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BOUNDS OF GAUSS SUMS IN FINITE FIELDS

IGOR E. SHPARLINSKI
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Abstract. We consider Gauss sums of the form

Gn(a) =
∑

x∈Fpm
χ(xn)

with a nontrivial additive character χ 6= χ0 of a finite field Fpm of pm elements

of characteristic p. The classical bound |Gn(a)| ≤ (n−1)pm/2 becomes trivial

for n ≥ pm/2 + 1. We show that, combining some recent bounds of Heath-
Brown and Konyagin with several bounds due to Deligne, Katz, and Li, one
can obtain the bound on |Gn(a)| which is nontrivial for the values of n of order

up to pm/2+1/6. We also show that for almost all primes one can obtain a
bound which is nontrivial for the values of n of order up to pm/2+1/2.

1. Introduction

Let p be a prime and let Fpm be a finite field of pm elements of characteristic p.
We recall that the function

Tr (z) =
m−1∑
i=0

zp
i

is called the trace and the function

Nm(z) =
m−1∏
i=0

zp
i

is called the norm of z ∈ Fpm in Fp.
We define ep(z) = exp(2πi/p). Then the set of functions χa(z) = ep (Tr(az)),

a ∈ Fpm , form the set of additive characters of Fpm , with χ0 being the trivial
character .

Let us define the Gauss sums

Gn(a) =
∑

x∈Fpm
ep (Tr (axn)) .

It is easy to see that
Gn(a) = Gd(a)

where d = gcd (n, pm − 1), thus throughout the paper we always assume that
n|pm − 1.
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The classical result which can be found in [11] and in many other sources says
that

(1.1) max
a∈F∗pm

|Gn(a)| ≤ (n− 1)pm/2.

The bound is nontrivial for n ≤ pm/2−δ with some fixed δ > 0. For the important
special case of m = 1, Heath-Brown and Konyagin [5] obtained a bound which
is nontrivial for values of n of order up to p2/3−δ; see also Theorem 3.4 of [8].
Konyagin [7] has recently improved this result and obtained a nontrivial bound
for n up to p3/4−δ (also for m = 1). Unfortunately neither the method of [7] nor
of [5] nor of the previous improvement of (1.1) from [12, 13] can be extended to
the case m > 1. However here we show that combining these results with the
bounds of some other exponential sums introduced and studied by Deligne [2] and
then by Katz [6] and Li [9, 10], one can obtain an improvement of (1.1) for an
arbitrary m ≥ 1. To be more precise, our result improves (1.1) for n close to pm/2

and in fact provides a nontrivial estimate beyond this threshold for values of n up
to pm/2+1/6−δ. Moreover we show that by using Theorem 5.5 of [8], for almost
all primes one can obtain an even slightly stronger bound, which, for every fixed
m ≥ 1, remains nontrivial for values of n up to pm/2+1/2−δ.

In fact it is technically more convenient to work with the sums

St(a) =
t∑

z=1

ep (Tr (aϑz))

where ϑ ∈ F∗pm is an element of multiplicative order t (it is easy to see that St(a)
does not depend on the choice of ϑ).

One easily verifies that, for t = (pm − 1)/n,

(1.2) Gn(a) = nSt(a) + 1.

It is also well known (see Chapter 5 of [8]) that

(1.3) max
a∈F∗pm

|St(a)| ≤ pm/2

which is nontrivial for t ≥ pm/2+δ with some fixed δ > 0.
We improve this bound provided that the part of the multiplicative group gen-

erated by ϑ, which does not belong to any proper subfield of Fpm , is not too small.
This can be expressed as the inequality on

(1.4) max
1≤ν<m
ν|m

gcd(pν − 1, t) ≤ tp−ρ,

which we assume to hold for some fixed ρ > 0. For n = (pm − 1)/t this condition
is equivalent to

(1.5) gcd
(
pm − 1
pν − 1

, n

)
≤ p−ρ p

m − 1
pν − 1

, 1 ≤ ν < m, ν|m.

The conditions (1.4) and (1.5) mean that a substantial portion of the cyclic group
generated by ϑ and the group of nonzero nth powers, respectively, does not belong
to any proper subfield of Fpm .

