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ABSTRACT. Let f be a Teichmiiller self-mapping of the unit disk A corre-
sponding to a holomorphic quadratic differential . If ¢ satisfies the growth
condition A(r, ) = ff\z\<r |pldzdy = O((1 — r)~%) (as r — 1), for any given
s > 0, then f is extremal, and for any given a € (0,1), there exists a subse-
quence {ny} of N such that

{ o(al/2"" 2) }
[/ lp(a/2"% 2)|dady

is a Hamilton sequence. In addition, it is shown that there exists ¢ with
bounded Bers norm such that the corresponding Teichmiiller mapping is not
extremal, which gives a negative answer to a conjecture by Huang in 1995.

1. INTRODUCTION

Let A be the unit disk {|z| < 1} in the complex plane C. Suppose g is a qua-
siconformal self-mapping of A. We denote by Q(g) the class of all quasiconformal
self-mappings of A that agree with g on the boundary dA. A quasiconformal
mapping fo € Q(g) is said to be an extremal mapping for the boundary values
corresponding to h = g|ga if it minimizes the maximal dilatations of Q(g), i.e.,

K[fo] = mf{K[f]: f € Qg)},

where K|[f] is the maximal dilatation of f.
A quasiconformal mapping f(z) of A is called a Teichmiiller mapping if f has
the complex dilatation of the form

Iz (2)

ARTE I
where ¢ # 0 is a holomorphic function in A and k is a constant. It is of interest to
know whether f is extremal or, in particular, uniquely extremal among Q(f).

Let B(A) = {¢ : holomorphic in A with the norm ¢ = [[, |p(z)|dzdy <
oo}. A necessary and sufficient condition that f is extremal is that [7] there exists

S
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a so-called Hamilton sequence, namely, a sequence {¢, € B(A): ||¢n|| = 1}, such
that

(1.2) lim //

For the convenience of subsequent dlscussmn7 we define

mlr,0) = o / " o(re) 6

27r

for any holomorphic function ¢ in A.

In this paper, we pay more attention to the problem: when does p¢ of a Teich-
miiller mapping f have a Hamilton sequence such as {¢(R,z2)/||¢(Rn2)||}, Rn €
(0,1), lim, o R, =1, and hence f is extremal?

The problem has been investigated by many authors including Reich and Strebel
[7, Hayman and Reich [}, Reich [6], Huang [2], Wu and Lai [8], and Yao [10].

For example, Reich and Strebel [7] proved

z)dzxdy = k.

Theorem A. If ¢(z) satisfies the growth condition
1
(13) m(raw):O(l_r)v r—1,

then the putative sequence ¢(Rz)/|l¢(Rz)|l, R T 1 is a Hamilton sequence of iy
and hence f is extremal. Moreover, the extremality of f is no longer implied if
O((1 —r)~1Y) is replaced by O((1 —r)~%), for any s > 1.

Furthermore, Hayman and Reich [I] proved that f is also uniquely extremal if
©(z) satisfies the growth condition (L.3)).

Up to the present, the best growth condition for extremality, due to Wu and
Lai [8], is as follows.

Theorem B. Suppose ©(z) satisfies the following growth condition:

1
(1.4) m(r, p) = o(ﬁ)7 r — 1 for any given s > 1.
—7r S
Then there exists a sequence {R,}, 0 < R, < 1, lim,_oo Ry, = 1, such that
p(Rn2)

{m} is a Hamilton sequence, and hence f is extremal.

In [3], Lai and Wu conjectured that (L4 is the best possible growth condition
for the extremality. But our Theorem[I] below says that their conjecture is not true
in the precise sense.

Theorem 1. Set A, ={z€ A:|z|<r <1},

2w
A(r, ) // z)|dxdy —/ tdt/ o(tei?)|dh.

Suppose @ satisfies the growth condition:
1
Then for any given a € (0,1), there exists a subsequence {ny} of N such that

¢(a1/2
{||<P((ll/2

(1.5) A(r, p) = O(

), 1 —1 for any given s > 0.

o )”} is a Hamilton sequence of uy and hence f is extremal.
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It is clear that (I.4) implies (LH), but the converse is not true, i.e., (LH)# (L4).
Let BQD(A) denote the Banach space consisting of all ¢ holomorphic in A with
the Bers norm

(1.6) lolla = sup I~ (2)¢(2)| < o0,

where p(z)|dz|* = (14‘]1;' 77 is the Poincaré metric on A.

In [2], Huang posed the following conjecture.

Extremal Conjecture. If o belongs to BQD(A), then every Teichmiller mapping
corresponding to ¢ is extremal.

