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Abstract. We give a joint normality theorem, which simultaneously general-
izes Montel’s criterion and Miranda’s criterion for normal families.

§1. Introduction

We will give in this paper a joint theorem on normal families of holomorphic
functions in a domain D of the complex plane, which simultaneously generalizes
the well-known Montel’s criterion and Miranda’s criterion of normality.

Perhaps the most celebrated theorem in the theory of normal families is the
following criterion of Montel, who created the theory of normal families.

Theorem A (Montel’s Criterion [Mo]). Let F be a family of holomorphic functions
in a domain D of the complex plane. If for all f ∈ F , f 6= 0 and f 6= 1, then F is
a normal family.

As is well known, Montel’s theorem has important consequences such as the Big
Picard Theorem and Julia’s theorem on the existence of a Julia direction for entire
functions. The meromorphic version of Montel’s theorem, requiring that f omits
three distinct points a, b, c on the Riemann sphere, follows immediately from the
above theorem, by simply setting g = 1

f−a , which is then entire (assuming that
a 6= ∞). Montel’s theorem is called the Fundamental Normality Test in the book
[S]. The notion of normal family plays an important role in complex function theory
and has a wide range of applications to complex dynamics, extremal problems, etc.
(cf. [F], [S], etc.).

Another well-known result on normal families of holomorphic functions is the
following Miranda’s criterion.

Theorem B (Miranda’s Criterion [Mi]). Let F be a family of holomorphic func-
tions in a domain D of the complex plane. If for all f ∈ F , f 6= 0 and f ′ 6= 1, then
F is a normal family.
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In the previous theorem, f ′ can be replaced by a higher-order derivative of f .
There have been various generalizations of Montel’s criterion and Miranda’s crite-
rion in the literature. In particular, Pang recently obtained the following extension
of Miranda’s criterion.

Theorem C ([P]). Let F be a family of holomorphic functions in a domain D of
the complex plane, a 6= 0 a complex number, and B a positive constant. Suppose
that for all f ∈ F ,

(a) f ′(z) = a whenever z ∈ f−1(0); and
(b) |f ′′(z)| ≤ B whenever z ∈ (f ′ − a)−1(0).

Then F is a normal family.

Here and in the following, as usual, we use g−1(0) to denote the zero set of g,
where g is a function or g = (g1, . . . , gm), a map defined in a domain D ⊆ Cn.
That is, g−1(0) = {z ∈ D : g1(z) = · · · = gm(z) = 0}. Theorem C reduces to
Theorem B when f(z) 6= 0 and f ′(z) 6= a in D for every f ∈ F , in which case
f−1(0) = (f ′ − a)−1(0) = ∅ and thus the conditions (a) and (b) hold vacuously.
The conditions of Theorem C require that every zero of f must be an a-point of f ′,
and f ′′ is bounded on the set (f ′ − a)−1(0) and thus also on the set f−1(0), since
f−1(0) ⊆ (f ′ − a)−1(0).

In the present paper, we obtain the following joint theorem, which simultaneously
generalizes both Montel’s criterion and Miranda’s criterion, and in fact includes all
the previous three theorems as simple consequences.

Theorem 1.1. Let F be a family of holomorphic functions in a domain D of the
complex plane, a, b nonzero complex numbers, and A,B positive constants. Suppose
that for all f, g ∈ F ,

(i) A ≤ |f ′(z)| ≤ B and |f ′′(z)| ≤ B whenever z ∈ f−1(0); and
(ii) min{|f ′′(z1)|, |g′(z2)|} ≤ B whenever (z1, z2) ∈ F−1(0), where F (z1, z2) :=

(f ′(z1)− a, g(z2)− b).
Then F is a normal family.

It is trivial to note that the bound on |f ′′(z)| in (i) and the bound on
min{|f ′′(z1)|, |g′(z2)|} in (ii) can be different from B.

Remark 1.2. (1) If f 6= 0 and f 6= b for every f ∈ F in Theorem 1.1, then f−1(0) = ∅
and F−1(0) = ∅, and thus the conditions (i) and (ii) in Theorem 1.1 hold vacuously.
Therefore, Theorem 1.1 extends Montel’s criterion.

