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ABSTRACT. In this paper, we study the extension of isometries between unit
spheres of atomic ALy-spaces (0 < p < oo, p # 2). We find a condition
under which an isometry 7" between unit spheres can be linearly isometrically
extended. Moreover, we prove that every onto isometry between unit spheres of
atomic ALy-spaces (0 < p < 0o, p # 2) can be linearly isometrically extended
to the whole space.

1. INTRODUCTION

Throughout this paper, we denote by N and R the sets of positive integers and of
reals. We use the standard notation of vector lattices, and for all other notation we
follow the definitions of the papers [1], [2], and [I2]. This paper mainly discusses
the atomic AL,-spaces on R with positive values of p that is not equal to two;
therefore, E and F' are used to denote these spaces unless otherwise stated.

The unit spheres of atomic AL,-spaces are frequently discussed; we use S(E)
and S(F) to denote the unit spheres of F and F. Moreover, T denotes an isometry
from S(E) to S(F).

A mapping T: E — F is said to be an isometry if

(1.1) [Tz =Tyl = lz -yl (Vz,y € E).
For 1 <p < 400, an AL,-space F is a Banach lattice in which
o +yll” = ll=[|” + llyll”  (Vao,y € Ewith|z]| Aly| = 6).

For the cases that 0 < p < 1, an AL,-space E means a p-homogeneous F-lattice,
and the last equality turns into

lz+yll = ll=ll + llyll  (Va,y € Ewith|z| Aly| = 0).

A complete disjoint system {ex: A € A} of F is a pairwise disjoint collection of
elements of F, the positive cone of E. That is, a complete disjoint system satisfies
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2900 WANG JIAN

the following two conditions:

(1) for each pair A\, € A with A # p, ex Ae, =0, and

(2) for each u € E with u A ey = 6 for every A € A, the equality u = 6 holds.

An atom e of a vector lattice E is a nonzero element of E with the property that
the conditions § < y,z < |e| and y A z =60 imply y = forz = 0.

If an element e is an atom of an Archimedean vector lattice E, then the principal
ideal E. generated by e is a projection band B, (see [1, Theorem 2.16]).

An atomic vector lattice is a vector lattice E having a complete disjoint system
consisting of atoms of E. In this case, we have x = sup,cy {Fe, (z)}, where P., is a
band projection with respect to Be, (see [L Theorem 2.15]). An atomic AL,-space
is in fact linearly isometric to {,(I"), where I" may be any complete disjoint system
of atoms of norm one.

In the following sections, we use {e, }yer to denote a norm-one complete disjoint
system of E, Br.. to denote a principal projection band generated by T'e,, and P,
to denote a principal band projection from E onto Br., (y €T).

P. Mankiewicz ([9]) proved in 1972 that an isometry mapping an open connected
subset of a normed space E onto an open subset of another normed space F' can be
extended to an affine isometry from F onto F. In 1987, D. Tingley in [13] raised
the following problem:

Let S(E) be the unit sphere of a Banach space E, and let S(F') be
the unit sphere of another Banach space F. Let T: S(E) — S(F)
be wsometric. Does there exist any isometry T: E — F such that
T sy =T7%

In the same paper, Tingley proved that if F and F are finite-dimensional Banach
spaces and T': S(E) — S(F) is a surjective isometry, then T'(—z) = —T(x) for all
x € S(F). Ma Yumei proved the same result for the infinite-dimensional space I
n [I0]. During the past decade, Professor Ding Guanggui ([3]-[5]) and a group of
his students including Wang Risheng ([14]-[20]), Xiao Yuhui ([21], 22]), and Zhan
Dapeng (]23,[24]) had been working on this topic and had obtained many significant
results. A number of these works only considered the surjective mappings between
two spaces of the same type. However, Professor Ding Guanggui had discussed
the extension of isometries between unit spheres of spaces of different type in [3].
Moreover, he also first discussed the mapping extension problem on Hilbert spaces
without assuming the surjectivity of 7" in [4], where he showed that a 1-Lipschitz
mapping between the unit spheres of two Hilbert spaces can be extended to a real
linear isometry of the whole space.

