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ABSTRACT. Let (E,F, u) be a probability space, and P a symmetric linear con-
traction operator on L?(u) with P1 = 1 and 1Pl L2 ()4 (u) < oo. We prove

that 11P72, 1
spectral gap. Moreover, the optimal sufficient conditions are obtained, respec-
tively, for the defective log-Sobolev and for the defective Poincaré inequality
to imply the existence of a spectral gap. Finally, we construct a symmetric,
hyperbounded, ergodic contraction Cp-semigroup without a spectral gap.

< 2 is the optimal sufficient condition for P to have a

1. INTRODUCTION

Let (E,F,u) be a probability space, and P a symmetric contraction linear op-
erator on L?(u) with P1 = 1. Then the spectral radius of P is R(P) = 1. We say
that P has a spectral gap if

Ri(P) := sup{||Pfll L2 : n(f*) = 1,1(f) = 0} < L.
According to Simon and Hgegh-Krohn [15], P is called hyperbounded if
8(P) = 1Pl 22 (uy— Loy < 00

We consider the following question raised in [15]: does a hyperbounded operator
possess a spectral gap?

It turns out that the answer is NO for nonergodic positive definite operators.
Recall that P is called positive definite if u(fPf) > 0 for all f € L?(u), and is
called ergodic if (see [20])

lim —>"P¥f=u(f), [feL(u);
k=1

here and in the sequel the limit is taken in L?(u). Let H := {f : Pf = f}, and let
7 : L?(n) — H be the orthogonal projection. For positive definite P it follows from
the spectral theorem that

1—

lim P"f =7f+ lim NAEN(f) =7f, f€L*(p),
n—oo 0

n—00
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where {Ej : XA € [0,1]} is the resolution of the identity of P. Therefore, it is easy
to see that the ergodicity is equivalent to each of the following two statements (we
write f = g if these two functions are equal p-a.e.):

(a) for any f € L2(u), P"f — p(f) as n— oo;

(b) for any f € L*(u), if Pf = f, then f is constant.

Obviously, (a) and hence the ergodicity implies the positivity-improving property
(or the p-essential irreducibility [11} [18]):

(c) for any A, B with u(A)u(B) > 0, there exists n > 1 such that p(14P"1p) > 0.
Conversely, if P is positive (or positivity-preserving), i.e., Pf > 0 for all f > 0, then
(c) implies (b) and hence is equivalent to the ergodicity. Indeed, for Pf = f with
wu(f) =0, one has Pf* > (Pf)* = f+, where f* := f V0. But u(Pf*) = u(f"),
and so one has Pft = f*. Thus, for any n > 1 and any € > 0,

0=pn(fTf)=p(f P f1) > u(lip-sa P gpr5ey).

By (c) one has u(f~ > e)u(f™ > ) =0 for all € > 0. Hence, either u(f*) =0 or
u(f~) = 0. But u(f) = 0 implies u(f~) = u(f*), and one concludes that f = 0.
Therefore, (c) implies (b).

Let us recall some progress concerning this question. In the context of a sym-
metric contraction Cp-semigroup (P;)¢>o with P;1 = 1, the Rothaus-Simon mass
gap theorem says that the hypercontractivity (i.e., there exists ¢ > 0 such that
§(P;) = 1) implies the existence of a spectral gap; see [13| [14] and also [8]. More
precisely, if §(Pr) = 1, then (see e.g. [4] Lemma 6.1.5])

Ry(P) <37 WT2 >,

where [r] := sup{n € Z : n < r}. According to [12, Theorem 2.3|, this implies the
following lower bound estimate for the spectral gap of the generator (L, D(L)):
log 3

2T

(L1)  gap(L) == inf{—p(fLf) : € D), u(f?) = L, u(f) = 0} >

Therefore, 6(Pr) = 1 implies Ry (FP;) < 3=t/(2T) for all ¢ > 0.
Next, in 1998, Aida [I] proved that gap(L) > 0 provided there is ¢ > 0 such that
P, is hyperbounded and is uniformly positivity-improving (Kusuoka [L0]):

inf{u(1aP:1p) : p(A),u(B) >} >0, e>0.

