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ABSTRACT. Let Lo denote the Bousfield localization functor with respect to
the Johnson-Wilson spectrum E(2). A spectrum LoX is called invertible if
there is a spectrum Y such that Lo X AY = LS9, Hovey and Sadofsky,
Invertible spectra in the E(n)-local stable homotopy category, showed that
every invertible spectrum is homotopy equivalent to a suspension of the E(2)-
local sphere L2S® at a prime p > 3. At the prime 3, it is shown, A relation
between the Picard group of the E(n)-local homotopy category and E(n)-based
Adams spectral sequence, that there exists an invertible spectrum X that is
not homotopy equivalent to a suspension of L2SY. In this paper, we show
the homotopy equivalence v3: X488 LoV (1) ~ V(1) A X for the Smith-Toda
spectrum V'(1). In the same manner as this, we also show the existence of the
self-map B: L4 L,V (1) — LoV/(1) that induces v§ on the E(2).-homology.

INTRODUCTION

Let S, denote the stable homotopy category of spectra localized away from
the prime number p, and E(n), the Johnson-Wilson spectrum such that 7. (E(n))
=E(n)s = v, ' Zplv1, ..., vn]. We denote by Ly, the full subcategory of E(n)-local
spectra, and we have the Bousfield localization functor L,: S, — L, C &, with
respect to E(n). We call a spectrum X € L,, (E(n)-)invertible if there exists a
spectrum Y € L, such that X AY = L,S° In [4], Hovey and Sadofsky showed
that every E(n)-invertible spectrum is homotopy equivalent to a suspension of
L,S° if n®> +n < 2p — 2, and that every F(1)-invertible spectrum is homotopy
equivalent to a suspension of L;S° or LiQM if p = 2. Here QM denotes the so-
called question mark complex S°Us e! U, €. In [5], Kamiya and the second author
constructed an E(2)-invertible spectrum X such that X o %*L,S° for any k € Z
and X A X A X = L,5° at the prime 3. Unfortunately, we do not know whether
X is an F(2)-localization of a finite spectrum. This case is different from the case
where p = 2 and n = 1. These spectra L1QM and X are, so far, the only known
examples of F(n)-invertible spectra other than the sphere spectrum. For QM at
the prime 2, there is a homotopy equivalence vy ?: L1 V(0) — S4LV(0) A QM
(see Proposition B.3), where V(0) denotes the mod 2 Moore spectrum. This is
deduced from the structure of the homotopy groups m.(L1QM). We study here
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the invertible spectrum X in Ly at the prime 3. Consider the F(2)-based Adams
spectral sequence ES(W) for a spectrum W converging to m.(L2W). Then it is
shown [5] that ds(g) = vy 2h11b2g € E2*(X) for the generator g of Ey°(X) = Z ().
We compute the Fo-term EX*(V(1)AX), and then determine the homotopy groups
7. (V(1)AX) (see Corollary[2.13)). This shows that v3g detects a homotopy element
v3 € T (V (1) A X). Furthermore, this extends to the map L% LoV (1) — V(1) A X.

Theorem A. Here is a homotopy equivalence vy: S*¥LyV (1) ~ V(1) A X.

Here, the map v5 denotes a map f such that E(2).(f) = v4. In the same manner
as we obtain the map v3, we also obtain the self-map v3.

Theorem B. There is a homotopy equivalence v§: S LoV (1) — LoV (1).

Recently, M. Behrens and S. Pemmaraju show the existence of the self-map
vy BHY (1) — V(1) [].

The B-element 3; € AE2(S°) for an integer s > 0 is defined to be the im-
age of v € AEY(V (1)) under the composite of the connecting homomorphisms
AEY(V (1)) — AEL(V(0)) and 4E3(V(0)) — AF2(S%). Here AE*(W) denotes the
E,-term of the Adams-Novikov spectral sequence converging to m.(W). In [9], Oka
showed how to prove the “if” part of the conjecture of Ravenel’s: The element
Bs € AE2(S°) for an integer s survives to m.(S°) if and only if s = 0,1,2,3,5,6
mod 9. The “only if” part is shown in [I1, Th. F]. In Oka’s arguments, the self-
map v): X144V (1) — V(1) plays the principal role. Here we play the same game
in T (LQSO)

Corollary C ([13]). The element 3s € E2(S°) for an integer s survives to m,(L2S)
if and only if s =0,1,2,3,5,6 mod 9.