It is easy to show that (1.4), or another similar condition is necessary for a
nontrivial upper bound on St(a) (we remark that for t ≥ pm/2+δ it is automatic).
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Indeed, it is easy to see that if m = 2r is even and t = pr− 1, then for any a ∈ F∗pm
with

ap
r−1 = −1

we have
ap

i+r
ϑxp

i+r
= (−a)p

i

ϑxp
i

= −apiϑxpi ;
thus

Tr (aϑx) =
m−1∑
i=0

(aϑx)p
i

=
r−1∑
i=0

(
ap

i

ϑxp
i

+ ap
i+r
ϑxp

i+r
)

= 0.

Therefore St(a) = t for such t and a.
Throughout the paper the implied constants in symbols ‘O’ and ‘�’ are absolute

and can be efficiently evaluated (we recall that A� B is equivalent to A = O(B)).

2. Preparations

As we have mentioned we need some results corresponding to the case m = 1.
The following statement has been proved in [5]; see also Theorem 3.4 of [8].

Lemma 2.1. Let g ∈ F∗p be of multiplicative order τ modulo p. Then the bound

max
gcd(c,p)=1

∣∣∣∣∣
τ∑
z=1

ep (cgz)

∣∣∣∣∣� B(τ, p)

holds, where
B(τ, p) = min

{
p1/2, p1/4τ3/8, p1/8τ5/8

}
.

The following statement follows from the stronger and more explicit result of [7].

Lemma 2.2. For any δ > 0, there exists η > 0 such that for any g ∈ F∗p of
multiplicative order τ ≥ p1/4+η modulo p, the bound

max
gcd(c,p)=1

∣∣∣∣∣
τ∑
z=1

ep (cgz)

∣∣∣∣∣� τp−η

holds.

We also need the estimate which follows from Theorem 5.5 of [8]; see also [4].

Lemma 2.3. Let Q be a sufficiently large integer. Then, for any δ > 0, there exists
η > 0 such that for all primes p ∈ [Q, 2Q] except at most Q3/4+δ of them, for any
g ∈ Fp of multiplicative order τ ≥ pδ the bound

max
gcd(c,p)=1

∣∣∣∣∣
τ−1∑
x=0

ep (cgx)

∣∣∣∣∣ = O
(
τp−η

)
holds.

Proof. For each integer τ ≥ 1 and for each prime p ≡ 1 (mod τ) we fix an element
gp,τ of multiplicative order τ . Then Theorem 5.5 of [8] claims that for any U > 1
and any integer ν ≥ 2, for all primes p ≡ 1 (mod τ) except at most O(U/ logU) of
them, the bound

max
gcd(c,p)=1

∣∣∣∣∣
τ−1∑
x=0

ep
(
cgxp,τ

)∣∣∣∣∣ = O
(
τp1/2ν2

(
τ−1/ν + U−1/ν2

))
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holds. We remark that the value of the above exponential sum does not depend on
the particular choice of the element gp,τ .

Taking

ν =
⌊

1
δ

⌋
+ 1 and U = Q1/2+δ/3,

after simple computation we obtain that there exists some η > 0, depending only
on δ, such that for any fixed τ ≥ Qδ the bound

max
gcd(c,p)=1

∣∣∣∣∣
τ−1∑
x=0

ep
(
cgxp,τ

)∣∣∣∣∣ ≤ τp−η
holds for all except O(Q1/2+δ/3) primes p ≡ 1 (mod τ) in the interval p ∈ [Q, 2Q].
As it follows from Lemma 2.2, a similar bound also holds for τ ≥ Q1/4+δ/3. So the
total number of exceptional primes p for which the bound of the lemma does not
hold for at least one τ ≥ pδ ≥ Qδ is O

(
Q3/4+2δ/3

)
. Thus for sufficiently large Q

we obtain the desired result. �

Let us denote by N the set of elements z ∈ Fpm with Nm(z) = 1. Thus

|N | = pm − 1
p− 1

.

Our results depend on the following estimate conjectured by Deligne in [2] (and
proved in the case of the trivial character χ = χ0). Then in some special cases
it is also given in [9] and in Chapter 6 of [10]. In the full generality it has been
proved by Katz [6] (the proof follows from Theorem 4.1.1 of [6] after some standard
transformations).

Lemma 2.4. For any γ ∈ F∗pm and any multiplicative character χ of F∗pm , the
bound ∣∣∣∣∣∑

u∈N
χ(u) ep (Tr (γu))

∣∣∣∣∣ ≤ mp(m−1)/2

holds.

