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ABSTRACT. In this paper we obtain a simple, explicit integral form for the
moment generating function of the reciprocal of the random variable defined by
AEV) = fg exp(2Bs + 2vs)ds, where Bs, s > 0, is a one-dimensional Brownian
motion starting from 0. In case v = 1, the moment generating function has a
particularly simple form.

1. INTRODUCTION

Recently, many mathematicians have been interested in the distribution of inte-
grals of geometric Brownian motion, which arise in the field of mathematical finance
and are related to the average value option, an Asian option.

The stochastic process

t
(1.1) Ag'/) ::/ exp(2B; + 2vs)ds,
0

where Bg, s > 0, is a one-dimensional Brownian motion starting from 0, appears
in many areas involving geometric Brownian motions. This process has manifold
applications, ranging from the physics of random media to mathematical finance.
In mathematical finance, valuing the Asian options asks for as explicit an expression
as possible for a certain functional of the integral of geometric Brownian motion
over a finite time interval. Previous work on the moment generating function of
Ag'/) by Yor has produced an implicit formula which is difficult to use (see equation
(7.e) in [6]). Our formula for the moment generating function of the reciprocal of
Aﬁu) is easier to integrate or differentiate. We can obtain positive and negative
moments directly from the result.
Girsanov’s theorem lets us obtain, for any Borel function f: R, — R,

(12) E[(AL)] = Blf(Aexp(vB, — 57°1)],

where A; is the case v = 0.
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In [2] Bougerol obtained the joint distribution of ( fot eBsdW,, exp(By)) for t > 0
(where By is a real-valued Brownian motion starting from 0 and W; is an indepen-
dent R%valued Brownian motion starting from the origin), in terms of the semi-
group of the hyperbolic Brownian motion on Poincaré’s half-plane. An interesting
identity is also obtained in his paper:

(1.3) for any fixed t > 0, sinh(B;) = a4, in law,

where (v;,¢t > 0) is a one-dimensional Brownian motion starting at 0, and inde-
pendent of By, t > 0. Using this surprising identity, the integer moments of A; are
computed by Yor [6].

The integral form solution of the conditional expectation

1
(1.4) E| _
142 [ e2(Bsts)ds

|]:t]; tha

is computed by Goodman and Kim [4]. We invert the Laplace transform obtained
in Section 3 to derive the moment generating function of the reciprocal of A;, by
comparing a Laplace transform with the result in [4].

Main Theorem. For any 8 >0 and anyt > 0,

E[exp(—ﬁlm sinh? 3)] = f(t) fﬁoo e~ 5 V/sinh? r — sinh? 3 dr,
t 1,

where f(t) = te\/;Tt'

The paper is organized as follows. In the next section we derive the identity
which leads us to the Laplace transform for the reciprocal of A;. The expectation

f TIA(I) is in the following section. The moment generating function is then
SA¢
an immediate consequence. The positive moments of Agl) are provided in the last
section.

2. LAPLACE TRANSFORM OF THE MOMENT GENERATING FUNCTION
OF MINUS THE RECIPROCAL OF Agl)

Let
(2.1) M(u) :=Elexp(-—u)l,  u=0.
24,;
The Laplace transform of M (u) is given by
(2.2) M(s) = / M(u)e™**du, 5 >0,
0

and therefore by reversing the order of integration we have

° 1
M(s :E/ exp(————u)e *“du
) =L expl= el

1
2. =E[———
(23) [S+22g1>]
1 1
= -(1-E[——=]).
5 [1+23A§1>])
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We now define

' du
2 E[——exp(~ ——u)]
= eXp — u)l.
241 24

Using an identity for the Laplace transform of a derivative and (2:3), we obtain

N(s) = h N(u)e™*"du, s >0,
- b

=E———F—|.
[1+23A§1)}

3. EXPECTATION OF A CERTAIN FUNCTION OF A{"

As we remarked in the Introduction, we have the joint density of
(fot eBsdWy, exp(B;)) (Bougerol [2]). In the case that (W;,t > 0) is R%-valued
Brownian motion, this joint density is quite simple. For z € R? and z € R, the
joint density is given by
U 1 o2

sinhr (27t) 5

pt('zv ez) =¢

(3.1) . )
e | =] }

2

We now remark that for a deterministic function g¢(t), it is well known that
fot g(s)dW; has the Gaussian distribution with mean 0 and variance f(f g*(s)ds. In
particular,

where r = Arg cosh[coshx +

t J t , ;
/0 g(s)dWy = (/0 g-(s)ds)z - Wy
and
(3.2) E[(/O g(s)dW;)?] :E[/O g%(s)ds - W2].