Note that it is, so far, not known whether 3, € AE,(S°) for s = 3 mod 9 survives
to m.(S?), even if there is the self-map v3: L4V (1) — V(1) in [1].

By the definition of §;, Theorem A seems to indicate that if the element [,
survives to m.(L25%), then B¢;3 survives to m.(X).

Corollary D. The element (543 € E2(X) for an integer s survives to m.(X) if
s=0,1,2,5,6 mod 9.

Note that the non-existence of (513 for s = 4,7,8 mod 9 follows from [T}, Th.
F] together with the equivalence v3 in Theorem A. Here we do not conclude the
case where s = 3 mod 9 (see Remark [3.6)).

In the next section, we consider the self-maps on LoV (1) using ring spectra
V(1)k with & > 1 and show Theorem B and Corollary C. In section 2, we recall
some facts on invertible spectra and show that v3g: EX(V (1)) — EX(V(1) A X) is
an isomorphism of spectral sequences, which induces an isomorphism of homotopy
groups 7, (LaV (1)) 2w (V(1) A X). In the last section, we verify the equivalences
S74L1V(0)AQM = L,V (0) for the invertible spectra QM at the prime 2. Then we
construct a map vag: L2V (1) — V(1) A X by the use of the result of the previous
sections, which shows Theorem A. In the last section, we show Corollary D.

1. THE SELF-MAPS ON THE SPECTRUM LoV (1)

Let V(0) denote the mod 3 Moore spectrum and V(1) be a cofiber of o*:
Y4V (0) — V(0) for the Adams map a: X*V(0) — V(0). Here V(1); = V(1) is
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the Smith-Toda spectrum. Then we have the cofiber sequences

5025 80 L 1 (0) -2 V(1) and
SRV (0) 25 V(0) 25 V(1)) 25 kLY (),

In [8, Th. 5.6], Oka showed that V(1) is a ring spectrum for & > 1, in which
a ring spectrum means a spectrum V equipped with a unit map ¢: S° — V and a
multiplication p: VAV — V such that pu(¢t Aly) = 1y = p(ly At). In other words,
a ring spectrum here is not assumed to satisfy the associative law. By a module
spectrum, we also do not assume the associative law.

(1.1)

Lemma 1.2. V(1) is a V(1)r-module spectrum with vi: V(1) AV (1) — V(1) for
k=24.

Proof. Consider the exact sequence

-

V) AV Vo 5 V(1) AVO), VDo 2 V(1) AV(0), V(1a

associated to the cofiber sequence 4V (0) L V(0) 2% V(1)g. Tt is shown in [I6]
Th. 6.11] that [V (1), V(1)]; = 0if [ = 8,9, 16, 17. Therefore, [V (1)AV(0), V (1)]a, =
0if k = 2,4, and so the V(0)-module structure v € [V(1) A V(0),V(1)]o is pulled
back to a V(1),-module structure v, € [V (1) A V(1)g, V(1)]o. O

Let iy and j; be the maps in the cofiber sequence

(1.3) SV (1) 25 V(1) 2 V(1) 2 241y (1),

obtained from the 3 x 3 Lemma (Verdier’s axiom), and let ig = iyi: S° — V(1)
denote the inclusion to the bottom cell. Then

Lemma 1.4. v(ig A1) = i1+ kGB'iojja for some k € Z /3.

Proof. va(ig A 1)ia = va(1 ANig)(io A1) = v(ig A1) = i1 and iris = i1. It follows
that va(io A 1) — 4y € [V(1)2, V(1)]o is in the image of (j2)*: [V(0),V(1)]y —
[V(1)2,V(1)]o- Since [V(0),V(1)]lg = Z/3{F'i0j} by [16, Prop. 6.9], we have the
desired equation. O

Lemma 1.5. Let U be an invertible spectrum with E(2).(U) = E(2)., and &, a
homotopy element of w.(V (1)2 AU) that induces v§ for k € Z on E(2).-homology.
Then & induces the map £: V(1) — V(1) AU such that E(2).(§) = v5.