We recall the following standard property of the group of characters of an abelian
group.

Lemma 2.5. Let H be an abelian group and let Ĥ = Hom(H,C∗) be its dual group.
Then for any h ∈ H, we have

1

|Ĥ|

∑
χ∈Ĥ

χ(h) =

{
1, if h = id,
0, if h 6= id,

where id is the identity element of H.

Lemma 2.6. For any subgroup G of N and any γ ∈ F∗pm , the bound∣∣∣∣∣∑
u∈G

ep (Tr (γu))

∣∣∣∣∣ ≤ mp(m−1)/2

holds.
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Proof. Let ΩG be the set of all multiplicative characters of N trivial on G. Using
Lemma 2.5, we write∑

u∈G
ep (Tr (γu)) =

1
|ΩG |

∑
u∈N

ep (Tr (γu))
∑
χ∈ΩG

χ(u)

=
1
|ΩG |

∑
χ∈ΩG

∑
u∈N

χ(u) ep (Tr (γu)) .

Applying the inequality of Lemma 2.4, we obtain the desired estimate. �

The following bound on the number of zeros of sparse polynomials is a version
of a similar result from [1, 3]. We present it in the form given in [12].

Lemma 2.7. Let ϑ ∈ F∗pm be of multiplicative order t and let s ≥ 2 be an integer.
For elements a1, . . . , as ∈ F∗pm and s integers e1, . . . , es we denote by W the number
of solutions of the equation

s∑
i=1

aiϑ
eiu = 0, u ∈ [0, t− 1].

Then

W ≤ 3t1−1/(s−1)D1/(s−1),

where

D = min
1≤i≤s

max
j 6=i

gcd(ej − ei, t).

From Lemma 2.7 one immediately derives an upper bound on the number Na of
zero values of Tr(aϑx), x = 0, . . . , t− 1.

Lemma 2.8. Let m ≥ 2 and let ϑ ∈ F∗pm be of multiplicative order t. Then for any
a ∈ F∗pm

Na ≤ 3t1−1/(m−1)d1/(m−1),

where

d = max
1≤ν<m
ν|m

gcd(pν − 1, t).

Proof. The equation Tr(aϑx) = 0 is equivalent to the equation

m−1∑
i=0

ap
i

ϑxp
i

= 0, x = 0, . . . , t− 1.

We recall that

gcd
(
pk − 1, pm − 1

)
= pgcd(k,m) − 1.

Because t is a divisor of pm − 1 we see that gcd(p, t) = 1 and from Lemma 2.7 we
derive the result. �
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3. Main results

Here we obtain an improvement of (1.3) which holds for all primes p.

Theorem 3.1. For any m ≥ 2 and t|pm − 1 satisfying (1.4), the bound

max
a∈F∗pm

|St(a)| � tp−ρ/(m−1) +m3/11t8/11p(3m−1)/22

holds.

Proof. We define
τ = gcd(t, p− 1) and T = t/τ.

Let ϑ ∈ F∗pm be an element of multiplicative order t. Then

St(a) =
t∑

z=1

ep (Tr (aϑz)) =
1
τ

t∑
z=1

τ∑
u=1

ep
(
Tr
(
aϑTu+z

))
.

Let g = ϑT . It is clear that g ∈ Fp (because gp−1 = ϑT (p−1) = 1) and that g is of
multiplicative order τ . Therefore,

St(a) =
1
τ

t∑
z=1

τ∑
u=1

ep (guTr (aϑz)) .

For Na values of z = 1, . . . , t with Tr (aϑz) = 0 the inner sum is equal to τ , otherwise
the bound of Lemma 2.1 applies. Together with Lemma 2.8 it gives

(3.1) |St(a)| � Na + tp1/8τ−3/8 � tp−ρ/(m−1) + tp1/8τ−3/8.

Similarly,

St(a) =
t∑

z=1

ep (Tr (aϑz)) =
1
T

t∑
z=1

T∑
v=1

ep
(
Tr
(
aϑτv+z

))
.

Let λ = ϑτ . Then

St(a) =
1
T

t∑
z=1

T∑
v=1

ep (Tr (aϑzλv)) .

