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FIRST COUNTABLE EXTENSIONS OF REGULAR SPACES

PETR SIMON AND GINO TIRONI

(Communicated by Alan Dow)

Abstract. We investigate feebly compact extensions of first countable reg-

ular locally feebly compact spaces. Solutions of problems posed by R. M.
Stephenson, Jr. and G. M. Reed are given.

0. Introduction

Recall a few notions. A space X is feebly compact if every locally finite collection
of nonempty open sets is finite. A space X is pseudocompact if it is completely
regular and every real-valued continuous function defined on X is bounded. It is
well known that feeble compactness and pseudocompactness differ in the class of
regular spaces and coincide in the class of Tychonoff spaces. An extension of a
space X is a space Y containing (a homeomorphic copy of) the space X as a dense
subspace.

Our research was motivated by a problem posed by R. M. Stephenson, Jr.:
Does every locally feebly compact, first countable regular space have a feebly com-

pact first countable regular extension? [S, Question 23].
There are a vast number of problems, the nature of which is closely related to

the just mentioned sample. A good survey on this subject may be found in the
introductory part of S. Watson’s paper [W].

The main goal of the present paper is to introduce a technique that allows us to
deal with problems of this sort. Then we show that

Every locally feebly compact regular space X can be embedded as a dense open
subspace in a feebly compact regular space Y that is first countable at every point
from Y \X .

Every separable, locally feebly compact Moore space embeds as an open dense
set in a feebly compact Moore space.

Every locally pseudocompact, separable Moore space embeds as an open dense
set in a pseudocompact Moore space.

There is a Moore connected pseudocompact space without a dense relatively
countably compact subset.
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2784 PETR SIMON AND GINO TIRONI

The first two theorems answer Stephenson’s questions 23 and 25 from [S] and
significantly strengthen [T, Theorem 2.2]. The third theorem answers Reed’s ques-
tions 4.(7) from [R2] and 5.2 from [R3]. This theorem was announced by P. Nyikos
in 1991. During the long subsequent period of eleven years, he has not published
any paper with a proof of it. Therefore we believe that our third theorem is also
new. The last theorem improves S. Watson’s result [W, Theorem 3.1] in three di-
rections. “First countable” is replaced by “Moore”, CH is replaced by ZFC, and
the complete regularity is proved.

The research resulting in this paper was done when the first named author was a
guest of the Department of Mathematics at the University of Trieste, with welcome
support provided by G.N.A.M.P.A. of I.N.d.A.M. He wishes to express his sincere
thanks to all members of the department for their hospitality.

1. General setting

The notation used in this paper follows the common standard. We use the
topological terminology from Engelking’s book [E]. That in particular means that
regular spaces are always T1. If X is a topological space, Open+(X) denotes the
set of all nonempty open subsets of X .

If φ is a property of topological spaces, we shall say that a space X is locally
φ, if every point has a neighborhood having φ. If M ⊆ X , then we say that M is
relatively φ, if the subspace M is φ.

As we can see later, whenever Y is an extension of X , then the points of Y \X
will belong to PPP(X), despite the fact that PP(X) suffices. The only reason for
that is notational convenience.

Throughout the rest of the paper, all spaces are assumed to be regular.
Suppose X is a regular space that is not feebly compact. Denote by D(X) a set

of some countably infinite discrete collections of nonempty open subsets of X , in
symbols, D(X) ⊆ {G ∈ [Open+(X)]ω : G is discrete}.

We shall introduce five relations on D(X).
• For F,G ∈ D(X), we shall say that F is essentially contained in G, and write

F ⊆ess G, if there are a cofinite F ′ ⊆ F and an injection ϕ : F ′ −→ G satisfying
(∀U ∈ F ′)U ⊆ ϕ(U).
• For F,G ∈ D(X), we shall say that F is strictly essentially contained in G,

and write F ⊂ess G, if there are a cofinite F ′ ⊆ F and an injection ϕ : F ′ −→ G
satisfying (∀U ∈ F ′)U ⊆ ϕ(U).
• For F,G ∈ D(X), we shall say that F is essentially equal to G, in symbols

F =ess G, if the symmetric difference (F \G) ∪ (G \ F ) is finite.
• For F,G ∈ D(X), we shall say that F is essentially disjoint from G, and write

F ⊥ G, if the set {U ∈ F : U ∩
⋃
G 6= ∅} is finite.