Obviously, the uniformly positivity-improving property is stronger than the ergod-
icity. In 2000, Wu [I8] introduced the notion of uniform integrability for linear
operators and studied the above question for ergodic, uniformly integrable, posi-
tive operators (see [I8] Problem 3.10]). Moreover, Aida’s above-mentioned result
was generalized or extended in [9, [6] for general positive operators. Very recently,
the essential spectral radius of Markov operators was estimated by Wu [19].

Our first observation in this note is that the hyperbound estimate 6(P) < 2 is
the minimal sufficient condition for the existence of a spectral gap.

Theorem 1.1. (1) If 6(P) < 2, then P has a spectral gap with
25(P 1/2
(1.2) Ri(P) < { (P) } < 1.
3y/25(P) —4,/6(P) — 1

(2) There exists a Markov operator P with 6(P) = 2 and Ry1(P) =1 (i.e., P does
not have a spectral gap).
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(3) If P is positive definite and & := 6(P) < 2, then |[P"||r2(y—r4(u) = 1 for all
r > rg, where

log {3+3(176 —8 —12,/20(0 — 1)) /16}
0 log (3 — 4v/0 — 1//20) =

Theorem [1] (1) generalizes [4, Lemma 5.5.11] where 6(P) = 1 is considered,
and the proof of 4l Lemma 5.5.11] does not work for §(P) > 1. Below is a direct
consequence of Theorem [T.1] in the context of contraction Cp-semigroups, which
improves the corresponding known result (see e.g. [4, Corollary 6.1.17]).

Corollary 1.2. Let (P;)i>0 be the symmetric contraction Cy-semigroup generated
by a negative definite selfadjoint operator (L,D(L)) on L*(u) with L1 = 0.
(1) If there exists t > 0 such that §(P;) < 2, then

L 26(F)

2 % 5 20(R,) — 4/0(P) — 1
(2) If P; is Markovian and the defective log-Sobolev inequality holds,
(1.4) p(f?log f2) < =Cru(fLf) + Coy  feD(L), u(f?) =1,
for some Cy > 0 and Cs € [0,10g2), then

(1.3) gap(L) >

2 I V/2eC2
— (0]
C1log3 & 3v2eC2 — 44/eC2 — 1

In particular, if [IF) holds for Cy = 0, then gap(L) > C%, as s well known.
(3) There exists an example such that ([IF]) holds for C1 = 0 and Cy = log2, but
gap(L) = 0.

Corollary [[2] shows that Cy < log2 is the optimal sufficient condition for the
defective log-Sobolev inequality (4) to imply gap(L) > 0. Below we present
the optimal sufficient condition for the defective Poincaré inequality to imply the
existence of a spectral gap.

(1.5) gap(L) > > 0.

Theorem 1.3. Let (L,D(L)) be the generator associated with a conservative
Dirichlet form (€, D(E)). If there exist C1 > 0 and Cy € [1,2) such that

(1.6) u(f?) < CIEf, )+ Cap(fI)?, [ € D(E),

then

1—4/Cy(Cy—1)/2
L) >

gap(L) > 2C,

On the other hand, there exists a conservative Dirichlet form such that (LA) holds
for Cy =2 but gap(L) = 0.

> 0.

Finally, a counterexample is constructed in the paper to show that even in the
ergodic case the hyperboundedness is insufficient for the existence of a spectral gap.
This example enables us to state the following result.

Theorem 1.4. There exist (E,F,u) and a symmetric, hyperbounded, ergodic con-
traction Cy-semigroup (P;)i>o0 on L*(u) without a spectral gap.
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We remark that Theorem [[L4 does not provide any negative answer to Wu’s
problem 3.10 in [18], since the operator constructed in the counterexample is not
positivity-preserving. Wu ([18, Example 1.8]) provided an example of a hyper-
bounded (but non-Cp) semigroup without a spectral gap.

2. ProoFs oF THEOREM [[.1] AND COROLLARY [I.2]

Proof of Theorem [L1l (1) For e € (0,1) and f € L?(u) with pu(f?) =1 and pu(f) =
0, let g := /e + /1 —cf. We assume that u((Pf)?) > 0; otherwise simply replace
J by —f. Since j(Pf) = pu(fP1) = u(f) = 0 and since u(Pf)) > p(PF)2)? it
follows that

6(P) = ||P||%2(;L)~L4(u) > pu((Pg)*)
=&+ (1—)u((Pf)") +6e(1 —e)u((Pf)?)
+4e¥ 2T —ep(Pf) + 4vE(1 — e)*2u((Pf)?)
> (1—e)p((Pf)*)? +6e(1 — e)u((Pf)?) + €.