As far as we know at present, any ¢ belonging to BQD(A) corresponds to an
extremal Teichmiiller mapping. There are even ¢ with unbounded Bers norms
corresponding to extremal Teichmiiller mappings (see an example in Section [2)). Tt
seems that the conjecture is true. However, our Theorem Rlgives a negative answer
to it.

Theorem 2. Let I' be the covering transformation group of a hyperbolic finite type
Riemann surface. Then for any ¢ in BQD(A,T)\{0}, the Teichmiiller mapping
corresponding to ¢ is not extremal, where BQD(A,T') = {p € BQD(A) : ¢(z) =
p(1(2)7?(2), for all v € T}.

2. PrROOF oF THEOREM [1]

Theorem [[]is an immediate corollary of the following theorem:

Theorem 3. Suppose there exists some a € (0,1) such that

1
(2.1) A( —;an,go) =0((1 —an)™®), as n — oo, for any given s > 0,
1/2"

where a, = a'/* . Then there exists a subsequence {ny} of N such that {¢(an, z)/
lp(an, )|} is @ Hamilton sequence and hence f is extremal.

Theorem [ indicates that a discrete growth condition (ZII) of ¢ is sufficient to
induce f extremal. Meanwhile, it also makes clear that a best possible growth
condition on ¢ for extremality can hardly be given.

The main idea of the proof of Theorem Bl comes from [§]. We need some prepa-
ration before proving it.

For % < t? <t <1, we write

A @@ o@D plt)dady o B(E) + ()
ﬁurp o) ST

(2.2)

where

M@—Awwxmw—/li<1“ﬂwwmm%

(2

= #(2) z) — p(z)]dx
0= [] {Eiet) - e dady

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2650 GUOWU YAO

Claim 1. m(o,¢’) = % fo% |’ (0e??)|df < RzLigzm(ap,R), where R = 1%
Actually, by the Cauchy formula

A 1 27 i(t+6)\ ,i(t—0)
g0/(9619) — _/ SO(Z)’LG de — E SD(RC = )e 5 dt,
211 J). =g (2 — 0e™) 27 J, (Re®t — p)
we obtain
1 [ Rm(R, o) Rm(R, )
2.3 < — : dt = .
(2:3) m(e,¢') < 27r/0 R?2 —2Rpcost + p? R2 — o2

14t

Claim 2. Set ((t) = [1 m(r,@)dr, n(t) = [,? H=2Rin(R )dR, e(t) = n(t) —
n(t?). Then we have

(2.4) a(t) = m((t),
(2.5) B(t)| < 4m[¢(t) = C(*),
(2.6) [y ()] < 4me(?).

Inequality () is obvious. Since |3(t)| < 25 ft2 rm(r, ¢)dr, we get (ZH). Using
Claim 1 and changing the order of integration, we find

(2.7

|7|<// (t2) — (=) dndy
2 T 0 t T R
§/ rdr/ a9 | |¢'(0e®)|do < 27rt/ dr/ Wm(R, v)do
tr tr Y

790
<
dr L 3R—1 BR-1)(1-R) m(R, ¢)dR 4”/ [+t, 1-R

<A4r

1+r
—47r/ / 1_ dR 4dr dr ————=dR
F14t-2R — 2R
T TR m(R, ¢)dR — 4w . =R m(R,p)dR

%
< dnf(t) — ()] = dme(t).
The second equality in ([Z7) comes from changing the order of the first two integrals.

Claim 3. Suppose (210) holds. Then there exists a subsequence {n} of N such that

(2.8) lim 20m) _ g
k—oo 1(ag,)
In fact, it is sufficient to show that lim a) — 1 holds. Otherwise, there

“=n—oo ( 2)
exists some constant ¢ > 1 such that n(a,) > cn(a?), for all n € N. Then we have
n(an) > c¢™(a), n € N. By virtue of lim,, o a, = 1, it is obvious that

1Og a log, ¢ ~ 1

~ ()" n — o,
log a, 1—a,

(2.9)  nlan) > "nla) = n(a)(
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where ¢ = n(a)(log 1)!°%2¢. However, (ZI) gives

1+an l1tan

n(an) < Qan/ ’ m(r, p)dr §4/ ’ rm(r, ¢)dr

1+a, 1 2 1+a,
0) — A5, 9)] < —A(

2 T 2

%)

ai:ZF%n_ﬁw’b“mygwns>a

This contradicts (229), proving our claim.