• For F,G ∈ D(X), we shall say that F is essentially compatible with G, and
write F ‖ G, if F ⊥ G does not hold.

Our first statement summarizes trivialities, and its proof is left to the reader.

Observation 1.1.
(i) Both ⊆ess and ⊂ess are transitive and reflexive relations on D(X).
(ii) If F,G ∈ D(X) and F ⊂ess G, then F ⊆ess G.
(iii) If F,G ∈ D(X) are such that F ⊆ess G and G ⊆ess F , then F =ess G.
(iv) If F,G ∈ D(X) are such that F ⊂ess G and G ⊂ess F , then F =ess G and

all sets in F ∩G are clopen.
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Recall that a filter on a quasi-order (P,≤) is a family f ⊆ P satisfying the
following:

• f 6= ∅;
• if F ∈ f , G ∈ P and F ≤ G, then G ∈ f ;
• if F,G ∈ f , then there is some H ∈ f with H ≤ F , H ≤ G.

A filter f is called an ultrafilter, if no proper g ⊃ f is a filter.1 Denote by Ult(P,≤)
the family of all ultrafilters on (P,≤).

Example 1. Let X be the discrete space ω, and let A be a maximal almost
disjoint family on ω. Let D(X) be the collection {F (A) : A ∈ A}, where F (A) =
{{n} : n ∈ A}. Then (D(X),⊆ess) is a discrete quasiorder, i.e., no two members
are comparable. Therefore every ultrafilter on (D(X),⊆ess) is just a singleton set
{F (A)} for some A ∈ A, and Ult(D(X)) = {{F (A)} : A ∈ A}.

Definition 1.2. Suppose X is a regular space and D(X) is as above. Let us define
a space Ψ(D(X),⊆ess) as follows. The underlying set is a disjoint union of X and
Ult(D(X),⊆ess). The topology is described by means of neighborhood bases:
• X is an open subspace of Ψ(D(X),⊆ess).
For F ∈ D(X), denote by F̂ the set {f ∈ Ult(D(X),⊆ess) : F ∈ f}.
• For f ∈ Ult(D(X),⊆ess), F ∈ f and K ∈ [F ]<ω, let O(f, F,K) be the set

F̂ ∪
⋃
F \

⋃
K. The family {O(f, F,K) : F ∈ f,K ∈ [F ]<ω} is a local base at f .

At this moment, we cannot say anything interesting about Ψ(D(X),⊆ess) except
for two vital facts.

Lemma 1.3. Ψ(D(X),⊆ess) is a topological space.

Proof. Any set open in X is open also in Ψ(D(X),⊆ess). Let f ∈ Ult(D(X),⊆ess)
and consider the set O(f, F,K). If x ∈ X , x ∈ O(f, F,K), then x ∈

⋃
F \

⋃
K,

which is an open neighborhood of x in X and consequently also in Ψ(D(X),⊆ess). If
f ′ ∈ O(f, F,K), then F ∈ f ′ and so O(f ′, F,K) = O(f, F,K). So the neighborhood
O(f, F,K) of a point f ∈ Ult(D(X),⊆ess) is already open in Ψ(D(X),⊆ess). �
Lemma 1.4. If f ∈ Ψ(D(X),⊆ess) \ X and x ∈ X, then x and f have disjoint
open neighborhoods.

Proof. Let F ∈ D(X) be such that f ∈ F̂ . The family F is discrete in X . So there
is an open neighborhood W of x for which there is at most one member, say U ∈ F ,
with W ∩ U nonempty. The sets W and O(f, F, {U}) are disjoint. �

Consider X and D(X) from Example 1. The reader should immediately see that
in this special case, the space Ψ(D(X),⊆ess) is nothing else than the familiar space
Ψ(A) from [GJ, Ex. 5I]. This explains and perhaps even justifies our notation.