For real AL,-spaces E and F with p > 1, Xiao Yuhui proved in [2I] Theorem 1]
that every surjective isometry between unit spheres S(F) of E and S(F) of F' can
be linearly isometrically extended to the whole space. For complex AL,-spaces E
and F with p > 1, he proved in [2I, Theorem 2] that for every surjective isometry
between unit spheres S(E) and S(F) there exist an additive isometry T’ from E
into F and two mutually complementary subspaces X and Y of E such that the
restriction of T' to S(E) is T, that to X is linear and that to Y is conjugate linear.

However, a crucial result, Corollary 3, which stated that T maps every atom in
S(E) to an atom in S(F'), was not proved in the paper [2I]. For the cases p > 1,
Professor Ding Guanggui proved the assertion in [b], and gave the representation
of a surjective isometry T': S(E) — S(F) by a method that is different from what
Xiao Yuhui has in [2ZI]. In our study in this paper, we shall drop the surjectivity
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EXTENSION OF ISOMETRIES BETWEEN UNIT SPHERES 2901

assumption for the mappings, and mainly study the case that T: S(E) — S(F') is an
injective isometry. We find a condition under which an isometry T': S(E) — S(F)
can be extended to a linear isometry T:E — F. Therefore, we generalize the
results of Xiao Yuhui in [21].

2. SOME IMPORTANT LEMMAS

Lemma 2.1 ([11]). Let ¢ and n be two real numbers. Then:

(1) [§+nlP + 1§ —nlP = 2(|€P + [n|P) for every real number p > 2;
(i) [€+nP 4+ € —nP < 2P + |n|P) for every real number p, 0 < p < 2;
(ili) 1€ —nP <|EP + [nfP for every real number p, 0 < p < 1.

Moreover, if p # 2, equality can only hold in the above inequalities if € = 0 or n = 0.
Corollary 2.1. Let f and g be two elements of I,,(I"). Then:

(i) for the cases that p > 1 and p # 2, we have
(22) If+gll” +11f = gl” = 20717 + 1l91I”)

if and only if |f] Alg| = 6;
(ii) for the cases that 0 < p < 1, we have

(2.3) If =gl =11f1+llgll
if and only if | fI N gl = 0;
(2.4) If =gl +1Lf + gl =2(f1I + llgl)

if and only if |f| A g| = 0.

Lemma 2.2. Let v be an arbitrary element of T'. Suppose that we have
(i) Py(T'(S(E))) C span(Tey) when p # 1, and
(ii) T(—ey) € span(T'ey) when p=1.

Then, T(—ey) = —Te,.

Proof. We consider first the case that p = 1. Note that the property
(2.5) llu|| = [Jv|| implies v = tu

holds in every one-dimensional subspace of AL-spaces. Since T is isometric,
IT(—ey)|| = ||[Tes|| = |le]| = 1. Combining ([2H), the fact that dim(span(Te,)) = 1
and T'(—e,) € span(Te,), we conclude that T'(—e,) = £Te,. Suppose that
T(—ey) = Te,. Then 0 = ||Te, — T(—ey)|| = ||2¢4|, and thus e, = 6, which
is a contradiction. Therefore, we have

(2.6) T(—ey) = —Te,.

We consider now the case that p # 1. Because of the projection property of AL,-
spaces, we may assume that P = I — P,, where I is the identity mapping on F. It
is obvious that P is a band projection from F' onto the orthogonal complement of
Bre.,. Therefore, we have T'(—e,) = Py(T(—ey)) + P(T(—ey)).