Thus,

() < VIO ; f(f) "% k), wlf) = 0,u(f?) =L € (0,1).
Therefore,
(2.1) Ri(P)? <&(5(P)) := inf h(e).

e€(0,1)

It is easy to see that when §(P) = 1 one has

£(1) = lim V82 4+1—-3¢
75T1 1—¢ a

1
3
Next, for 1 < §(P) < 2, the minimum of h(e) over € € (0, 1) is reached at

(5(P)) := 8(P) — ;/25(13)(5(13) —1).

Indeed, one has (where “<=" means “is equivalent t0”)
WiEe)=0+= (1—c¢ (7
©) ( ) 8e2+4
<= 8¢+ 4(P) = 31/8c%2 4+ §(P)
<= 8¢% — 165(P)e + 95(P) — 6(P)? =0

8¢ S e
(P)_3)+ 82+ 6(P)—3¢=0

—c=0(P)— %\/165(P)2 —2(96(P) — 6(P)2) =: £(4(P)).

Thus, £(6(P)) = h(e(6(P))). It remains to calculate h(e(d)) for § > 1. Observing
that

8(5 - Z 2505 — 1))2 6 =85% 4+ 96(5 — 1) — 1261/20(0 — 1) + &
—85(6 — 1) — 126/26(3 — 1) + 90% = (35 —2/26(5 — 1))2,
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and noting that 3§ > 24/2§(6 — 1) for § > 1, one has

2600 — 1) B V26
2000 —1)—4(6—1) 3V20—4V/0—1
Therefore, (I.2)) follows from (2.TJ).
(2) Let E = {0,1}, u(0) = u(1) = § and P = I (the identity operator). Then
P does not have any spectral gap. Next, let f1(0) = —1 and f1(1) = 1. For any
f € L*(p) with u(f?) = 1, there exist c¢1,co € R such that ¢ + ¢3 = 1 and
f=c1+cofi. Then

n(PA*) = p(f*) = cf + ¢+ 6cic3 = (¢ + 63)* + 4cics

< sup {14+4r(l—r)} =2,
re(0,1)

with equality holding when ¢ = ¢3 = L. Thus, §(P) =

(3) For f € L?(u) with u(f?) =1, let fi=f- u(f) Let R denote the upper
bound of R;(P) given in (1), and simply denote 6 = §(P). One has R < 1, since
d < 2. Since P is positive definite, P" is well-defined for » > 1 and we have

p(P"f) = p(f) = 0. Hence

u(PT 1)) = ()t + 4u(f)u((PTF)?) + 6p(f)* (P F)?) + n((P"f)).
Noting that

(PP ) < (O (P H(Pr )
<ou(f2u((P ) + 2t (P Y, >0,

u((P"f)
p((PTf)Y) < ou((PT71f)%)? < GRM D p(f2)?
we obtain
(2:2) u((P7f)") < u(f)* +2R7 B+)u(f)*u(f2)+ 142/ R Vu(f2)?, ¢ > 0.
Letting
= %{\/9 +20R2r—4 4 S2RAr-8 4 R¥ T — 3},
we have

RT(3+1t) =R V(1 +2/t)

1
= §R2T{3 +ORY 4 4+ /9 + 26R2 1 1 52R4T*8} =: h(r).

It suffices to prove that h(rg) < 1. Indeed, if h(rg) < 1, then it follows from (Z2)
that

p((P)Y) < {p(f)? +u(f)) =1
for all f € L?(n) with p(f?) = 1.

Let s = 3§/(16R*); then ro = llogg(%? and

5 35 0
3425 —— >34 2~
T T Bror - T RRT 3R
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Moreover, R?™ = 3J1r8. Then
1 SR~ 2R~ §2R8 \'/?
h <1l<= 3 9 <1
(ro) < 6+2s{ +3+s+< +3+5+(3+s)2> }—

SR\ 2 2R~4  §2R8
28 — >
<:><3+ $—3 > >9 31 s +(3+S)2
66R~4(1 + s)
3+s

> 35R™%.