From now on, we will gradually impose some restrictions on the general situation
in order to be able to prove more. Also, we will write simply D(X) instead of
(D(X),⊆ess).

Lemma 1.5. Suppose D(X) is such that for distinct f, g ∈ Ult(D(X)) there are
F ∈ f and G ∈ g such that either F ⊥ G or G ⊥ F . Then the space Ψ(D(X)) is
Hausdorff.

1Notice that in the special case when (P,≥) is a tree, filters coincide with chains and ultrafilters
with branches. This will be the case in the next paragraph.
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Proof. Consider f 6= g, both belonging to Ψ(D(X)) \X . Choose F ∈ f and G ∈ g
so that F ⊥ G. Then {U ∈ F : U ∩

⋃
G 6= ∅} is a finite subset of F ; denote it

by K. Now it is clear that O(f, F,K) and O(g,G, ∅) are disjoint neighborhoods
separating f from g. This, together with Lemma 1.4 and the fact that X is regular,
shows that Ψ(D(X)) is Hausdorff, and similarly if G ⊥ F . �

The relations ⊥ and ‖ are not, in general, symmetric. However, a careful choice
of D(X) may help, as shown below. We omit the easy proof.

Lemma 1.6. Suppose that every member of D(X) consists of relatively feebly com-
pact open sets. Then ⊥ and ‖ are symmetric relations.

Our next observations concern regularity.

Lemma 1.7. Let V be a relatively feebly compact neighborhood of a point x ∈ X.
Then there is a neighborhood W of x such that W ⊆ V in Ψ(D(X)).

Proof. The spaceX is regular. So there is a neighborhoodW of x such that W ⊆ V .
It is enough to show that W is a closed set also in Ψ(D(X)). Pick an arbitrary
f ∈ Ψ(D(X)) \X and an arbitrary F ∈ f . Then the set K = {U ∈ F : U ∩ V 6= ∅}
is finite, since V is relatively feebly compact and F is discrete. Consequently
O(f, F,K) is a neighborhood of f disjoint with W . �

Example 2. The assumption that X is locally feebly compact at x is essential.
To see this, consider a standard example, the Fréchet-Urysohn fan Sω, the quotient
space of (ω+ 1)×ω with all points 〈ω, n〉 identified to a single point∞. Let D(Sω)
consist of all discrete families that have their unions closed in Sω. Then the closed
set Ψ(D(Sω)) \ Sω and the point ∞ cannot be separated.

Lemma 1.8. Suppose D(X) has the following two properties:

(a) for every f ∈ Ult(D(X)) and every F ∈ f there is some G ∈ f with
G ⊂ess F ;

(b) for every G ∈ D(X), Ĝ ∪
⋃
{Ĥ : H ∈ D(X), H ⊥ G} = Ult(D(X)).

Then the space Ψ(D(X)) is regular at each f /∈ X.

Proof. Let f ∈ Ult(D(X)), F ∈ f and a finite K ⊆ F be arbitrary. Choose G ∈ f
such that G ⊂ess F ; this is possible by (a). We have a cofinite G′ ⊆ G and an
injection ϕ : G′ −→ F with V ⊆ ϕ(V ) whenever V ∈ G′. Let G′′ = G′ \ ϕ−1[K].
Since G′ is cofinite, K finite and ϕ an injection, the set G′′ is a cofinite subset of
G as well. By the choice of G′′, we have O(f,G,G \G′′) ⊆ O(f, F,K).

Suppose that a point x ∈ X belongs to
⋃
G′′. The family G is discrete. So there

is a unique V ∈ G′′ with x ∈ V . Having V ⊆ ϕ(V ) ∈ F \K, we have x ∈ O(f, F,K).
Suppose that a point f ′ ∈ Ult(D(X)) belongs to O(f,G,G \G′′). Then (b) im-

plies that G ∈ f ′. So O(f ′, G,G \ G′′) is a neighborhood of f ′ and
then f ′ ∈ O(f, F,K). The proof is complete. �

2. Feebly compact extensions

Stephenson’s question will be answered in Theorem 2.3 below. But first we prove
a lemma that will again reduce the general situation from the previous section to
a yet more special case.
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Definition 2.1. Let X be a topological space, and let G ⊆ PP(X) be a family
such that each member of G is a countably infinite discrete collection consisting of
open nonvoid sets. We shall say that G is dense if the following holds: For each
discrete F ∈ [Open+(X)]ω there is some G ∈ G with G ⊆ess F .