Since P,(T'(—e)) € span(Te,), we conclude that there exists a real number a.,
such that Py (T'(—ey)) = a,Te,.
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For the cases that p = 3 < 1, since T is isometric, we have
IT(~ey) = Teyl = | — ey —ey] =27
= [1P(T(=¢y)) + P(T(=¢y)) = Tey|| = [y Tey = Tey || + | P(T(=ey))|
= lay = 17 + | T(=es)ll = [Py (T(=es)]| = lay = 17 + 1 —[a,|°.
Therefore, we have the following equality: |a, — 1% — |a,|® =27 — 1.
We know that the function h(t) = |1 —t|% — |t|® — 2% 4+ 1 has two zeros in
[—1,1], t1 = —1, t2 € (0, 3).
Suppose that 0 < a, =tz < 4. Now let T'(aye,) = byTey + P(T(ayey)). Then

by < & and
(1—a,)" =layey —ey]| = | T(ares) = Tes|
= [16yTey + P(T(ayeq)) = Teyl| = [y Tey = Tey || + [|P(T (ayeq))]
= (1=b)" + [P (T(=ey)| = (1= b,)7 +a — [b, 7,
and so
(A) (1-a,)’ - af = (1-0y)7 = [b,]".

Notice that the function u(t) = (1 —t)? — 7 is strictly decreasing on [0, 5] but the
function v(t) = (1 — t)? — (—¢)” is strictly increasing on [—3,0]. If b, < 0, then

(1-a)® —af = u(a) > u(0) = 1 = v(0) > v(b,) = (1 - b,)° — (=b,)",

contradicting u(a,) = v(by) by (A), and so b, > 0. Therefore, b, = a,, and so
P(T(ayey)) = 6. We now have T'(aye,) = a,Te,.
On the other hand, we have
(1+a,)’ = || = ey = ayes || = | T(=e,) = T(aye,)|

= la,Tey + P(T(~¢,))  T(ares)| = [ P(T(~e))l| = 1 - a,

that is, (1+ ay)ﬁ + ag =1, and so a, = 0, contradicting the assumption a, > 0. It
follows that a, = t; = —1, implying that || Py (T(—e,))| = |a,|® = 1.
Since
L= |T(=e))l| = [[Py(T(=e))| + I1P(T (=€) | = 1 + [ P(T (=),

we derive that P(T(—e,)) = 6, and thus prove ([2.6) for this case.
Now suppose that p > 1. Since we have

IT(=ey) = Tey||” = || —ey —ey[|" = 2°
= P(T(=€y)) + P(T(=ey)) = Tey||” = [layTey — Tey[|” + || P(T(—ey))|[
= lay =17 + [T (=e)lI” = [|Py(T(=eII” = lay = 1" +1 = [a,[?,
the equality (2.6) is easily obtained using arguments similar to those of the proof
for the cases that p < 1. O

Lemma 2.3. Let p = B be a real number that is less than or equal to one, n a
positive integer, and {e1, ez, - ,en} a subset of S(E) satisfying the condition that
the equality |e;|A|e;| = 6 holds for each distinct pair of indices i and j. Suppose that

n n
r=>Y" \ie;, where \; are nonzero real numbers that satisfy the equation Y |A\;|®=1.
i=1 i=1
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Suppose that T: S(E) — S(F) is an isometric embedding satisfying
(i) P(T(S(E))) C span(Te;) when 0 <p <1,
(il) P(T(S(E))) C span(Te;) and T(—e;) € span(Te;) when p =1

n
for all 1 <i<mn. Then, we have T(z) = Y \;Te;.

i=1
Proof. By the assumptions of the lemma, and Lemma [2.2] it is easy to derive that
(2.7) T(—e;)) =—-Te; (1<i<n).

Since T is isometric, the elements of {e1,eq, - ,e,} are pairwise disjoint, and the
equality (27)) holds, we conclude by (2:2)) and (2.4) of Corollary 1] that

[Tei + Tej|| + | Te; — Tejll = lle; + e;l + [lei — el
=2(lleqll + llejl) = 2([|Tesll + | Tejll) (V1 <4,5<mn, i j).

