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ABSTRACT. Let A and B be regular commutative Banach algebras and A®B
their projective tensor product, and suppose that A®B is semisimple. We
investigate the relation between weak spectral synthesis properties of A®B
and those of A and B.

INTRODUCTION

Let A be a semisimple regular commutative Banach algebra with structure space
A(A) and Gelfand transform a — @. For any subset M of A, the hull h(M) of M
is defined by h(M) = {p € A(A) : (M) = {0}}. Associated to each closed subset
E of A(A) is a largest and a smallest ideal, k(F) and j(E), of A with hull equal to
E, namely

E(E)={a€ A:a(p) =0forall p € E}
and
J(E) = {a € A :a has compact support disjoint from E}.
The set E is called a spectral set (or set of spectral synthesis) if k(E) = j(E)
(equivalently, k(E) is the only closed ideal of A with hull equal to E). We say that
spectral synthesis holds for A if every closed subset of A(A) is a spectral set.

A weaker form of spectral synthesis has been introduced in [I4]. A closed subset
E of A(A) is called a weak spectral set if every element of the quotient algebra
k(E)/j(E) is nilpotent. When this happens for each E, we say that weak synthesis
holds for A. The importance of these latter notions is due to the fact that the class
of weak spectral sets is usually considerably larger than the class of spectral sets
and that there are many commutative Banach algebras for which weak synthesis
holds, but synthesis fails.

Now, the structure space of the projective tensor product A®B of two commu-
tative Banach algebras A and B is canonically homeomorphic to the product space
A(A) x A(B). More precisely, given ¢ € A(A) and ¢ € A(B), there is a unique
homomorphism &1 : AQB — C such that p&i(a @ b) = @(a)y(b) for all a € A
and b € B, and the map (y,v) — ©® is a homeomorphism between the product
space A(A) x A(B) and A(A®B) [4,T1]. Nevertheless, surprisingly little is known
about relating spectral synthesis problems in A®B to such problems in A and B.
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In this paper we show that, under some standard condition on A and B, a
product subset E x F of A(A®B) is a weak spectral set for A®B if and only if F
and F' are weak spectral sets for A and B, respectively, and similarly for spectral
sets (Theorems 1.2 and 1.6). Moreover, when A(B) is discrete, we characterize the
properties of spectral synthesis and weak spectral synthesis for AQB in terms of
the corresponding properties for A (Theorem 2.2). An application (Corollary 2.3)
concerns generalized L!-group algebras.

1. WEAK SPECTRAL SETS OF PRODUCT TYPE

For two complex algebras A and B, A ® B will denote their algebraic tensor
product, and if A and B are Banach algebras, AR B denotes their projective tensor
product. Note that when A and B are commutative Banach algebras, then A®B is
regular if and only if both A and B are regular, and if AR B is semisimple, then so
are A and B. The converse is false in general. In fact, this was shown in [7, Theorem
3] using the existence of Banach spaces that do not have the approximation property
[3]. However, if at least one of A and B does have the approximation property and
A and B are semisimple, then A®B is semisimple.

Let A be a semisimple regular commutative Banach algebra, and let £ C A(A)

be a weak spectral set. Then there exists n € N such that a” € j(E) for all
a € k(E) (see [2, footnote 7, p. 855] and [14, Theorem 1.2]). Since k(E)/j(E) is
commutative, it follows that every n-fold product of elements in k(E) belongs to
j(E). Adopting the notation of [T4], we let £(E) denote the smallest such number
n. So E is a spectral set precisely when £(E) = 1.

For ¢ € A(B), let hy, : A B — A denote the homomorphism satisfying h(a ®
b) =1(b)a for all a € A and b € B. Note that ||hy|| < 1. The following simple fact
will be used several times.

Lemma 1.1. Let E and F be closed subsets of A(A) and A(B), respectively, and
let Yy € F. Then

hy (§(E x F)) € j(E).