Lemma 2.2. Suppose that X is a locally feebly compact regular space, and that
G is a dense collection consisting of infinite discrete families with open relatively
feebly compact elements. Then for each maximal essentially disjoint family A ⊆ G
there exists a maximal essentially disjoint family B ⊆ G such that for every A ∈ A
and B ∈ B, either A ⊥ B or B ⊂ess A.

Proof. For each A ∈ A, let B(A) be a family that is maximal with respect to
(i) B(A) ⊆ G;
(ii) if B ∈ B(A), then B ⊂ess A;
(iii) if B,B′ ∈ B(A) are distinct, then B ⊥ B′.
Put B =

⋃
{B(A) : A ∈ A}. Then B is as required: Obviously B ⊆ G, and if

A ∈ A and B ∈ B, then either B ∈ B(A), in which case B ⊂ess A, or B ∈ B(A′)
for some A′ ∈ A, A′ 6= A. But then A ⊥ A′ and B ⊂ess A′; hence B ⊥ A. This
observation together with (iii) gives that the family B is essentially disjoint.

It remains to prove the maximality of B. Let F be an arbitrary infinite discrete
family of open sets. Since X is locally feebly compact, we may assume that F ∈ G.
By the maximality of A, there is some A ∈ A with F ‖ A. Since both A and F
consist of open relatively feebly compact sets and F ‖ A, an easy induction will
produce an infinite subset F ′ ⊆ F and an injection ϕ : F ′ −→ A such that for
each U ∈ F ′, U ∩ ϕ(U) 6= ∅. For every U in F ′ choose an open set VU satisfying
VU ⊆ U ∩ ϕ(U). For the family H = {VU : U ∈ F ′} we have H ∈ G and H ⊂ess A.
Since B(A) is a maximal family satisfying (i), (ii) and (iii), there must be some
B ∈ B(A) with B ‖ H . For this B we also have B ‖ F , which shows the maximality
of B and concludes the proof of the lemma. �

Theorem 2.3. Every locally feebly compact regular space X can be embedded as a
dense open subspace in a feebly compact regular space Y that is first countable at
every point from Y \X.

Proof. Denote by G the collection of all countably infinite discrete families consist-
ing of open relatively feebly compact sets. The family G is dense, because X is
locally feebly compact.

Let A0 be an arbitrary maximal essentially disjoint subfamily of G. Proceed by
an induction to ω. Once the family An is known, then An+1 will be the result of
an application of Lemma 2.2 to An.

Put D(X) =
⋃
{An : n ∈ ω} and Y = Ψ(D(X)). Observe that D(X) has a very

simple structure: Whenever F,G are distinct members of D(X), then either F ⊥ G
or F ⊂ess G or G ⊂ess F . So every ultrafilter on D(X) is just an ⊂ess-decreasing
collection {Fn : n ∈ ω} with Fn ∈ An.

The space X is an open subspace of Y by the definition of Ψ(D(X)), and the
space Y is Hausdorff by 1.5 and regular by 1.7 and 1.8 (to check (b) from 1.8,
observe that

⋃
{F̂ : F ∈ An} = Ult(D(X)) for every n ∈ ω).

The space Y is feebly compact. Suppose not: let F be an infinite discrete
collection of open subsets of Y . Since X is a dense open subset of Y and since G
is dense, we may and shall assume that F ∈ G. By the maximality of A0, there is
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some A0 ∈ A0 such that A0 and F are not essentially disjoint. Arguing exactly the
same way as in the proof of Lemma 2.2, we can find A1 ∈ A1, A1 ‖ F . Proceeding
further, we get a sequence g = {An : n ∈ ω} such that for each n ∈ ω we have
An ∈ An, An+1 ⊂ess An, and An ‖ F . We already know that such a g belongs
to Ult(D(X)). The point g clearly witnesses that the family F is not discrete, a
contradiction.