As a result, we derive, again by applying and (2.4)) of Corollary 2] that the
equality |Te;| A [Tej| = 0 holds for every pair of distinct indices ¢ and j. It follows
that the elements of the set {T'e;}?; are mutually disjoint, and thus {Bre, }1; is
mutually disjoint.
Since F' is order complete, it possesses the projection property. Therefore, we
n
may assume that P =1— > P;.
i=1
Since |T'e;| A |Te;| = 6, it follows that Y., P; is the band projection of F onto
the band generated by {Te;}? ;. Thus P is the band projection of F' onto the
orthogonal complement of {T'e;}7 ;.
Since T': S(E) — S(F') is isometric, by defining ¢; =
we have

&f‘ for every i, 1 <1i < n,

n
Tz — T(eie)|| = |z —esesll = 3 INIP+ A —eil?
(2.8) J=Li
== NP+ i —al’ =1 [P+ (1= N7

On the other hand, we may assume, by the fact that P;(T'(S(FE))) C span(T'e;) and
the equality (21), that P;(Tz) = MN,T(e;e;) for every 1 < i < n. Since we have
NP = ||P;(Ta)|| < ||Tz|| = ||z|]| = 1, and |X}| < 1 for every 1 < i < n, we conclude

that
(2.9) |1Tz — T(eie:)| = Z P;j(Tx)+ P(Tx)+ P(Tz) — T(gie;)
J=1,5#i

= ||Tz|| — [|P(T2)|| + [| P(Tx) — T(eies) |
=1— N7+ [NT (ies) — T(eieq)l = 1= [N + |A] — 1)°
>1— X7+ @@= X)°.
It follows by (28) and 29) that
Al = (1= X)) < NP = (1= X)DP.
For the case that 8 = 1, we have 2|\;| — 1 < 2|A}| — 1, and thus |\;| < |\}|. For the

cases that 3 < 1, it is well known that the function f(¢) = t# — (1 —t)” is increasing
on the interval [0, 1]. Therefore, the equality |A;| < |A}| holds for every 1 < i < n.
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However we have
E Xl = ||| = | T=|| = E 15(Tz)|| + || P(Tz)|| = 21 (NP + || P(T)|.

Therefore we conclude that | Pi(Tz)|| = |\i|? = |\i]? and P(Tz) = 0. Noting
that (2.5) holds in every one-dimensional subspace of a 3-homogeneous F*-space,
it follows from P;(T'(S(E))) C span(Te;) and (2Z.7) that

Suppose that, in the last equation, there exists at least one equality whose right-
hand side bears a negative sign. Then, we may assume that P;(T'z) = —|\;|T (g e;)
for some A; # 0 (1 < j < n). By this assumption, we derive that

n
Tz +T(eje5) Z Pi(Tz) 4+ T(eje;) — AT (g5e5),
i=1,i#j
and thus

n

T2+ T(eje))ll = Z H(Tz) ||+ (1= \DPIT(eze))

=1- |>\j|5 + (1 =[N0
However, since T is isometric and the equality (27) holds, we obtain that
[Tz +T(ejes)|| = ITe = T(—eje;)ll = [lw + eje5]|

n

o el 1y +egdesll = 1= 1017 + 1Ay +51°
i=1,i#j
= 1= 17+ (D7

As a result, we derive that A\; = 0 holds for the last two equalities, a contradiction.
Therefore, we conclude that P;(Tz) = |\;|T (g5€:), 1 < i < n. We obtain by (Z1)
that P;(Tz) = \;Te;, 1 <1i < n, thus proving the lemma. O

Example 1. In (ii) of Lemma 2.3, the condition P, (T'(S(E))) C span(Te.) need
not imply T'(—e,) € span(Te,). For instance, we define a mapping T : S(I}) —
S(13) for any z = aje; + azes € S(I2) by