(2) If f 6= 0 and f ′ 6= a for every f ∈ F , then the conditions (i) and (ii)
in Theorem 1.1 also hold vacuously. Thus, Theorem 1.1 also extends Miranda’s
criterion.

(3) The condition (a) of Theorem C, which requires that f ′(z) = a (and thus
|f ′(z)| = |a|) whenever f(z) = 0, is fairly strong, and is clearly stronger than the
boundedness condition on f ′ in Theorem 1.1 (i). As mentioned earlier, the condition
that |f ′′(z)| ≤ B on f−1(0) is implicit in Theorem C.

If the condition (b) in Theorem C holds, i.e., |f ′′(z)| ≤ B whenever f ′(z) = a for
every f ∈ F , then for every (z1, z2) ∈ F−1(0), where F = (f ′(z1)− a, g(z2)− b), we
have that f ′(z1) = a and thus that |f ′′(z1)| ≤ B. Therefore, min{|f ′′(z1)|, |g′(z2)|}
≤ B. This shows that the condition (b) in Theorem C implies and thus is stronger
than the condition (ii) in Theorem 1.1. Thus, we see that Theorem 1.1 also extends
Theorem C.
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By way of illustration, we give a simple normal family that satisfies the conditions
of Theorem 1.1, but not the conditions of Theorem C (Theorem A and Theorem
B). Consider {fn} = { 1

n sinnz} in the unit disc. Then f ′n(z) = cosnz and f ′′n (z) =
−n sinnz for each fn in the family. When fn(z) = 0, nz = kπ (k is an integer),
and thus the condition (i) of Theorem 1.1 is trivially satisfied. When f ′n(z) = 1,
we have that f ′′(z) = sinnz = 0 and thus the condition (ii) of Theorem 1.1 is also
trivially satisfied. However, it is easy to see that for any complex number a there
exist infinitely many n’s such that at the point π

4 in the unit disc, fn(π4 ) = 0, but
f ′n(π4 ) 6= a. Thus, this family does not satisfy the conditions in Theorem C.

Related results on normal families in several complex variables can be found in
[L].

§2. Proof of Theorem 1.1

In proving the theorem, we will employ Nevanlinna theory and will assume fa-
miliarity with standard notation in the theory (see e.g. [H]) such as counting
functions N̄(r, 1

g−c ) for the zeros of g − c (without counting multiplicities) and
N(r, 1

g−c ) (counting multiplicities), the Nevanlinna characteristic T (r, g), and the
“error” term S(r, g), which denotes a quantity satisfying S(r, g) = o{T (r, g} outside
possibly a set r of finite Lebesgue measure. We will also need the following lemma
in [P].

Lemma 2.1. Let F be a family of holomorphic functions that is not normal in
the unit disc. Suppose that there exists a positive number B such that |f ′(z)| ≤ B
whenever f ∈ F and f(z) = 0. Then for any number 0 ≤ k ≤ 1 there exist

(i) a positive number r, 0 < r < 1;
(ii) complex numbers zn, |zn| < r;
(iii) functions fn ∈ F ;
(iv) positive numbers an, limn→∞ an = 0, such that gn(z) = fn(zn+anz)

akn
converges

locally uniformly (with respect to the spherical metric) on compact sets to a non-
constant entire function G in C such that G#(z) ≤ G#(0) = B + 1 and (thus)
Ord(G) ≤ 1.

Here, G#(z) := |G′(z)|
1+|G(z)|2 is the spherical derivative of G at z and Ord(G) is the

order of G. The above lemma is an infinitesimal form of the classic Marty inequality
and is a generalization of Zalcman’s lemma [Z]. That the order of G is at most one
is a result of Clunie-Hayman [CH], which states that the order of an entire function
with uniformly bounded spherical derivative on C is at most one.