The space Y is first countable in each point from Y \ X : Whenever f ∈
Ult(D(X)), f = {Fn : n ∈ ω}, then the open local basis {O(f, Fn,K) : n ∈ ω,
K ∈ [Fn]<ω} is obviously countable. �

The proof of Theorem 2.3 will serve as a model proof for the next three theorems.
We will only pinpoint the modifications necessary for the case in question. For
instance, we shall show now how to preserve the property of being Moore.

Theorem 2.4. Every separable, locally feebly compact Moore space embeds as an
open dense set in a feebly compact Moore space.

Proof. Denote by {qn : n ∈ ω} some countable dense subset of X . For each n ∈ ω,
choose an open relatively feebly compact neighborhood Wn of a point qn. Put
W =

⋃
n∈ωWn and Z = X \W .

The only modification of the proof of 2.3 will be a minor change of the starting
family G. Let G consist of all infinite discrete families with open relatively feebly
compact elements, such that whenever F ∈ G, then

⋃
F ⊆ W . Since W is open

dense in X , the family G is dense. Continue as in Theorem 2.3 then.
To see that Y is a Moore space, choose a development Ω = {On : n ∈ ω} for X .

Our task is to extend it into a development for Y .
Let n ∈ ω. Every set Wj is relatively feebly compact. So for every F ∈ D(X)

one must find a finite set Fn ⊆ F such that
⋃
F \

⋃
Fn is disjoint with

⋃
j≤nWj .

Put

Pn = On ∪
{⋂
{O(f, F, Fn) : F ∈ f ∩ Ai, i ≤ n} : f ∈ Ult(D(X))

}
.

We need to verify that {Pn : n ∈ ω} is a development for Y . Let y ∈ Y , and let
O be an open neighborhood of y. We need to consider three cases:
• y ∈ Z: Whenever F ∈ G, then

⋃
F ∩ Z = ∅. Consequently, no O(f, F,K) for

f ∈ Y \X contains y. Hence st(y,On) = st(y,Pn). Therefore there is some n with
st(y,Pn) ⊆ O, because Ω was a development for X .
• y ∈W : There is some i ∈ ω such that y ∈Wi, and there is also some k ∈ ω such

that st(y,Ok) ⊆ O. If n is greater than the maximum of i, k, then st(y,On) ⊆ O,
too, since On ⊆ Ok. However, if F ∈ D(X), then

⋃
F \

⋃
Fi is disjoint with Wi,

and henceforth y /∈ O(f, F, Fn) for any f ∈ F̂ . Thus st(y,Pn) = st(y,On) ⊆ O.
• y ∈ Y \ X : For each n ∈ ω, there is only one F ∈ An satisfying F ∈ y.

Therefore st(y,Pn) =
⋂
{O(y, F, Fn) : F ∈ y ∩ Ai, i ≤ n}. There are some H ∈ y

and a finite set H ′ ⊆ H such that y ∈ O(y,H,H ′) ⊆ O. For every U ∈ H ′ pick
some q(U) ∈ Q with q(U) ∈ U . Since H ′ is finite, there is some m ∈ ω such that
{q(U) : U ∈ H ′} ⊆ {qj : j ≤ m}. There is a unique k ∈ ω such that H ∈ Ak. If n
is bigger than both of m, k, then Hn ⊇ H ′. Now we have

st(y,Pn) =
⋂
{O(y, F, Fn) : F ∈ y ∩Ai, i ≤ n} ⊆ O(y,H,H ′) ⊆ O,

which completes the proof that {Pn : n ∈ ω} is a development for Y . �
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From Theorem 2.4, we immediately get

Corollary 2.5. Every separable, locally compact Moore space embeds as an open
dense set in a feebly compact Moore space.

On the other hand, T. Terada and J. Terasawa proved

Theorem 2.6 ([TT]). Every locally compact, first countable space embeds as a
dense set in a pseudocompact first countable space.