To— arey + agzely if ag >0,
areh + agzely  if ag <0,
where {e; = (1,0), ez = (0,1)} is a standard basis of [, and {e} = (1,0,0), e} =
(0,1,0), e5 = (0,0, 1)} is a standard basis of [3. It is easy to see that T is isometric
with the property that P,(T(S(1%))) C span(Ten) for n = 1,2. But T(—e;) =
—ely ¢ span(Te1) = span(e}).
Lemma 2.4. Let p be a real number satisfying the conditions p > 1 and p # 2,

and let the element x and the e;’s be as in Lemma [Z3 Suppose that the isometric
embedding T: S(E) — S(F) satisfies P;(T(S(E))) C span(Te;) for all 1 < ¢ <

n (n € N). Then T'(z) = > \iTe;.
i=1
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Proof. We need only to note that ALy,-norms satisfy the p-additivity and that the
equality (Z2)) of Corollary 21 holds. The method used in the proof of Lemma
can be applied here for the AL,-spaces satisfying p > 1, p # 2. Indeed, as in the
proof of the last lemma, we conclude that

n
1Tz = T(ee)|lP = |z —siel? = Y NP+ —eil?
=L
=1 AP A —ef” =1 = AP + (1= [N])P,

and that
p

n
Tz = T(zies)|P = || Y Pi(Tx) + P(Tx) + Pi(Tx) — T(eie;)
=15
= 1 Tzl|” = |B(T2)||P + [ P:(Tx) = T(eie) ||
= 1= X7+ [NT(eies) = T(eiea) [P =1 = NP + [N, =17
> 1= X7+ (1= XD
It follows that
INil? = (1= [A)” < NP = (1= XD
and thus |A;| < |A,|. However, since

n n
Do Iiesll? = llz))P = | T2l = Y | P(Ta)|P + || P(Tz)]?,
i=1 i=1
we conclude that |P;(Tx)|| = [N} = |\i| and P(Tz) = 6.
The remainder of the proof is similar to the corresponding part of Lemma
and shall be omitted here. O

3. THE MAIN RESULTS

Theorem 3.1. Let 0 < p < oo with p # 2. An isometry T: S(E) — S(F') can be
linearly isometrically extended if and only if, for every v €T,

(i) Py(T(S(E))) C span(Tey) when p # 1, and
(ii) Py(T(S(E))) C span(Tey) and T(—e,) € span(Te,) when p = 1.

Proof. First we show the sufficiency. Suppose that © = )" aye, € S(E). It is well
known that E is linearly isometric to I,(I"). By the characterization of elements in
Ip(T), the set {y € I': a, # 0} := I, is countable. By the continuity of isometries,
Lemma[23 and Lemma 24 we conclude that

(3.10) Tz = Z a;Te; = ZavTeA, (Vo = Z ave, € S(E)).

Define the operator TonE by
(3.11) Ty = 4 11T () w0,
0 itr=0 (Vzek).

Suppose that z = Y a,e,, y =Y bye, € E and s,t € R. By virtue of (&10) and
(BI0), we obtain that

7o) = oll7 (55 ) = ol X 22i7e, = L ar e,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2906 WANG JIAN

Therefore, we have
T(sz +ty) = z:(sa7 +tby)Te, =s Z ayTey +1 Z b Te, = sT(x) 4+ tT(y).

The last equation shows that T is a linear isometry from F into F', and that T
is a linearly isometric extension of T'.

Now we prove the necessity. Suppose that T can be extended to a linear isometry
from E to F. Following the method used in the proof of Lemma [2.3], it is not hard
to show that {Brc, },er is mutually disjoint.

The remaining part of the proof is trivial and thus is omitted. O

Throughout the remainder of this paper we use E and F to denote complex
atomic AL,-spaces.