Proof. The map £ is defined as the composite SI€1V(1) = V(1) A Skl 8 V(1) A

V(1)2AU v2iy V(1)AU. Since E(2).(j) = 0, we have E(2).(r2(ioA1)) = E(2).(i1)
by Lemma[l4 Then we compute i5(E(2)«(£)) = E(2)«(&io) = E(2)«((r2 A1)(1 A

€)io) = E(2).((va A1) (ig A1)E) = E(2)+((i1 A1)E) = i1, (vE) = vk. Noting that i¥
is a monomorphism, we see that the lemma is proved. O

For computing the homotopy groups m.(L2W) for a spectrum W, we use the
E(2)-based Adams spectral sequence E (W) converging to m.(LoW).

Lemma 1.6. v3' € E5(L2V (1)3) fort € Z is a permanent cycle.
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Proof. Recall [12] the spectrum C, which is defined to be a cofiber of the localization
map V(0) — a~1V(0) = colim,V(0). Then E(2).(C) = E(2)./(3,v°). Since we
have a commutative diagram

of cofiber sequences for j > 3, we obtain a cofiber sequence V(1)3 7, C v—?> C
by taking homotopy colimits. It is shown in [T2] that v3!/v} € F3(C) is a perma-
nent cycle. Furthermore, we read off from [12] that v3(v3t/v3) = 0 € T144¢(L2C),
since By (LyC) = 0 for s > 3. Therefore, v§'/v} is pulled back to v§f €
7T144t(V(1)3)~ O

’

vi—3
3—>V(1 —>V(1)j 3L—>V
3—>V

| H

L

(1)j41 —>V(1)j s V(1)

Proof of Theorem B. By Lemma [[.6] we have a homotopy element v) €
m144(L2V (1)2) as the image of v € m.(LaV (1)3) under the map iz: LoV (1)s
— LoV (1)2 of (I3J). Then this induces the desired self-map by Lemma [[H] which
induces an isomorphism on E(2).-homology. O

As an application, we consider the S-elements in the homotopy groups m(L2S°).
In [7], the B-element ( of the Ea-term E3'%7*(89) is defined as the image of v§ €
EY%%(V(1)) under the composite of the connecting homomorphisms Es'%* (V(1))
— By 7Y(v(0)) and EJ'TH(V(0)) — E2'91(89) associated to the cofiber
sequences of (IT). It is shown [T3] that the f-element (3, € E>'%7*(S%) survives to
a homotopy element of m15_¢(L25°) if s =0,1,2,3,5,6 mod 9, which corresponds
to one of Ravenel’s conjectures in . (S°). Here we give another proof, which is
what Oka showed in [9].

Proof of Corollary C. Since vo and v are homotopy elements of 7.(V (1)) [9], we
define (-elements as follows:
Bor = jo(v3)",  Bort1 = Jo(v3) vz,  Borrz = v3(v3)va,

Bot+s = jo(v3)w3 and Borre = v3(v9)03,

where vj is the element in Theorem B, jo: V(1) — S is the projection to the top
cell, and v3: 19V (2) — SO is the Spanier-Whitehead dual of vs. It follows from
the Geometric Boundary Theorem (cf. [I0, Th. 2.3.4]) that each (S-element s in
the Es-term survives to the homotopy element (3 defined above.

Since V(1)3 is a ring spectrum and there is a map v3: L4450 — [,V(1);
by Lemma IEL we have the self-map v3' as the composite L1441V (1)3 = V(1)3 A

ylargo 2 s —3 V(1)3 A LoV (1)3 — LaV(1)3. Oka also showed v3v3 € ms56(V (1)3) in
2,3 9t
[9, Lemma 4]. Then the composite 214414250 e ydt=1y (1), 22, MLV ()3

20, 1,80 gives a homotopy element, which is shown to be detected by the element
Bot+3 € E§’144t+44(50) by the Geometric Boundary Theorem. Here jj is the pro-
jection to the top cell. (I