As a consequence, we get
t

(3.3) E[A;(W1)*|A¢, By :E[(/ ePdWy)?| Ay, By,
0

where (W, s > 0) is a one-dimensional Brownian motion starting at 0, and inde-
pendent of B.
Using (B3)) and (L2), we have

1 p—
1+ 25A§1)

#]
1+2sA,
_
14 2sA;
e HE[PE [ AT WD 4, B

= e HE[eDE[ems(Us T AW S WO 4, BT

-1t [eBt

6_%tE|:€Bf’E|: |At s Bt:l:l

(3.4)

e_%tE[eB‘e_s((fé ePedWe)? +(fy eBSdW;)z)} ,
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where ((W;, W), t > 0) is a two-dimensional Brownian motion starting from the
origin, and independent of B.
Using the joint density (3II) and polar coordinates, we have

B s (Ug P WL (g P )]
1 00 00 2 T 2
= P 2 pdpd
(3.5) o /_Oo/o T

e T 2

ol

where r = Arg cosh[cosha: +

After a change of variables, the equation (35 becomes

1 /W/oo_spz " pdpd
— e - e = x
tV2rt J_oo Jo sinh r pep

1 RO * (cosh ha) 2
_ e~ se”(coshr—coshx ref'z—tezdxdr.
t\/ 2t /0 /;'r

(3.6)

Notice that
2¢*(coshr — coshz) = —(e® — coshr)? + sinh?r.

Using u = e® — coshr, we can rewrite (3.0) more simply:

1 R * (cosh ha) 2
e~ se”(coshr—coshx Tef'z—tezdxdr
t\/ 27Tt/0 [T

1 0o sinh r 5 . 2 2)
3.7 = / / Te—%e—s sinh® r—u®) 70 10
( ) t\/ 2mt 0 — sinhr

2 oo 2 - sinh r 2d p
= — re” e SSMMT e du)dr.
t\/ 27t /0 (/0 )
From (B4) and (3.7), we can deduce the following result.

Theorem 1 (Goodman and Kim [4]). For anyt > 0 and for any s € R, we have
the formula

1 2 _ °
= e
1+ 2SA§1)] tv2mt 0

Making a change of variables in (B3]), we obtain

ole

sinh r
2 .
(3.8) E| refﬁefssmh%(/ esv2dv)dr.
0

2

t
E — L = . Ll ye e L —su
[1+23A§1)} fo fArgsmhﬁ Wan € e \/mdre du

Now we define

39) W= et
. g(u) = —re e 2 —————
Argsinh /u tv 27t SiIlh2 r—u

Therefore, we arrive at another Laplace transform:

]= /000 glu)e*"du.

S

dr.

1

(3.10) —
1+ 23A§1)
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4. MOMENT GENERATING FUNCTION

We now consider the moment generating function of the reciprocal of Agl).

In the previous sections, we obtained two different inverse Laplace transforms of

[m} , namely ([2.5) and (B.10). The injectivity of the Laplace transform gives
544

us the following result:

(41)  E[—exp(——u) :/Oo S S SN
24! 24! Argsinh /i tV/27t Vsinh?r — u
Let
Vu =sinhd, wu>0.
Then our equation becomes
.12 <1 2 1
(4.2) E[QA 1)exp( msmh 9)]:/9 t\/%re He Zmdr.