Theorem 3.2. Let 0 < p < oo with p # 2. Let E and F be complex atomic
AL,-spaces. Suppose that, for every v € I', we have

(i) Py(T'(S(E))) C span(Tey) when p # 1, and

(ii) Py(T(S(E))) Cspan(Tey) and T(—ey) € span(Te,) when p = 1.
Then, there exist an additive isometry T from E into F' and two mutually comple-
mentary subspaces X and Y of E such that

(1) the restriction of T to S(E) is T,

(2) that to X is linear, and

(3) that to Y is conjugate linear.

To show Theorem B2] we need the following lemma.

Lemma 3.1. Let D = {\ € C: |\ = 1}. Suppose that T is as in Theorem [32.
Then, for every v € T,

either T(Ney) = ATe,, or T(Xey) = ATe,
for any A € D.

Proof. The method Xiao Yuanhui used in [2I] Lemma 7] is valid for this assertion.
O

Proof of Theorem By combining Lemma 23], Lemma 24, Lemma BTland The-
orem[3], the proof that Xiao Yuanhui introduced in |21, Theorem 2] can be easily
modified to prove the assertion. O

Remark 3.1. For the case of p = 2, Theorem [3J]and Theorem are also true (cf.
4]).

Corollary 3.1. If the mapping T carries some atom e € S(E) to an atom Te €
S(F), then the assertions of Theorems[31 and[3.2 remain true.

Proof. It is sufficient to consider the real atomic ALy-spaces. Since an AL,-space
is an Archimedean F-lattice and T'e, is an atom for each v € I', it follows that
Bre., = span(Te,) for any v € I, and that P, (T(S(F))) € Bre, = span(T'e,) for
any v € I'. The last equality is the condition required in Theorems [B.I] and
thus proving the assertion. O

Corollary 3.2. If T: S(E) — S(F) is a surjective isometry, then the assertions
of Theorems [l and[TQ remain true.
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Proof. Again it is sufficient to consider the real case. The complex case can be
obtained by applying Xiao’s method of proof [2I] Theorem 2].
To show that

(3.12) T(—ey) =—Te, (Vyel),

we consider three cases: 0 < p <1, p=1andp> 1.

First we consider the case that 0 < p < 1. Since T is isometric and the elements
of {ey}yer are mutually disjoint, it follows by (£:3) of Corollary 2] that, for any
v, Tel, y#T,

(313) [T(te,) —Ter| = | ey — el = || £ eyl + lerll = IT(Eey) ] + [ Ter.

Consequently, we have |T'(£ey)| A [Ter| =6 (v,7 €T, v # 7), and the elements of
{Tey} er are mutually disjoint. Therefore, { Bre }yer are mutually disjoint.
Suppose that v € I'. We show first that

*) Tw € Bre, = w = +e, forany w € S(E).

Indeed, by the preceding proof, we have |Tw| A |Te.| =60 (1 € T, 7 # =), and
thus |w| A le;| =6 (1 € T, 7 # ). Therefore, we conclude that w € span(ey). The
conclusion that w = e, follows immediately by the fact that w € S(E).

In order to show that T'(—e,) € Br., , we assume, without loss of generality,
that P’ is the band projection of F' onto the band generated by {Te;}recr ry, and
that P = I — P, — P’. Since F is order complete, it follows that P is a band
projection from F' onto the orthogonal complement of {Te;},cr. By (BI3) and
(E3)) of Corollary ZT] we derive that |T'(—e,)| A |Te,| =6 (r €T, 7 # 7).

Therefore, we obtain that P'(T'(—e,)) = 6, and that T'(—e,) = Py(T(—e,)) +
P(T(=c,).

If P(T(—ey)) # 6, since T is onto, there exists y € S(E) such that Ty =

%. Note that |Ty|A|Te,| = 0 for all 7 € T'. It follows that |y|Ale-| = 6
for all 7 € T'; thus y = 6, and P(T(—ey)) = 0. Therefore, T(—e,) = Py(T(—e,)) €
Bre,.