Proof. Let x € j(E x F). There exists a compact subset C' of A(A®B) = A(A) x
A(B) such that Z = 0 outside of C and C N (E x F) = (). Thus, if ¢ € A(A) is
such that 0 # ¢(hy(x)) = (@) (), then &1 € C and ¢ ¢ E since otherwise

@Y € CN(E x F). So m has compact support disjoint from E, whence
hy(z) € j(E). O

Theorem 1.2. Let A and B be reqular commutative Banach algebras, and suppose
that A®B is semisimple. Let E and F be closed subsets of A(A) and A(B), re-
spectively. If E x F is a weak spectral set for AQB, then &(E) < &(E x F), so that
E is a weak spectral set for A. In particular, if E x F is a spectral set for ARB,
then E is a spectral set for A.

Proof. Let n =&(E x F), and let a € k(E) and € > 0 be given. Choose ¢ € F' and

b € B such that ¢(b) = 1. Since k(E x F)* C j(E x F), there exists z € j(E x F)
such that ||z — (a ® b)"|| < e. Then

l[a™ = hy ()] [9(0")a™ = hy (@) = [lhy (0" @ ") = hy(2)]|
la™ @ 0" — || <,

IN
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and hy(x) € j(E) by the preceding lemma. Since € > 0 is arbitrary, it follows that
a™ € j(E). O

To establish the converse to Theorem 1.2 requires some more effort.

Lemma 1.3. Let A and B be commutative Banach algebras, and suppose that B
is semisimple. Let E be a closed subset of A(A). Then

(i) k(E x A(B)) = k(E)®B;

(i) j(E x A(B)) CJ(E) @ B CJ(E x A(B).
Proof. Let = Y.7°, a; ®b; € A®B, and let ¢ € A(A) be such that & (x) = 0
for all ¢ € A(B). Of course, we can assume that the elements b;,7 € N, are

linearly independent. We are going to show that aj, € ker ¢ for all k£ € N. For each
¥ € A(B), we have

( <Z sﬁ(ai)bz) = plai)(bi) = pBe(x) =0,
i=1 i=1

whence 221 ©(a;)b; = 0 since B is semisimple. For every f € B*, we get that

¥ <Z f(bz)az> = Z f(bi)go(ai) =f (Z @(ai)bz) —0.

Fix k € N and for n > k, let L, denote the linear subspace of B generated by
bi,...,bk—1,bg+1,...bn. Then by &€ L, and hence by the Hahn-Banach Theorem
there exists f, € B* such that f,|L, =0, || fn]l = 1 and f,,(bx) = ||bk||. Then, for
each n > k,

0=¢ (Z fn(bi)ai> = l[brllp(ar) + fn < > @(az‘)bz) -

i=n+1
Now, since Zf; [la:|l||b: |l < oo and ||fn] =1,

fn ( > sﬁ(ai)bz) < | DD elabil[ < D le(as)] - lIbill
i=n+1 i=n+1 i=n+1
< D aall - foalls
i=n+1

which converges to 0 as n — oo. It follows that ¢(aj) = 0. Since this holds for all
k, we conclude that 2 € ker p@B. Thus k(E x A(B)) C k(E)®B. The converse
inclusion being obvious, we obtain (i).

Now, assume that z € j(E x A(B)). There exists a compact subset C of A(A)
such that C N E = () and & (z) = 0 for all ¢ € A(A)\ C and ¢ € A(B). By
what we have seen above, a; € E(A(A) \ C) C j(E) for all k¥ € N. Consequently,

z € j(E)® B.
Finally, if z = >/, a; ® b; is such that a; € j(E) for all 4, then a; ® b; €
J(E x A(B)) for each i. This completes the proof of (ii). O

Corollary 1.4. Let A and B be regular commutative Banach algebras such that
A®B is semisimple. Let E be a closed subset of A(A), and suppose that n = £(F) <
o0o. Then

E(E x A(B))" C j(E x A(B)).
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In particular, if E is a set of synthesis for A, then E x A(B) is a set of synthesis
for ARB.