It is clear that λ is of multiplicative order T . We also have

T

∣∣∣∣pm − 1
τ

and gcd (T, (p− 1)/τ) = 1.

Therefore

T

∣∣∣∣pm − 1
p− 1

,

thus
Nm(λ) = λ(pm−1)/(p−1) = 1.

Hence from Lemma 2.6 we obtain the bound

(3.2) |St(a)| ≤ mtT−1p(m−1)/2 = mτp(m−1)/2.

Using the bound (3.1) for

τ ≥ t8/11p−(4m−5)/11m−8/11

and the bound (3.2) otherwise, we obtain the desired result. �
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Assuming that m is fixed, we see that the bound of Theorem 3.1 is nontrivial
for t ≥ pm/2−1/6+δ for any fixed δ > 0.

Now we show that for almost all primes a slightly stronger bound holds which is
nontrivial for t ≥ pm/2−1/2+δ.

Theorem 3.2. Let Q be a sufficiently large integer. Then, for any δ > 0, there
exists some γ > 0 such that for all primes p ∈ [Q, 2Q] except at most Q3/4+δ of
them, such that for any m ≥ 2 and t|pm − 1 satisfying (1.4) and t ≥ p(m−1)/2+δ,
the bound

max
a∈F∗pm

|St(a)| � tp−ρ/(m−1) + tp−γ

holds.

Proof. As in the proof of Theorem 3.1 we define

τ = gcd(t, p− 1) and T = t/τ.

Then from Lemma 2.8 and Lemma 2.3 we derive that the bound

(3.3) |St(a)| � tp−ρ/(m−1) + tp−η

holds for all for all primes p ∈ [Q, 2Q] except at most Q3/4+δ/2 of them, provided
that τ > pδ/2. On the other hand, if τ ≤ pδ/2, then T ≥ p(m−1)/2+δ/2 and from (3.2)
we derive

(3.4) |St(a)| ≤ mtp−δ/2.
Taking into account that for m ≥ log p the bound is trivial, from (3.3) and (3.4)
the desired result follows. �

Applying (1.2), one immediately obtains the corresponding statements forGn(a).

Theorem 3.3. For any m ≥ 2 and n|pm − 1 satisfying (1.5), the bound

max
a∈F∗pm

|Gn(a)| � pm−ρ/(m−1) +m3/11n3/11pm−(3m+1)/22

holds.

Theorem 3.4. Let Q be a sufficiently large integer. Then, for any δ > 0, there
exists some γ > 0 such that for all primes p ∈ [Q, 2Q] except at most Q3/4+δ of
them, such that for any m ≥ 2 and n|pm − 1, satisfying (1.5) and n ≤ p(m+1)/2−δ,
the bound

max
a∈F∗pm

|Gn(a)| � pm−ρ/(m−1) + pm−γ

holds.

4. Concluding remarks

It is well known that any linear recurrence sequence u(x) ∈ Fp of order m ≥ 2,
satisfying an equation

u(x+m) = cm−1u(x+m− 1) + . . .+ c0u(x), x = 1, 2, . . . ,

with an irreducible polynomial

f(X) = Xm − cm−1X
m−1 − . . .− c0 ∈ Fp[X ],

can be uniquely represented as

u(x) = Tr(aϑx), x = 1, 2, . . . ,
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where a, ϑ ∈ Fpm , and ϑ is a root of f(X); see Theorem 8.24 of [11]. Thus our
results apply to exponential sums with such sequences, giving the first nontrivial
bound in the case where the period of u(x) is less than the pm/2 threshold; see
Section 8.7 of [11] for an outline of previously known results.

We remark that in the proof of Theorem 3.1 we use only the last one out of the
three upper bounds given in Lemma 2.1. It seems that using the other two bounds
does not produce any further improvement.

Finally we note that if m ≥ 3, then for t ≤ pm/3 and n ≥ p2m/3 our results are
trivial. Therefore, for any m ≥ 3, in the range where our results are nontrivial, the
conditions (1.4) and (1.5) may fail only for ν = m/2. Therefore, for odd m our
results always apply and for any even m one can replace (1.4) and (1.5) with

gcd(pm/2 − 1, t) ≤ tp−ρ and gcd
(
pm/2 + 1, n

)
≤ p−ρ

(
pm/2 + 1

)
,

respectively.
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