no global affine immersion of ∇ into the standard affine space R3.

Proof. Suppose f : T 2 → R3 is an affine immersion of ∇. Note first that, by
the Gauss equation and the nonflatness of ∇, the second fundamental form of f is
nowhere zero on T 2. It follows that there is a unique transversal bundle N inducing
the given ∇. Since T 2 is orientable, there is a global nowhere vanishing section, say
ξ, of N . We shall use the notation introduced in Section 1.

Set M1 = {rkh = 1} and M2 = {rkh = 2}. The curvature rank of ∇ is constant
on T 2. If the curvature rank is 2, then the distribution kerR is 0-dimensional. By
formula (1.8), kerh is also 0-dimensional. This is impossible for any immersion of
the torus into R3.

From now on we assume that the curvature rank of ∇ is 1. By virtue of Theorem
3.4, we know that the Ricci tensor of ∇ is symmetric. Hence kerR = imR on
T 2. Denote the 1-dimensional distribution by D. Since T 2 is compact, the set
U of points where h is definite is nonempty. On this set the shape operator S is
diagonalizable and, by (1.7) and the nondegeneracy of h on U , rkS = 1. Hence we
have an almost product structure (imS, kerS) on U . For each x ∈ U there is a
coordinate system (u, v) around x such that X = ∂u spans imS and Y = ∂v spans
kerS. The second Codazzi equation (1.5) yields ∇Y SX = τ(Y )SX . Combining
this with the fact that SX 6= 0 and the local homogeneity of ∇, we see that ∇ has
the property

(*)For each x ∈ T 2 there is a vector field Y defined around x and transversal to
D such that ∇YX ∈ D for every X ∈ D.

Assume first that the distribution D is not totally geodesic (automatically on
the whole T 2). On the set intM1 the distribution kerh is totally geodesic; this
follows from the first Codazzi equation. On the other hand, kerh = kerR on M1.
Therefore intM1 = ∅. Since rkS = 1 on M2 and M2 is dense in T 2, the shape
operator S has rank 1 everywhere on T 2. By (1.7) we have imS = imR on T 2.
The property (*) defines a 1-dimensional distribution, say D̃, on T 2 determined by
Y . Indeed, let Ỹ be another vector field transversal to D and such that ∇ỸX ∈ D
for every section X of D. Let X be a nowhere vanishing section of D on some open
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set V and Ỹ = αX + βY . Then ∇ỸX = α∇XX + β∇YX . Using the assumption
that D is not totally geodesic, we obtain that α = 0.

Now define

(3.2) π = f∗(D) +N
where π is a plane field transversal to f∗(D̃). Observe that π is parallel relative to
∇̃ along the orbits of D̃. This easily follows from formulas (1.1), (1.2), the equality
imR = imS and the property (*). This contradicts Proposition 3.3.

Assume now that D is totally geodesic. Combining this with (*), we have that
D is ∇-parallel on T 2. The shape operator S might have different rank at different
points of T 2. Observe that S(D) ⊂ D (this is obvious on M2). On M1 we have
kerh = kerR = D. If 0 6= X ∈ kerR and Z is linearly independent of X , then
R(X,Z)Z 6= 0, and by the Gauss equation we get

imR 3 R(X,Z)Z = h(Z,Z)SX.

Thus SX ∈ D. We now consider the same plane field π as in the previous case, i.e.,
π is given by (3.2). By using formulas (1.1), (1.2) and the facts that S(D) ⊂ D and
D is totally geodesic, one sees that the field π is constant along orbits of D. Using
the same formulas, the parallelism of D and the equality imR = imS on M2, we
get that π is constant on each connected component of M2.

We shall now show that π is locally constant on T 2. Let x ∈ M1, and let γ(t),
t ∈ [0, b), b ∈ R or b = ∞, γ(0) = x, be a maximal geodesic in the direction of D.
Suppose im γ ⊂ M1. Since D is totally geodesic, γ′(t) ∈ D for every t. For each
x ∈M1 we have Dx = kerhx. Therefore, using formula (1.1), we see that f ◦ γ is a
geodesic relative to ∇̃ in R3. Since f(T 2) is compact, b ∈ R. By Proposition 3.2,
f is extrinsically complete, and consequently γ(t) has a limit in T 2 for t→ b. But
this means that γ can be extended as a geodesic beyond b, i.e., γ is not maximal.
Hence im γ must contain a point from M2. Let y = γ(c) ∈M2.

Around any x ∈ T 2 there is a coordinate system (u, v) on a neighbourhood W
of x:

W = {(u, v); a1 < u < a2, b1 < v < b2},
such that ∂u spans D. Such a neighbourhood W will be called D-adapted. By
a D-adapted subneighbourhood of W we shall mean W ′ ⊂ W described in the
coordinate system (u, v) by {(a1, a2)× (b′1, b

′
2)} where (b′1, b

′
2) ⊂ (b1, b2).

Cover im γ = γ([0, c]) by a finite number of D-adapted neighbourhoods W1, ...,
Wk of points in im γ. Assume that y ∈ W1, W1 ⊂M2, Wi ∩ im γ is connected, and
Wi∩Wi−1 (i > 1) contains a piece of im γ. Since π is constant on W1 and constant
along the orbits of D, there is a D-adapted subneighbourhood W ′2 of W2 on which
π is constant. Continuing in this way we obtain that there is a neighbourhood of
x on which π is constant. Hence π is constant on T 2. Let e be a nonzero vector of
R3 perpendicular to π. At a point x where the function given by (3.1) attains an
extremum we have f∗(TxT 2) = πx. This contradicts the definition of π. The proof
is completed. �
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