Proof. Since A®B is semisimple, j(E x A(B)) is the smallest ideal of A®B with
hull equal to E x A(B), and similarly for j(E) since A is semisimple. Therefore,
the hypotheses and Lemma 1.3 yield that

k(Ex AB))" = (k(E)®B)" Ck(E)"®B
C J(E)®B C j(E x A(B)).
The last statement follows with n = 1. O

Before proceeding we recall that a commutative Banach algebra A is said to
be Tauberian if the ideal j(f) = {a € A : @ has compact support} is dense in A.
Thus A is Tauberian exactly when @ is a spectral set. Moreover, A satisfies Ditkin’s
condition at infinity if a € aj(@) for all a € A. For these and other notions in
spectral synthesis and ideal theory we refer to [6].

Lemma 1.5. Suppose that A and B are Tauberian, and let E and F be closed
subsets of A(A) and A(B), respectively. Then

J(E)®B+A®j(F)Cj(E xF).

Proof. We have to show that if x = Y7, ar @ by + Yoy ¢t @ d; where a; €
J(E),br € B,c; € A and d; € j(F), then z € j(E x F). Of course, we can assume
that ay # 0 for all k and d; # 0 for all [. Since A and B are Tauberian, given € > 0,
there exist vy, € B and u; € A such that 03, and @; have compact support in A(B)
and A(A), respectively, and

|loe = be|| < and |ju; —

€ H < €
_ all < —S—
2n||a|| 2m|dy|

(1<k<n,1<l<m). Let

n m
yzzak®vk+zul®dl.
k=1 =1

Then ||y — z|| < e and § has compact support and vanishes on a neighbourhood
of Ex F. Thus y € j(E x F), and since ¢ > 0 was arbitrary, we conclude that
z € j(EXF). O

Theorem 1.6. Let A and B be reqular commutative Banach algebras such that
A®B is semisimple and A and B are Tauberian. Let E and F be closed subsets of
A(A) and A(B), respectively. If E and F are weak spectral sets, then E x F is a
weak spectral set for AQB. In particular, if E and F are spectral sets, then E x F
is a spectral set.

Proof. Let m,n € N be such that k(E)™ C j(E) and k(F)™ C j(F). Let I be the
closed ideal

1=E) e B+ Aej(F).
and note that h(I) = F x F. Since A and B are Tauberian and A®B is semisimple,

Lemma 1.5 implies that I = j(E x F'). Therefore, to establish the theorem, it
suffices to show that k(E x F)™" C I.
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Let K denote the closed ideal generated by k(F)™, and write F instead of F
when F is identified with A(B/k(F)). Then A®K C A® j(F) C I. Moreover,
with J = ARk(F),

(A®B)/J = AS(B/k(F)) and A((A®B)/J) = A(A) x F.

We apply Corollary 1.4 to A(B/k(F)) and E x F = E x A(B/k(F)). If

x € k(E X F), then x + J € k(E x F) and hence
2™+ Jek(ExF)" Cj(ExF).

Now, (j(E) ® B + J)/J is an ideal of (A®B)/J with hull equal to E x F. Since
(A®B)/J is semisimple and regular, we obtain that

E(Ex F)" Cj(E)® B+ A®k(F).
For a € j(E),b € B,c € A and d € k(F), we have

n

3 (7) (@ @)t ed )

=1
" n
= "d"+ alcnfl ® bldnfl
> () )

AR Kk(F)"+j(F)® B.

(a®@b+cd)"

N

It follows that

E(ExF)""CAQK+j(E)®@BCI,

as required. 0

Thus, especially, if A and B are unital regular commutative Banach algebras
such that A®B is semisimple and E and F are closed subsets of A(A) and A(B),
respectively, then E x F is a (weak) spectral set if and only if F and F are (weak)
spectral sets. It is surprising that Theorem 1.6 (and even Theorem 1.2) has been
shown before only in very special cases (see [l, Corollary 2.2 and Lemma 2.3] and
[8, Theorem 2.1]).

We finish this section with the observation that it is not true in general that if
E and F are weak spectral sets, then £(E x F') = £(E)¢(F). In fact, by [12] for the
n-dimensional sphere in Rt = A(L'(R"*!)) one has £(S™) = | % + 1], whereas
for S7 x 8™ C R™H x R™H = ALY (R @LYR™H)), (S x §™) < |2t 41
by [B, p. 154, Theorem 2].