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



E(2)-INVERTIBLE SPECTRA SMASHING 3115

2. THE HOMOTOPY GROUPS 7, (V (1) A X)

Let E(n) denote the Johnson-Wilson spectrum, and £,, the category of the E(n)-
local spectra. Then we have the Bousfield localization functor L,: S, — £,, with
respect to E(n), where S, denotes the category of (p)-local spectra. We call a
spectrum U € L, invertible if there exists a spectrum U’ € £, such that U A
U’ = L,S°. Let Pic(L,) denote the collection of isomorphism classes of invertible
spectra. Then in [4], Hovey and Sadofsky showed that Pic(L,,) is a group with
multiplication given by [U] - [V] = [U A V] for invertible spectra U and V. Here
[U] denotes the isomorphism class of U. Since [L,S*] € Pic(L,), Pic(L,) is the
direct sum of Z = {L,,S*|k € Z} and a subgroup Pic(L,,)°. We write E2*(W) for a
spectrum W as the F,-term of the E(n)-based Adams spectral sequence converging
to m«(L,W). Tt is further shown in [4] that E(n).(U) for an invertible spectrum
U is isomorphic to E(n). as an E(n).E(n)-comodule. It follows that the Es-term
E'(U) is isomorphic to the Ep-term E3*(S°). In [5] (cf. [6]) it is shown that there
is a descending filtration {F,.} of Pic(£L,,)° so that a monomorphism

(21) ©r: Fr/Fr+1 - E:,r—l(sO)

is defined for each r > 1 by assigning an isomorphism class [U] to d,.(g) € EF"~Y(U)
= E7"71(89), where g is the generator of ES°(U) = ES°(S0) = Z (p)-

Now turn to the case where p = 3 and n = 2. Consider the chromatic comodules
NY = E(2)., MY = 37'E(2),, N} = E(2)./(3%), Mg = v; ' N} and N§ = Mg =
E(2)./(3%,v5°) that fit in the exact sequences

0— N) — M) — N} — 0 and 0— Ng — M} — M2 — 0.
These associate the long exact sequences
) 0 — HNY — H'M? — H°N} - H'N9 — ... and
2.2 ,

0 — HN} — HOM} — HOMZ 2 H'N} — -+,
where HF¥M = Ext%(g)*E(Q)(E(Z)*,M) for an E(2),FE(2)-comodule M. Then the
universal Greek letter map n: H*MZ — H*T2N{ = E3(S°) is defined as the com-
posite = §6’. The Ea-term E3(SY) = H*N{§ is given in [14] (¢f. [13]) by us-

ing (23). In particular, ES*(S%) = Z/3{n(vy 'h11b10/3v1), n(vy *€Ca/30v1)}. In
[B], we show that there is an invertible spectrum X € L3 such that ¢5([X]) =
cn(vglhublo/?wl). In other words,

(2.3) ds(g) = en(vy *hiibio/3v1)g € B2 (X)

for the generator g € Eg’o (X). Here c is the non-zero element of Z/3 that appears
in the Toda differential

(2.4) ds5(Bs/3) = con 37,
where the elements 33/3, a1 and 3 are defined by
Bsys =n(v5/30}), a1 =6(v1/3) and By =n(ve/3v1).

The Es-term E;*(V (1)) of the E(2)-based Adams spectral sequence converging to
the homotopy groups 7. (L2V (1)) is isomorphic to

(2.5) (F & F")® K(2)bio] ® A(C2)
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as a K(2),-module. Here, K(2), = Z/3[v5!],
F=Z/3{1, hio, ha1,bun}, F* = Z/3{{, Yo, th1,b11&},

and the degrees of the generators are:

1] =0, |hio|=3, |h11|=11, |b1o|=10, |b11|= 34,

|€| = 67 |w0| = 13, |’Lp1| = 21, and |C2| = —1.

Let (ig)«: E3(S°) — E3(V(1)) be the induced map from the inclusion ig: S° —
V(1). Then
(i0)+(B3/3) = b11, (io)«(a1) = hio and (ig)«(B1) = bio.
Since F(2) A X = E(2), the generator g € E3(X) induces an isomorphism g:
E;(V(1)) = E5(V(1) A X). By the structure (ZH), we see the following.
Lemma 2.6. v3g induces an isomorphism E3'(V (1)) = E3"™™8(V (1) A X).

We will show that the map v3g induces an isomorphism of the differential mod-
ules on Es- and Eo-terms. Here E5(W) = EX(W) and Ef(W) = E{(W) for a
spectrum W are differential modules with differentials ds and dy of the E(2)-based
Adams spectral sequence.