To get the desired moment generating function, we integrate the equation (E.2)
from 3 to oo. Introducing the integration factor 2sinh 6 cosh 6, we can obtain

e 1 1 1
4.3 / E exp(— sinh? 6)]d sinh? = E[exp(— —— sinh? 3)].
43) [ Bl el o) expl—ry s 9)

Also, we have
/ /°° 1 2 1
—re 2e
g Jo tv2mt V/sinh? 7 — sinh? 6

e 3t 2sinh h 2
/ / sinh 6 cosh 0 d@]re_fdr.

t\/ 2mt LV sinh? 7 — sinh? 6§

Making some changes of variables, we obtain

" 2sinhfcosh @
(4.5) ST Cos df = 24/sinh? r — sinh? §.
3 /sinh?7 — sinh? 6

Using (B.H), we obtain

drd sinh? 0

[MES

(4.4)

e 3t / / 2 sinh 6 cosh @ } gdr
tv2mt V/sinh? 7 — sinh?
e 3t [ 2 [ .9 2
2re” 2t 4/sinh” r — sinh” G dr.
t\/ 27Tt 8 p

Consequently, we deduce from ([.3)) and (4.6) that

1 e~ 3t o 2
4.7 Elexp(— —— sinh? 2re” 2 y/sinh? r — sinh? B dr.
47 Bl st o) = o | V 5

Similar computations allow us to obtain the moment-generating functions of the

(4.6)

reciprocal of AEV) for any v € R*, where R* is the set of non-zero real numbers.
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Theorem 2. For any v € R*, for any 8 > 0, and for any t > 0, we have

Blexp (—— sinh 8)] = /(1) / €9 (r) re= 5 dr,
24 ;

1 v2t
where fM)(t) = ——e™ "2,
(4.8) W)= o

() = i[(coshr—k\/my
—(coshr— sinh2r—sinh26)y].

5. THE MOMENTS OF Agl)

The iterated integration of the moment generating function for the reciprocal of

A( ) leads us the positive moments of A(l)
Multiplying (7)) by 2 sinh 8 cosh 3, we obtain

Elexp(— A( sinh? 3)2sinh 3 cosh 3]
t

e~3t [ 2
= 2re” 2t 2sinh B cosh sinh? r — sinh? B dr.
=, Bosh 8/ 8

Integrating (5.1)) from 7 to oo, we have the following result:

(5.1)

QE[Agl)exp( sinh? )]

24"

= 23 /OO /OO \/ sinh? r — sinh? 6re*§drd sinh? 3
2t
e—3t
= \/sinh? r — sinh? B dsinh? Bre” = dr
tv/ 2wt / /

2e~zt 2
= 2 = (sinh? r — sinh? 'y)% ~5dr.

tV2nrt J, 3

Integration by parts allows us to have, using (5.2)) for v = 0,

1t poo
(1) 2e~ 2! =
E[A;7] = coshrsinh®re™ 2 dr
(5.3) \/27r

—e 2 IE[cosh By (sinh By)?],

where By is a standard Brownian motion starting from 0.
Repeated integrals give us higher order Agl) moments. For any n € N,

am!
E[(AM)"] = (QZ) ¢~ *'E[cosh By (sinh B;)"]
1y E[cosh By (sinh By)?"]
E[(B1)?"]
Remark. Yor [6] showed that for any ¢ > 0

E[(sinh B;)?"]
E[(B1)?"]

(5.4)

(5.5) E[A}] =
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It seems interesting to compare the two formulas (5.4) and (B.5). Only slight
changes are made because of the drift term in A§1). Girsanov’s theorem let us

expect the term e~2% in (54). A different computation for E[(Agl))”] can also be
found (see section 4 in [6]).

Using Girsanov’s theorem allows us to obtain from (£.4)), for any v € R and for
any n € N,
T E[cosh By (sinh By)?"]
E[(B1)*"]

Using binomial expansion, we deduce the following lemma.

(5.6) E[(A])re( =B =

Lemma 1. For any v € R and for any n € N,
E[(Al(tV))ne(lfu)Bt]

(5.7) 2n

2 ! 2n 2n . . 2 . 2
_ B t—uvt : (2n—2j5—-1)"t/2 (2n+2j+1)°t/2
_ 72(,)(—1)%@ te ).
2n+1 |
2 (2n)! S\
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