2. WEAK SPECTRAL SYNTHESIS

Of course, if weak synthesis or synthesis holds for A® B, then the same is true for
A and B (Theorem 1.2). The converse fails in general. For instance, as indicated in
[8], it follows from Varopoulos’ work [13] that if G is any infinite compact abelian
group, then weak synthesis fails for C(G)®C(G). However, if X is a compact
Hausdorff space and B is a unital semisimple regular commutative Banach algebra
such that A(B) is scattered and, in addition, B satisfies some strong Ditkin type
condition, then C(X)®B has synthesis [I, Theorem 2.4]. We establish a weak
spectral synthesis result of a similar nature under the hypothesis that A(B) is
discrete, but A is arbitrary (Theorem 2.2).
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Lemma 2.1. Let A and B be regular commutative Banach algebras, and suppose
that AQB is semisimple and that A(B) is discrete and infinite. If weak synthesis
holds for ARB, then

sup{&(F) : E C A(A) closed} < cc.

Proof. Towards a contradiction, assume that there are closed subsets FE; of A(A),
i € N, such that the sequence (£(E;)); is unbounded. Since A(B) is infinite, we can
choose pairwise different elements v; of A(B), i € N. Let S = ;o (Ei x {t:}).
Then S is closed in A(A®B) since each of the sets A(A) x {1}, ¥ € A(B), is open.

For each i, let r; = {(E;) — 1 and choose a; € k(E;) such that a;* ¢ j(F;) and
b; € B such that ;(b;) = 1 and 1(b;) = 0 for all ¢ # ; (such b; exist since B is
regular and A(B) is discrete). Replacing a; with a suitable multiple of itself, we
can arrange for >_° |las|| - ||bi|| < oo. Now, let

00
xr = Zai®bi S A@B
i=1

Then x € k(S) since, for every ¢ € E;,
i (x Zsa a))ihi(br) = p(a;) =

Since S is a weak spectral set, 2 € j(S) for some m € N. Since B is semisimple
and ¥(b;) = 0 for ¢ # 1; and ¢;(b;) = 1 (¢ € N), the elements b; are pairwise
orthogonal idempotents. This implies that

Zazm@)bi: <Zai®bi> =™ € j(9).

Fix 4 € N. Since j(S) C j(E; x {¢,}) and, for [ # 1,
ai* @b € k(A(A) x {¢i}) S J(Ei x {¢i}),

we conclude that a” @ b; € j(E; x {t;}). This in turn implies that a}* € j(E;)
(Lemma 1.1), whence m > r;+1 = £(E;). Since this holds for all 4, we have reached
a contradiction. ([

Theorem 2.2. Let A and B be reqular commutative Banach algebras, and suppose
that ARB is semisimple and satisfies Ditkin’s condition at infinity. In addition, let
A(B) be discrete and B be infinite dimensional. Then the following conditions are
equivalent:

(i) weak spectral synthesis holds for A@B;

(ii) sup{{(E) : E C A(A) closed} < .

Moreover, in this case, £(T) < sup{&{(E) : E C A(A)closed} < oo for every
closed subset T of A(A@B). In particular, spectral synthesis holds for A®B if and
only if spectral synthesis holds for A.

Proof. Notice that since B is semisimple, A(B) is finite if and only if B is finite
dimensional. Thus (i)=-(ii) follows from Lemma 2.1. Thus, suppose that (ii) holds,
and let r be the supremum in (ii). Let T be a closed subset of A(A®B) and write

T= J By x{4}),

YeA(B)
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where Eyy C A(A). Then every Ey, is a closed subset of A(A), and hence a” € j(Ey)
for all a € k(Ey).