Lemma 2.7. ﬂg/gg (#0) € E5(X).
Proof. Recall [IT] Prop. 5.9] the relations in the Es-term E3(V(1)):
(2.8) vah11bio = —hiobi1  and b3, = —v3b,
Send ﬂ§/3 to E3(V(1)) under the map (ip)., and we have (z’o)*(ﬂg/?)) = b =
—v3b3y # 0 € E5(V(1)). Tt follows that b3,9 # 0 € E3(V (1) A X) and so ﬁ§/3g +
0¢ E2 (X).

From the Toda differential (Z4]), the derivation formula on ds induces

ds(03/3) = —con 3 B33 € E3(S°).

By the trivial pairing S A X — X, we have the derivation formula on ds. Further-
more, the universal Greek letter map 7 is the map of Ej(S°)-modules. Therefore,

by @.3),
ds(83/39) = —carf3Bs/s9 + B3 5n(vy ' harbio/301)g
— —calﬁfﬁg/w + cn(vglhnblob%l/i’ml)g.
Here vy *hy1b10b?, /3v1 = vahiob11b3y/3v1 by (ZF). Thus,
ds(B3/39) = —caifyBs3g + cn(vehiobinbio/3v1)g

—Ca1ﬂ?5g/3g + Ca153/3ﬂ%77(”2/3v1)9
0.

Since nothing hits ﬁg /39 under the differential ds by reason of degree, we obtain
3249 # 0 € BY(X). O
By the trivial pairing V(1) A X — V(1) A X, we obtain the derivation formula:

(2.9) dr(zy) = dp(2)y + (=1)"2d (y)
for z € E$*(V (1)) and y € Ef(X) (¢f. [10, Th. 2.3.3]).

Lemma 2.10. v3g induces an isomorphism Ey*(V (1)) = B3 (V (1) A X).
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Proof. By (23) and Lemma[Z7] we see that ds(xb?,g) = d5($6§/3g) =ds (x)ﬁ§/3g =

ds()b3,g for = € E3(V(1)). Since b3, = —wv3bd,, we obtain ds(zbijv3g) =
ds(2)b3qv3g. Since by is a polynomial generator, b1 acts monomorphically, and so
we have

ds (zv3g) = ds(x)v3g.
This shows that v3g is a map of differential modules and induces the desired iso-
morphism. O

Lemma 2.11. v3g induces an isomorphism E3'(V (1)) 2 ES8(V(1) A X).

Proof. Since Ey**(V(1) A X) = Z/3{vy 'b11b5,Cag} and  ds(vy tby1b3Cag) =
ds(vy *b1105C)v3g = cvy *hiobSela(v3g) # 0 by [II, Prop. 9.9, Cor. 10.4], we
obtain Ey***(V (1) A X) = 0. Therefore, (io)*(dg(ﬁg/gg)) = 0. If we show that

(2.12) dg(xb19) = yb1p implies do(z) = y in E5(V (1) A X),

then we see that v3g induces an isomorphism Ejy (V(1)) = Ef (V1) A X) in
the same way as Lemma 2101 Since Ej;(V(1)) = 0if s > 12, dy3 = 0 and so
EL(V)AX)=EL (V) AX).

Turn to (ZIZ). If we assume that do(zbig) = ybio, then there is an element z €
Ker (bio: E§(V(1) A X) — E§T(V(1) A X)) such that dg(z) = y + 2. Note that
5> 9. Since zb1g = 0 € EyT3(V(1) A X), there is an element w € ES*(V (1) A X)
such that ds(w) = zb1g. By the structure ZI) of the E5(= FEs)-term, we see that
there is an element w’ € ES~°(V (1) A X) such that w = w'big, and ds(w') = 2,
since byg is a monomorphism on Es-terms. It follows that z = 0 in the Fg-term,
and we have dg(z) = y as desired. O

Since m.(V (1) A X) is a Z/3-vector space, there is no extension problem in the
spectral sequence.

Corollary 2.13. The homotopy groups m«(V (1) A X) are isomorphic to the Ex-
terms for them.