Proof of Theorem 1.1. Since normality is a local property, it is easy to see that
we may assume that the domain D is the unit disc, using the transformation z =
Z0 + εZ (|Z| ≤ 1) if necessary, where Z0 ∈ D is an arbitrarily given point and ε > 0
is a positive number so that {z : |z − Z0| ≤ ε} ⊂ D. (It is worth noting here that
the conditions of the theorem are not invariant under this transformation, which,
however, does not cause any problems, since a and b in the theorem are allowed to
be different.) Suppose, to the contrary, that F is not normal. Our goal is to obtain
a contradiction in the sequel. Given 0 ≤ k ≤ 1, we obtain from the above lemma,

(i) a positive number r, 0 < r < 1;
(ii) complex numbers zn,k, |zn,k| < r;
(iii) functions fn,k ∈ F ;

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2642 BAO QIN LI

(iv) positive numbers an,k, limn→∞ an,k = 0, such that gn,k(z) = fn,k(zn,k+an,kz)

akn,k

converges locally uniformly (with respect to the spherical metric) on compact sets
to a non-constant entire function Gk in C such that G#

k (z) ≤ G#
k (0) = B + 1 and

Ord(Gk) ≤ 1. We denote G1 by u, and G0 by v in the following proof. That is,

u(z) = lim
n→∞

gn,1(z) = lim
n→∞

fn,1(zn,1 + an,1z)
an,1

and
v(z) = lim

n→∞
gn,0(z) = lim

n→∞
fn,0(zn,0 + an,0z).

We first prove the following

Claim 1. A ≤ |u′(ζ)| ≤ B, u′′(ζ) = 0 whenever ζ ∈ u−1(0). Also, v′(ζ) = v′′(ζ) = 0
whenever ζ ∈ v−1(0).

Let ζ ∈ u−1(0). Then u(ζ) = 0. Since u 6≡ 0, there exists a 0 < ρ < 1 such that
u(z) 6= 0 on |z − ζ| = ρ. By Hurwitz’s theorem, for large n, gn,1 and u have the
same number of zeros on |z − ζ| < ρ. Thus, there exist ζn with |ζn − ζ| < ρ such
that gn,1(ζn) = 0, which implies that fn,1(zn,1 + an,1ζn) = 0. By the hypotheses of
the theorem,

A ≤ |f ′n,1(zn,1 + an,1ζn)| ≤ B, |f ′′n,1(zn,1 + an,1ζn)| ≤ B.

However, g′n,1(z) = f ′n,1(zn,1 + an,1z). We thus have that A ≤ |g′n,1(ζn)| ≤ B. But,
u′(z) = limn→∞ g′n,1(z). Hence, A ≤ |u′(ζ)| ≤ B. We also have that

u′′(ζ) = lim
n→∞

g′′n,1(ζn) = lim
n→∞

an,1f
′′
n,1(zn,1 + an,1ζn) = 0.

Using the definition of v and the same argument as above, we can show that
v′(ζ) = v′′(ζ) = 0 whenever ζ ∈ v−1(0). This proves the claim. We next prove

Claim 2. The function u is nonlinear, and each of the equations u′(z) = a and
v(z) = b has at least one solution.

If u is linear, then u′ is a constant, and there exists a complex number η such that
u(η) = 0, since u is nonconstant. By Claim 1, |u′(η)| ≤ B. Thus, u′(0) = u′(η) ≤ B,
and then B + 1 = u#(0) ≤ u′(0) ≤ B, which is absurd. This shows that u is
nonlinear.

If u′(z) = a has no solutions, then u′(z) = a + αeβz with αβ 6= 0 in view of
the fact that u is nonlinear and the order of u and thus u′ is at most one. We
then have that u(z) = az + α

β e
βz, which has zeros, and u′′(z) = αβeβz 6= 0, which

does not have any zeros. Consider a ζ such that u(ζ) = 0. Then u′′(ζ) 6= 0, which
contradicts Claim 1.

The same proof works for the equation v(z) = b, which must have solutions, since
otherwise v(z) = b + αeβz with αβ 6= 0 and thus v′(z) = αβeβz. Then v(z) = 0
has solutions, but v′(z) = 0 does not have any solutions, which again contradicts
Claim 1.