452+ 125 >

1252 4+ 253 + 18s
1+s

Since s? > 2s — 1, we have
125? + 25% + 185 > 125% + 25(2s — 1) + 185 = 165(1 + 5).
Therefore, h(rg) < 1 follows from the fact that

16s(1 4+ s)
1+s

=16s = 36R~*.
O

Proof of Corollary[LA (1) If §(P;) < 2 for some ¢ > 0, then by Theorem [Tl one
has

W(B)) < 20(P) Ce <l w(f)=0, w(f?)=1.

T 326(P) —4y/6(P) — 1

Thus, it follows from [16] Lemma 2.1] (see also [12] Lemma 2.2]) that

u((Po)?) < ul(P )2 tu(f) =/t <&ty sel0], wp(f) =0, u(f?) =1.

Since all three terms in the above formula are equal when s = 0, it follows that

Ou(fLS) = L p(Puf )0 < Hloger, fEDW), lf) =0, () =1

&M
Thus, we arrive at the Poincaré inequality

2t
o
oget

W) = ) <~ p(JLf), S € D(D),
and hence ([C3) holds.

(2) If (T4) holds, then by Gross’ theorem one has ||P||r2(,) 4y < €“2/4 for
t:= % log 3, see e.g. [2, Theorem 1.5]. Hence (LB follows from (I3)). Finally, let
E ={0,1} with p(0) = p(1) = 3. Let L = 0 (hence the corresponding form € = 0),
which does not have a spectral gap. We have, for any function f with u(f?) =1,

p(F2log £2) = S (£(0)*log £(0)% + f(1)?log f(1)?)

2
1
< = sup {rlogr+(2—r)log(2—r)} =log2.
2 r€(0,2]
Therefore, () holds for C; = 0 and Cy = log 2. O
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3. PROOF OF THEOREM [L[.3]

To prove Theorem [[.3] we need the following lemma, which is a dual version of
[17, Proposition 3.2] in the setting of infinite reference measures.

Lemma 3.1. Let (L, D(L)) be associated with a Dirichlet form (€, D(E)). Assume
that there are four constants ay, s, 51, B2 > 0 such that

(3.1 ulf?) S a&(f. )+ Bi{(sup £)° A (inf f)*},  feD(L), u(f)=0,

and
(3.2) u(f?) < m&(f, )+ Bap(|f)?,  f €D(E).
If 5102 < 2, then

gap(L) > 12—(047 ”16106;)/2 > 0.

Proof. Let f € D(&) with u(f) = 0 and pu(f?) = 1. For any r > 0, let r’ € [r, o0]
be such that either u((f A7)V (=r")) = 0 or u((f Ar")V (=r)) = 0. Indeed, if
u((f Ar)V (—r)) > 0, then there exists R’ € [r, oo] such that u((f A7)V (—r")) =0
(note that pu(f Ar) < 0 since p(f) = 0, while if u((f A7)V (—r)) <0, then there
exists ' € [r,o00] such that u((f A7)V (=r)) = 0). Without loss of generality,
assume that pu((f Ar) Vv (=r")) =0 for some ' > r. Let fr := (fAr)V (=r'). It
follows from (B.I) that

(3.3) p(f?) < an(fr, fr) + Brr®.

Next, one has

w(lf = 121) < B((1F = 1)) = (1] = g g15ey)
(34) < V>0 —ru(lfl > 1) < sup (s ) =

s€(0,r—1) r

Moreover, one has u((f +1')7) = p((f = 7)) = gu(|f — fo|), since u(f — fr) = 0.
Then it follows from (B2) and (B) that

(3.5)
wl(f = £)%) = uw((f =) P+ u((F+7)70)
<a{E((f—r)" (f =)+ E(F+7) 7 (f+7))) + %mf — £])?

< 02 {E(, 1) = EUfrr )} + 55

where, in the last step, we have used the fact that (see e.g. [6] Lemma 2.2])
E(fro fr) HEW(f =) (f =) )+ EWf +0) 7, (fF +0)7) S E )
Combining (3.3), (34) and (B.5), we obtain

L= pu(f?) < 2u(F7) +2u((f — f+)°)
Ba
1672

< 2(on Va)&(f, f) + 2617 +
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Letting r? = 1./B,/(281), we arrive at
£ f) > 1 —+/B1B2/2
’ - 2(041 \Y 042) ’
and hence the proof is finished. O

Proof of Theorem [[.3 Let f € L*(u) with p(f) = 0. Applying (L6) to f — inf f,
we obtain

u(f?) < CIE(S, f) + (C2 — 1)(inf f)*.
Similarly, the same holds for (sup f)? in place of (inf f)2. Thus,
(3:6) u(f?) < CL&(f. f) +(Co = 1){(sup f)* A (inf £)*}, [ € D(E), u(f) =0.