There is no hope to see why and how to get Moore space directly from Theorem
2.6, if the starting space was Moore. Therefore we must amalgamate complete
regularity to our proof of Theorem 2.4, if we want to show

Theorem 2.7. Every locally pseudocompact separable Moore space embeds as an
open dense set in a pseudocompact Moore space.

Proof. Let W and Z have the same meaning as in the proof of Theorem 2.4.
Let G consist of all countable discrete collections G such that every U ∈ G is

a cozero set with a pseudocompact closure contained in W . Since X is Tychonoff
and locally pseudocompact, it is easy to see that G is dense.

Let A0 be an arbitrary maximal essentially disjoint subfamily of G. Our effort
now is to find An’s carefully enough to get a sufficiently rich family of continuous
functions on the resulting Ψ(D(X)). With the notation from the proof of Lemma
2.2, we need to know how to pass from A ∈ An to B(A).

Let F ∈ G, and let ϕ : X −→ [0, 1] be a continuous mapping. We shall say that
ϕ is a label for F , if for every U ∈ F we have sup{ϕ(x) : x ∈ U} = 1 and if for
every x ∈ X we have ϕ(x) = 0 ⇐⇒ x /∈

⋃
F . Obviously, each F ∈ G has a label.

Fix for every F ⊂ess A some label ϕF and call the couple 〈F, ϕF 〉 a labeled pair.
Let 〈F, ϕF 〉 be a labeled pair and suppose that G ⊂ess F . For a real r ∈ [0, 1],

let us say that limG ϕF = r if

sup
{

inf{ϕF (x) : x ∈
⋃
G \

⋃
G′} : G′ ∈ [G]<ω

}
= inf

{
sup{ϕF (x) : x ∈

⋃
G \

⋃
G′} : G′ ∈ [G]<ω

}
= r.

Observe that if 〈F, ϕF 〉 is a labeled pair and G ⊆ess F , then there is some
H ⊂ess G such that limH ϕF exists. Observe also that if 〈F, ϕF 〉 is a labeled pair,
H ⊆ess G ⊆ess F and limG ϕF = r, then also limH ϕF = r. We may surely leave
these two easy exercises to the reader.

One notion more: Given two labeled pairs 〈F (0), ϕF (0)〉 and 〈F (1), ϕF (1)〉, call
them incompatible if for every G ∈ G that satisfies G ⊂ess F (0) and G ⊂ess F (1)
simultaneously, at least one from limG ϕF (0) and limG ϕF (1) exists and equals 0.

Suppose that 〈F (0), ϕF (0)〉 and 〈F (1), ϕF (1)〉 are two incompatible labeled pairs,
G(0) ⊆ess F (0), G(1) ⊆ess F (1) and both limits limG(0) ϕF (0), limG(1) ϕF (1) exist
and are positive. Then G(0) ⊥ G(1). Indeed, if not, then G(0) ‖ G(1) and there
is a discrete family of cozero sets, say H , satisfying H ⊂ess G(0) and H ⊂ess G(1).
Then H ⊂ess F (0) and H ⊂ess F (1), yet both limits limH ϕF (0) and limH ϕF (1) are
positive. But this contradicts the incompatibility of 〈F (0), ϕF (0)〉 and 〈F (1), ϕF (1)〉.

We are ready to continue the proof. Let A ∈ An. Fix a maximal pairwise
incompatible family C(A) such that for each 〈F, ϕF 〉 ∈ C(A), F ⊂ess A. For each
〈F, ϕF 〉 ∈ C(A), fix a maximal essentially disjoint family E(F ) such that for every
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G ∈ E(F ), G ⊂ess F and there exists a positive limit limG ϕF . Then let B(A) =⋃
{E(F ) : 〈F, ϕF 〉 ∈ C(A)} and An+1 =

⋃
{B(A) : A ∈ An}.