3. INVERTIBLE SPECTRA AND THE SMITH-TODA SPECTRA

First we consider the case p = 2 and n = 1. Then it is shown in [4] (¢f. [3])
that Pic(£1)? = Z/2, whose generator is represented by the F(1)-localization of
the question mark complex QM = V(0) U, €3, where V(0) = S° Uy e! is the
mod 2 Moore spectrum. Let E(W) for a spectrum W denote the E,-term of the
E(1)-based Adams spectral sequence for m.(L1W). Since L1 QM is invertible, the
Es-term for m.(L1V (0) A QM) is isomorphic to that for m.(L1V(0)):

(3.1) K(1).[hro] A1),

where K (1), = Z/2[vif!]. The map @3: Pic(£,)? = F3 — E3*(S°) = Z/2{a_1a3}
of ) is an isomorphism such that ¢3([L1QM]) = a_1a3. Here oy for k € Z
denotes §(v¥) for the connecting homomorphism 6: E3(V(0)) — E31(S%) associ-
ated to the cofiber sequence S° —- SO — V(0) and for v € ES(V(0)) = K(1)..
Note that i.(a_1) = vy *hig and i.(a;) = hyg for the induced map i, : E4(S%) —
E3(V(0)) from the inclusion ¢. The Es-term for QM is isomorphic to that for
the sphere ;5% and d3(g) = a_1a?g € E3(QM) = E3(QM) by the definition
of ¢3. Therefore, the Adams differentials on E3(V(0) A QM) are computed by
d3(i+(9)) = vy 2h3yg € E3*(V(0) A QM) and the derivation formulas associated
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to the trivial pairing L1V (0) A QM — LV (0) A QM. In fact, v; ?g induces the
isomorphism EX(V(0)) = Ef(V(0) A QM) of spectral sequences. Therefore, we
have

EZ (V) AQM) =N ® Z/2[vi,v "] @ A1),
where N is the module given by

in which each dot denotes Z/2 generated by the indicated element. Therefore,
we see that v;%g € m_4(L1V(0) A QM) and 2v;%g = 0. Thus we obtain the
map vy 2g: ¥=4V(0) — L1V (0) A QM, which induces an isomorphism on E(1),-
homology.

Proposition 3.3. The element vfzg € m_4(L1V(0) AQM) induces an equivalence
LiS4V(0) =~ LiV(0) A QM.

We will play the same game for the case where p = 3 and n = 2.

Lemma 3.4. There is a homotopy element v3g € mas(V(1); A X) fori = 1,2 such
that E(2)«(vig) = v3.

Proof. We have seen that v3g € ms(V (1) A X) in the previous section. We also see
that mu3(V (1) A X) = Z/3{v3h11g}. Therefore, we obtain v3g € ms(V(1)2 A X)

from the exact sequence mg(V(1)2 A X) IR mas(V (1) A X) N ma3(V(1) A X)
associated to the cofiber sequence ([L3)) with k& = 1. Indeed, v3h11g has the Adams
filtration 1, while d(v3g) = 0 for the connecting homomorphism & corresponding to
Ji- U

Now we have the similar results to Proposition [3.31

Theorem 3.5. The element v3g € mus(V (1) A X) induces an equivalence L4 LoV (1);
~V(1); AX fori=1,2.

Proof. Since V(1) is a ring spectrum, the element v3g yields the self-map vig:

V(1)2 — V(1)2 A X, which induces an isomorphism on F(2),-homology. Therefore,
the proposition for ¢ = 2 follows. For i = 1, Lemmas 34 and show the existence
of the map v3g: 4 LoV (1) — V(1) A X, which is also an F(2).-equivalence. [

Proof of Corollary D. In the same manner as the proof of Corollary C, the (-
elements are defined as follows:
Bor+sg = (jo A Lx)(v39)(v3)",  Borrag = (jo A Lx)(v3g)(v) va,
Bors59 = (v3 A 1x)(v39)(v3) vz, Borrsg = (jo A Lx)(v3g)(v3)'v3 and
Bor+og = (v3 A 1x)(v3g)(v3) 3.
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Remark 3.6. v3g € EY*(V(1)3 A X) cannot be a permanent cycle. In fact, we see
that do(j3,(v39)) = do(6(v39)) = do(v3hi0g) = vy 'b3og # 0, where j3 is the map

of

([C3) with & = 3. Therefore, we cannot tell whether or not By¢16g survives to a

homotopy element of 7, (X) different from Corollary C. Indeed, we do not know if

2
vy

10.

11.

12.

13.

14.

15.

16.

v8g € T (V(1)3 A X).
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