Next we show that T'(—e,) = —Te,. Obviously, we have T'(—e,) + Te, € Bre, .
Suppose that we have the contrary; that is, suppose that T'(—e,) + Tey # 6.

Let o = W Then, it follows that o(T'(—e,) + Te,) € S(F) N
Bre. . By the fact that the mapping T is onto, there exists y € S(E) with Ty =
a(T(—ey) + Tey). Similar to the preceding proof, we conclude that y = =*e,.
Therefore, we have (1 — )T (+e,) = T'(Fe,). By the fact that T is isometric, we
deduce that |1 — o] = 1. This last result implies that o = 2, since « is not equal to
zero. Therefore, we conclude that —T'(+e,) = T'(Fe,). That is, T'(—e,)+Tey = 6.
As a result, we obtain a contradiction. Therefore, we conclude that T'(—ey)+Te, =
0. That is, T(—ey) = —Te,.

For the case p = 1, Ma Yumei proved in [10] that the condition that T': S(E) —
S(F') is a surjective isometry implies that the equality T'(—z) = —T'z holds for
every € S(E).

For p > 1, for all x € S(E) we have

[Tz + (=T (=2)ll = ITx = T(=2)[| = [|22]| = [|T=[| + [| = T(=2)]|

Since the space F' in this case is strictly convex, there exists a constant ¢ > 0 for
which Tz = ¢(—T(—z)). The conclusion that ¢ = 1 follows immediately, because
T is isometric. Therefore, T'(—z) = —T'z for all z € S(E).
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Summing up the above discussion, we conclude that the equality (3I2)) holds for
every positive number p # 2.

Similarly to the proof of Lemma 23], it follows by (Z2Z) and (Z3) of Corollary
21 and (B12) that {Bre }er are mutually disjoint.

For a number p satisfying 0 < p < oo, p # 2, and an arbitrary v € ', we now
show that Br., = span(Te.).

For an element u € Bre,, if u = 0, then u € span(Te,). Therefore, we may
assume that 6 # u. Let

e if p>1.

[l

{Hu|+/? 1f0<p<].,
Uug =

Then, we have ug € S(F) N Br.,. Note that the equality (x) also holds for the
cases that p > 1. Since T is a surjective isometry, it follows by (x) that there
exists xg € S(F) such that T'zo = wo; thus z9 = *e,. Therefore, we conclude
that u = ||ul|*Pug = |Jul|/?Tze = ||u||'/PT(+£e,) = +||u||}/PTe, € span(Te.,) for
0 < p <1, and that u = %||u||Te, € span(Tey) for p > 1.

It follows easily by Theorem [B] that T' can be linearly isometrically extended
to E, and this proves the theorem. O

Remark 3.2. For the cases that p > 1, Corollary B2 is just a result of Xiao [2T1]
Theorem 1]. In the proof of Corollary [322] we have actually shown that if T is
surjective, then it maps atoms of S(F) into atoms of S(F') in a way that is different
from what Professor Ding Guanggui had described in [5]. The converse is not true,
however. For example, let T: S(l3) — S(I1) be defined by Tax = > A\;eq;—1 for all
x = > Ae; € S(l1), where {e;};en is a standard basis. Obviously, T maps atoms
of S(ly) into atoms of S(ly), but T is not surjective.

Remark 3.3. We can see in the proofs of Lemma 23] and Lemma 4] that an
isometry T': S(E) — S(F') can be linearly isometrically extended if and only if, for
any v € I', there exists {ay,, }yer; CR with 37, cp |aq,4/|P = 1 such that

ol

Tx = Z Z Ayy el (Vo = Z Mey € S(E)),

yely'el’, el

where {e’,},/er is a norm-one complete disjoint system of F,and I}, = {y' € I :
6;, S BTEW}.
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