We need to verify that B(A) is a maximal essentially disjoint family of elements
satisfying (i), (ii) and (iii) from the proof of Lemma 2.2. Suppose to the contrary
that there is some G ∈ G satisfying (i), (ii) and (iii) from the proof of Lemma
2.2 and such that G ⊥ H whenever H ∈ B(A). Then G belongs to no E(F ) with
〈F, ϕF 〉 ∈ C(A). Fix 〈F, ϕF 〉 ∈ C(A) for a moment and consider the real r defined
by r = inf{sup{ϕF (x) : x ∈

⋃
G \

⋃
G′} : G′ ∈ [G]<ω}. If r > 0, then the

maximality of E(F ) implies the existence of some H ∈ E(F ) that is not essentially
disjoint with G. This, however, is impossible by the assumption G ⊥ H . So r = 0.
Since this holds for every 〈F, ϕF 〉 ∈ C(A), it is enough to equip G with some
label ϕG, and then the labeled pair 〈G,ϕG〉 witnesses that C(A) is not a maximal
pairwise incompatible family. We have achieved a contradiction. Thus every B(A)
is maximal, and consequently An+1 is, too.

As before, let D(X) =
⋃
n∈ω An. Aiming for the complete regularity of the space

Ψ(D(X)), let us show first that any mapping belonging to

{ϕF : (∃n ∈ ω)(∃A ∈ An) 〈F, ϕF 〉 ∈ C(A)}

continuously extends to Ψ(D(X)).
Choose n ∈ ω, A ∈ An and 〈F, ϕF 〉 ∈ C(A) arbitrarily. Next, fix an arbitrary

f ∈ Ult(D(X)) and denote by B the unique element of An that is a member of f .
We need to consider three cases:

(1) A 6= B. Then there is a finite family B′ ⊆ B such that
⋃
A∩(

⋃
B\
⋃
B′) = ∅,

because A ⊥ B. We also have F ⊂ess A. Since the mapping ϕF is a label for F ,
ϕF is constantly 0 outside

⋃
F , in particular, on

⋃
B \

⋃
B′. Define ψ(f) = 0,

ψ(x) = ϕF (x) for x ∈ X . Then ψ is a continuous mapping, defined on X ∪ {f},
that extends the mapping ϕF .
A = B. Let C ∈ An+1 ∩ f , and we have the remaining two cases:
(2) A = B and C /∈ E(F ). Then there is some 〈G,ϕG〉 ∈ C(A) such that

C ∈ E(G) and F , G are incompatible. According to our choice of E(G), the limit
limC ϕG exists and is equal to a positive real number.

From the incompatibility of 〈G,ϕG〉 with 〈F, ϕF 〉, either limC ϕF does not exist
or it is 0. But if limC ϕF does not exist, then there are some D ⊂ess C and a positive
real number r such that limD ϕF = r. Then the maximality of E(F ) implies that
the family D and hence also C is essentially compatible with some member from
E(F ), which contradicts the essential disjointness of An+1. Therefore limC ϕF = 0.

Define ψ(f) = 0, ψ(x) = ϕF (x) for x ∈ X in this case. Given a real ε > 0,
the equality inf{sup{ϕF (x) : x ∈

⋃
C \

⋃
C′} : C′ ∈ [C]<ω} = 0 yields a finite

C′ ⊆ C with sup{ϕF (x) : x ∈
⋃
C \

⋃
C′} < ε. Taking into account that ϕF ≥ 0

everywhere on X , this shows the continuity of ψ on X ∪ {f}.
(3) A = B and C ∈ E(F ). Then there is a positive real r with limC ϕF =

r. Define ψ(f) = r, ψ(x) = ϕF (x) for x ∈ X . If ε > 0, there is some finite
subfamily C′ ⊆ C such that sup{ϕF (x) : x ∈

⋃
C \

⋃
C′} < r + ε, and another

one C′′ ∈ [C]<ω such that inf{ϕF (x) : x ∈
⋃
C \

⋃
C′′} > r − ε. So for every

x ∈ O(f, C,C′ ∪ C′′) ∩ (X ∪ {f}) we have ψ(x) ∈ (r − ε, r + ε).
Since the mapping ϕF has a continuous extension on each subspace X∪{f}, f ∈