We now return to the proof of the theorem. By Claim 2, u′(z) = a and v(z) = b
both have solutions. Suppose that z0 is an arbitrary solution of v(z) = b and w0 is
an arbitrary solution of u′(z) = a. Since v 6≡ b and gn,0(z) → v(z), by Hurwitz’s
theorem there exist zn → z0 such that gn,0(zn) = b, i.e., fn,0(zn,0 + an,0zn) = b for
large n. Similarly, noting that u′ 6≡ a by Claim 2 and g′n,1(z)→ u′(z), we see that
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there exist wn → w0 such that g′n,1(wn) = a, i.e., f ′n,1(zn,1 + an,1wn) = a for large
n. Thus,

(zn,1 + an,1wn, zn,0 + an,0zn) ∈ F−1(0),
where F (z1, z2) := (f ′n,1(z1)− a, fn,0(z2)− b) for large n. By the assumption (ii) of
the theorem, we have that

(2.1) min{|f ′′n,1(zn,1 + an,1wn)|, |f ′n,0(zn,0 + an,0zn)|} ≤ B.
We next prove that it is impossible to have infinitely many n’s such that

(2.2) min{|f ′′n,1(zn,1 + an,1wn)|, |f ′n,0(zn,0 + an,0zn)|} = |f ′′n,1(zn,1 + an,1wn)|.
Suppose that (2.2) held for infinitely many n’s; we would then have, by passing to
a subsequence and in view of (2.1), that

u′′(w0) = lim
n→∞

g′′n,1(wn) = lim
n→∞

an,1f
′′
n,1(zn,1 + an,1wn) = 0.

Thus, we would have a w0 satisfying u′(w0) = a and u′′(w0) = 0. A contradiction
will be obtained after we prove the following

Claim 3. If there exists a w0 such that u′(w0) = a and u′′(w0) = 0, then
(u2 − a2)−1(0) ⊆ (u′′)−1(0).

To prove the claim, we first notice that the function u′′

u is entire, since, by Claim
1, every zero of u is simple and is also a zero of u′′. Recall that the order of u is at
most 1. Thus, by Hadamard’s Factorization Theorem (see e.g. [B]), we have that
u(z) = Geγz+δ, where γ and δ are complex numbers and

G = zmΠn≥1(1− z

γn
)e

z
γn

is the canonical product for the zeros γn of u and m is a nonnegative integer
(actually, m = 0 or 1 since u has only simple zeros). We then have that

u′′

u
=
G′′

G
+ 2γ

G′

G
+ γ2.

Note that (G
′

G )′ = G′′G−G′2
G2 or G′′

G = (G
′

G )′ + (G
′

G )2. Thus,

u′′

u
= (

G′

G
)′ + (

G′

G
)2 + 2γ

G′

G
+ γ2.

Also, note that
G′

G
=
m

z
+
∑
n≥1

(
1

z − γn
+

1
γn

).

Thus, we have that
u′′

u
= −m

z2
−
∑
n≥1

1
(z − γn)2

+
(m
z

+
∑
n≥1

(
1

z − γn
+

1
γn

)
)2 + 2γ

m

z

+ 2γ
∑
n≥1

(
1

z − γn
+

1
γn

) + γ2.

The terms of the series on the right-hand side of the above identity are functions in
1

z−γn (n ≥ 1). After combining the like terms, one can see that the right-hand side
must be a constant, since otherwise the right-hand side would have poles, which
contradicts the fact that u′′

u is entire. Thus, we can write u′′ = c2u, where c is a
constant, which is nonzero since u is nonlinear. Solving this differential equation,
we obtain that u(z) = c1e

cz + c2e
−cz, where c1and c2 are two constants, none of
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which is zero since u is non-constant and u′′ (and thus u) has a zero w0. From the
equalities u(w0) = 0 and u′(w0) = a, we have that

c1e
cw0 + c2e

−cw0 = 0, cc1e
cw0 − cc2e−cw0 = a.

We can view the above two equalities as a system in ecw0 and e−cw0 . Solving this
system, we obtain that ecw0 = a

2cc1
and e−cw0 = −a

2cc2
, which implies that

1 = ecw0e−cw0 =
−a2

4c2c1c2
or

(2.3) a2 + 4c2c1c2 = 0.