Claim 4. Suppose {a,, } is obtained from Claim 3. Let by, = a,,,. Then
e (br)

(2.10) ) =
ko ()
and
: by
(2.11) Jim CL’;Q _
(=)
Si 2 o Lk _ op2( Ltk
ince n(b7) < 2b7 f% m(r, o)dr = 207((—5%), we get
e(br) n(®z)  n(br) 2 1(br)
= —1] < 2b —1].
() e ey NS ey Y
By ([23), (210) is obtained. Notice that
1462
S ) to[
TI?K( 5 )_4@)]‘”f1§ g m(r, @)dr
1442 142
é/ 2 t(1—t)m(r,¢)dr§/ 2 t(1—t)m(r7¢)dr
12 1—r 1 1—r
1462 1442 2
=) e [ s
14t 1412
T 1+t—2 1+t -2
A e M e e
=¢e(t).

Set t = by,. By virtue of (2:10), we get (2.11).

Now, we complete the proof of Theorem[3. By Claim 2, it suffices to show that

(k) —C(0F)
(2.12) klglgo 7«}%) =0
and

Jm e on)
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In view of Claim 4, they can be deduced from

Clb) = C(B) _ ) —¢R) | <)
Ce) T (A C(+h)

2

and
c(b) _ e() G
Clbr) ~ (k) C(0F)

Thus, Theorem [3] follows.
In particular, if A(r,¢) = O(log? =) as r — 1 for some ¢ > 0, then ¢(2) is
associated with extremal Teichmiiller mappings.

Ezample. Let o(z) = %, q > 0. The function ¢ corresponds to extremal

Teichmiller mappings since

A(r, o) = /r tdt /27T lo(tei?)|do

= tdt %' %8 Tiem d0<27r10gq+1 !
1= tei®2 1

-T

= ﬁ), r — 1, for any given s > 0.
Here, we have chosen a suitable univalent branch for ¢ in A. Obviously, the Bers

norm ||¢]|a of ¢ is infinite, i.e., ¢ &€ BQD(A).

Remark. Note that e(t) = n(t) —n(t?) < n(t) —n(tP) for p > 2. The same reasoning
allows us to take a, = a'/?" in Theorem Bl So, the Hamilton sequence in Theorem
M can be replaced by {p(a'/?"*2)/||e(a/?™* 2)||} (p > 2).

Finally, we end this section with the following problemE

Problem. Let ¢ be holomorphic in A. If ¢ corresponds to an extremal Teichmiiller
mapping f, can we say that p1y has a Hamilton sequence such as {p(t,.2) /| ¢(tn2)] :
limy, oo tn =1, t, € (0,1)}7?

3. PROOF OF THEOREM

A Riemann surface M is said to be of finite analytic type (g,n) if and only if M
is obtained from a closed Riemann surface of finite genus g by deleting n points,
n € N. A surface of finite analytic type is hyperbolic if and only if the inequality

3g—34+n>0
holds.

First, we state a result by Mcmullen in [5]:

Theorem C. Let f : X — X' be a Teichmiiller mapping between Riemann surfaces
of hyperbolic finite type. Then the mapping f: A — A obtained by lifting f to the
universal covers of X and X' is not extremal among quasiconformal mappings with
the same boundary values (unless f is conformal).

L Added in proof. The problem has a negative answer for which the counterexample will be
given in [11].
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Let T' be the covering transformation group of a hyperbolic Riemann surface
X = AJT of finite type (g,n). Suppose f : A — A is a Teichmiiller mapping

with py = kl%’ where ¢ € BQD(A,T)\{0}. Then f induces a new covering

transformation group IV = fo To f’l which produces a new hyperbolic finite-
type Riemann surface X’ = A/I". Therefore, fcan be projected to a Teichmiiller
mapping f: A/T — A/T.

Recall that the Bers space BQD(X) is the space of all holomorphic quadratic
differentials ¢(z)dz? on X that are bounded in the following sense:

lllx = sup [¢(p)lo~" (p) < o0,
peX

where o(p) denotes the Poincaré metric density on X. It is well known that
BQD(X) is canonically identified with BQD(A,T"). From the Riemann-Roch The-
orem it readily follows that BQD(A,T') is a complex Banach space of 3¢ — 3+ n
dimensions. The results on harmonic maps ([4], [9]) also show that there is a proper
homeomorphism of BQD(X) onto the Teichmiiller space T'(X) of X. In the sense
of not distinguishing BQD(X) from BQD(A,T), we have ||¢||a = ||¢|lx-

Now, we can conclude that fis not extremal from Theorem [l This completes
the proof of Theorem [2

Combining Theorems [ and B it is not difficult to see that ¢ € BQD(A,T) has
the property:

Corollary. Let I' be the covering transformation group of a hyperbolic finite-type
Riemann surface. Suppose p(z) is in BQD(A,T)\{0}. Then

T A(’I“, 50)
(3:1) M g (11 = 1)

On the other hand, it is evident that A(r,¢) = O(:2=) (as r — 1) for all ¢ in
BQD(A).

=00, for any given s > 0.
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