Ψ(D(X)) \X , there is a continuous extension of ϕF on the whole space Ψ(D(X)).
Let us use the symbol ϕF also for the extended mapping.
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To conclude the proof of the complete regularity, let f ∈ Ult(D(X)) and let
O(f,A,A′) be an open neighborhood of it, whereA ∈ An and A′ is a finite subfamily
of A. We have a unique C ∈ An+1 ∩ f . Then C ⊆ess A, and hence there is some
F ⊆ess A, 〈F, ϕF 〉 ∈ C(A), such that C ∈ E(F ). Consider the mapping ϕF . We
already know from case (3) above that ϕF (f) = r > 0. By case (1) of our previous
discussion, if g ∈ B̂ for B ∈ An, B 6= A, then ϕF (g) = 0. Also, F ⊆ess A and
ϕF (x) = 0 for all x ∈ X \

⋃
F . So ϕF is a continuous mapping with a positive value

in f and zero outside O(f,A, ∅). Since A is a discrete collection in X and
⋃
A′

is a relatively pseudocompact subset of X , the existence of a continuous mapping,
which is positive at f and zero outside O(f,A,A′), trivially follows. �

Recall that a topological space X is densely countably compact if X has a dense
subset D that is relatively countably compact in X , i.e., every infinite subset of D,
if not closed in D, is also not closed in X .

Our next theorem is a strengthening of [W, Theorem 3.1].

Theorem 2.8. There is a Moore, connected, pseudocompact Tychonoff space with-
out a dense relatively countably compact subset.

Proof. Our aim is to find the space in question as Ψ(D(R)). Apply Theorem 2.7 to
R. Then the resulting space is Moore, connected, pseudocompact and Tychonoff.

It turns out that the choice of the first maximal essentially disjoint family A0

can kill all possible candidates for a dense relatively countably compact subset. Let
us observe:

Pick an arbitrary F ∈ A0 and an arbitrary G ∈ A1. Then there is a cofinite
G′ ⊆ G such that

⋃
G′ ∩

⋃
U∈F bdU = ∅, because either G ⊂ess F or G ⊂ess F ′

with F ′ ∈ A0, F ′ ⊥ F . Therefore {bdU : U ∈ F} is a discrete family in Ψ(D(R)),
with all members nonempty, because the real line R is connected.

For every n ∈ ω, choose a pairwise disjoint family consisting of 2n closed non-
degenerate subintervals of an interval (n, n+ 1) and enumerate it as {Js : s ∈ n2}.
Next, let {Df : f ∈ ω2} be the list of all countable dense subsets of R.

For f ∈ ω2 and n ∈ ω, choose an open nonempty subinterval U(f, n) ⊆ Jf�n
with endpoints in Df . This is always possible, since Df is dense. Let A0 be an
arbitrary maximal essentially disjoint family, A0 ⊇ {{U(f, n) : n ∈ ω} : f ∈ ω2}.

It should be clear now that after such a start in the proof of Theorem 2.7, the
space Ψ(D(R)) cannot have a dense relatively countably compact subset. �

One remark should be added here. In Theorem 2.8, we meet with a case when
the remainder Ψ(D(R)) \ R with the subspace topology is homeomorphic to the
generalized Baire space cω. The Darboux property of continuous real functions
guarantees that.

We conclude the paper with a theorem, mentioned in [T] and attributed by I. J.
Tree to P. J. Nyikos. As it turned out after some e-mailing, the theorem still waits
for a publication.

Theorem 2.9 (P. J. Nyikos, unpublished). Let X be a Tychonoff locally pseudo-
compact Moore space. The following are equivalent: (i) X is separable, (ii) X can be
densely embedded in a pseudocompact Moore space, (iii) X can be densely embedded
in a feebly compact Moore space.

Proof. (i) implies (ii): Theorem 2.7. (ii) implies (iii): Trivial. (iii) implies (i): Let
Y be the feebly compact extension of X . The space X is locally pseudocompact,
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Y is first countable, X is dense in Y . So X is open in Y . By [R1, Theorem 6], Y
is separable. Thus X is separable. �
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