Now suppose that w is an arbitrary zero (if there is any) of u′(w)− a or u′(w) + a.
That is,

cc1e
cw − cc2e−cw = ±a or cc1e

2cw ∓ aecw − cc2 = 0.
Solving this quadratic equation in ecw yields that

ecw =
±a±

√
a2 + 4c2c1c2
2cc1

=
±a
2cc1

in view of (2.3). We then obtain that

u(w) = c1e
cw + c2e

−cw = c1
±a
2cc1

+ c2
2cc1
±a = ±a

2 + 4c2c1c2
2ca

= 0

by (2.3) again. Thus, we have shown that every zero of u′ − a and u′ + a must be
a zero of u and thus u′′, since u′′ = c2u. This proves Claim 3.

We can now use Nevanlinna theory to deduce a contradiction from (2.2). Recall
the following Nevanlinna Second Fundamental Theorem ([N], [H]): For any non-
constant entire function f and two distinct complex numbers α and β,

T (r, f) ≤ N̄(r,
1

f − α ) + N̄(r,
1

f − β ) + S(r, f).

Applying this theorem to u′, we obtain that

T (r, u′) ≤ N̄(r,
1

u′ − a ) + N̄(r,
1

u′ + a
) + S(r, u′).

By Claim 1, every zero of u is simple and u−1(0) ⊆ (u′′)−1(0). Combining this fact
with Claim 3, we deduce that

N(r,
1
u

) + T (r, u′)

≤ N̄(r,
1
u

) + N̄(r,
1

u′ − a ) + N̄(r,
1

u′ + a
) + S(r, u′)

≤ N(r,
1
u′′

) + S(r, u′) ≤ T (r, u′′) + S(r, u′) ≤ T (r, u′) + S(r, u),

in view of the fact that T (r, h′) ≤ T (r, h)+S(r, h) for an entire function h. Thus, we
have that N(r, 1

u ) = S(r, u). We then use another well-known theorem, Milloux’s
Inequality, in Nevanlinna theory ([H]): For a non-constant entire function f and a
constant α 6= 0,

T (r, f) ≤ N(r,
1
f

) +N(r,
1

f (k) − α )−N(r,
1

f (k+1)
) + S(r, f).
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Applying this inequality twice to the function u, we obtain that

T (r, u) ≤ N(r,
1
u

) +N(r,
1

u′ − a )−N(r,
1
u′′

) + S(r, f) = N̄(r,
1

u′ − a ) + S(r, u)

and

T (r, u) ≤ N(r,
1
u

) +N(r,
1

u′ + a
)−N(r,

1
u′′

) + S(r, f) = N̄(r,
1

u′ + a
) + S(r, u).

Adding the above two inequalities yields that

2T (r, u) ≤ N̄(r,
1

u′ − a ) + N̄(r,
1

u′ + a
) + S(r, u)

≤ N(r,
1
u′′

) + S(r, u) ≤ T (r, u′′) + S(r, u) ≤ T (r, u) + S(r, u),

from which it follows that T (r, u) ≤ S(r, u) and thus that u is a constant, a con-
tradiction.

We have thus shown that (2.2) is impossible. Therefore, by (2.1), there must
exist infinitely many positive integers n such that

min{|f ′′n,1(zn,1 + an,1wn)|, |f ′n,0(zn,0 + an,0zn)|} = |f ′n,0(zn,0 + an,0zn)| ≤ B.

Hence, by passing to a subsequence, we obtain that

v′(z0) = lim
n→∞

g′n,0(zn) = lim
n→∞

an,0f
′
n,0(zn,0 + an,0zn) = 0.

But, z0 is an arbitrary zero of v(z)− b. We thus have shown that the multiplicity
of an arbitrary zero of v(z)− b is at least two. By Claim 1, we also know that the
multiplicity of an arbitrary zero of v(z) is at least three. We can then apply the
Nevanlinna Second Fundamental Theorem again to obtain that

T (r, v) ≤ N̄(r,
1
v

) + N̄(r,
1

v − b) + S(r, v)

≤ 1
3
N(r,

1
v

) +
1
2
N(r,

1
v − b) + S(r, v) ≤ 5

6
T (r, v) + S(r, v)

and thus that T (r, v) = S(r, v), which implies that v is a constant, a contradiction.
This finally completes the proof. �
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