Then the first assertion follows from Lemma [3:1]

On the other hand, let E = {0,1} with (0) = p(1) = 3. Let L = 0 (hence the
corresponding form £ = 0), which does not have a spectral gap. We have, for any
function f,

n(f?) = %{f(o)2 + ()2} < S(FO)]+ [FMD? = 2u( )%
Hence (I:6)) holds for C; = 0 and Cy = 2. O

N | =

4. A COUNTEREXAMPLE: PROOF OF THEOREM [I_4]

Consider, for instance, Ey := {0,1} and
1

Let po(0) = po(1) = 3. Then Ly is selfadjoint in L?(po) with spectrum {0, —1},
where the nontrivial eigenfunction is given by w(0) = —1,u(1) = 1. Moreover, the

corresponding Markov semigroup is determined by

0 _
PO f = p(f) + e pulfuyu, >0, f e L2(u).
Now, let E = EY := {(¥p)n>1: Tn € Eo,n > 1} and let u = pf) be the product
measure. Consider the semigroup

po=1]P™, t=o,

n>1

where Pt(n) = Pt(o) acting on the n-th space. Therefore, P, is a symmetric Cy
Markov semigroup on L?(u) generated by

o0
L= L{
n=1

with domain D(L) containing all functions f € L?(p) such that Y oo, Lén) f con-

verges in L?(u), where L(()") stands for the operator L( acting on the n-th variable.
It is clear that the spectrum of L contains merely eigenvalues {0,—1,—2,---}, and
the multiplicity of each eigenvalue is infinite. Let H; denote the eigenspace w.r.t.
the eigenvalue —i. One has Hyp = R and

Hi = span{fy : fu(x) :=u(z,),z € E,n > 1}.
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Let m; : L?(uY) — "H; be the orthogonal projection, i > 1. Then the spectral
representation gives

Lf ==Y im(f), fe€DL).
=1

We now define a new selfadjoint operator on L?(1) via the spectral representation

(4.1) Lf==> im(f) Z w(ffa)fus  fE€DL),

i£1 n=1
where D(f/) contains all f € L?(u) such that the right-hand side of (@) makes
sense in L?(u). Let P, be the corresponding Cp-semigroup. It is clear that

(42) ptf:Ptfv fer_v
where Hi denotes the orthogonal complement of ;.

Proposition 4.1. P, is a hyperbounded, ergodic, symmetric contraction Cy-semi-
group without a spectral gap.

Proof. Since Lf, = —%fm n > 1, there is no spectral gap. Next, let f € L?(u)
be such that P, f = f for some ¢t > 0, and let f” be the orthogonal projection of f
onto Hi. We have > 07 (1 — e /™) u(ffn)fn = 0, and hence u(ff,) = 0 for all
n>1. Thus, f = f” and P.f = P,f = f. By the ergodicity of P;, the function f
has to be constant. Therefore, P, is ergodic.

It remains to prove the hyperboundedness of P,. For f € L?(u) with p(f?) <1
one has

(oo}
f:f,+f,/: chfn+f,/
n=1
for some sequence {c,} C R with Y7 ¢2 = u(f?) < 1, where f/ and f” denote,
respectively, the orthogonal projections of f onto H; and ;. Since p is the product
measure and since u(f,) = p(f2) =0and f2 = f* =1 for all n > 1, it follows from
Fatou’s lemma that

u(Pf)") < hmmf/ (ZC et/ g, )
<ZC + Z 2 Mad

m,n=1

(4.3)

On the other hand, since Pt( ) is hypercontractive, so is P, (see [M]). Hence there
exists t > 0 (independent of f) such that

(Pt = n(Pf")") < pl£7°)7.
Combining this with (£3), we arrive at
PP < 22{u((Pf)) + u((Bf)M)} < 2 u(f%) + n(f"*))? = 2 u(f2)2.
Therefore, P, is hyperbounded. O
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