We are going to show that " € §(T) for each = € k(T). To that end, recall first
that since AR B satisfies Ditkin’s condition at infinity, given any e > 0, there exists
y € A®B such that ||z — zy|| < e and g has compact support. Therefore it suffices
to show that 2" € j(T') for « € k(T') such that T has compact support. Let, say,

supp U (S; x {¢;})

where 1; € A(B) and S; C A(A) is compact, 1 < j < n. Now, since A® B is regular
and semisimple, there exists a partition of unity associated to these data; that is,
there are uy, ..., u, € A®B such that supp @y C A(A) x {¢;} and = = 377, zu;.
It suffices to show that (zu;)" € j(T) for 1 < j < n. Thus we can henceforth
assume that

z € k((Ey x {¢}) U (A(A) x (A(B) \ {¢})))-
Define closed ideals J of B and I of A®B by J = k(A(B) \ {¥}) and

I = k(A(ABB) \ (A(A) x {¥})) = k(A(A) x (AB)\ {¥})).

Then A(I) = A(A) x {1} and I = ARk(A(B)\ {¢}) (Lemma 1.3). So the element
z € I can be written as = Y .-, a; ® b; where a; € A and b; € k(A(B) \ {¢}).
Since B is semisimple, J is one-dimensional, and therefore b; = a;b for some b € B
with ¢(b) =1 and o; € C (i € N). Hence = a ® b where a = Y2, a;a;. Now,
a € k(Ey) since z € k(Ey x {¢}) and 1(b) # 0. It follows that a” € j(Ey).

Finally, 2" = (a ® b)" = a” ® b since b is an idempotent. Since ¥ vanishes on
A(A) x (A(B)\ {¢}) and a” € j(Ey), it follows that =" € j(T). 0

In Theorem 2.2 we have assumed B to be infinite dimensional. It is obvious
from the proofs of Lemma 2.1 and Theorem 2.2 that if B is finite dimensional, then
(weak) synthesis holds for A®B if and only if it holds for A.

Let G be a locally compact group and A a semisimple regular commutative
Banach algebra. Then L!(G, A), the Banach convolution algebra of all A-valued
integrable functions on G, is a semisimple regular commutative Banach algebra
that is isomorphic to the projective tensor product Ll(G)@JA. Theorem 2.2 now
allows a complete solution to the problem of when (weak) spectral synthesis holds
for LY(G, A).

Corollary 2.3. Let G be an infinite locally compact abelian group and A a semisim-
ple reqular commutative Banach algebra that is Tauberian and has a bounded ap-
proximate identity. Then weak spectral synthesis holds for L'(G, A) if and only if
G is compact and

sup{&(F) : E C A(A) closed} < co.

In particular, spectral synthesis holds for L*(G, A) if and only if spectral synthesis
holds for A.

Proof. If weak spectral synthesis holds for L'(G, A), then it holds for L'(G).
However, this forces G to be compact [8 Theorem 3.2]. So A(L'(G)), which
is homeomorphic with the dual group of G, is discrete. Hence, by Lemma 2.1,
sup{&(E) : E C A(A) closed} < cc.
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For the converse, according to Theorem 2.2, it suffices to observe that if A is
as in the corollary, then L'(G, A) satisfies Ditkin’s condition at infinity. Now,
B = LY(G) is Tauberian and has a bounded approximate identity. It is well known
that then A®B has a bounded approximate identity. Also, it is obvious that A®B
is Tauberian (compare the proof of Lemma 1.5). These two properties together
imply that A®B satisfies Ditkin’s condition at infinity. O

Example 2.4. (i) Concerning the boundedness condition for the set of values £(E),
it is worth pointing out that for each n € Ny, one can find a natural Banach function
algebra A such that

sup{{(F) : E C A(A) closed} =n + 1.

To see this, let A = C(™[0,1], the algebra of all n-times continuously differentiable
functions on the interval [0, 1]. For ¢ € [0,1] and 0 < m < n, let

Pim={feA:f9)=0for0<j<m}.

Then the map ¢ — ¢, where ¢:(f) = f(t), is a homeomorphism between [0, 1] and
A(A) and, due to work of Shilov [I0] (see [9) Appendix A 2.4)],

(1) the ideals P, ,, are exactly the closed primary ideals of A (that is, the closed
ideals J of A with h(J) a singleton),

(2) every closed ideal I of A is the intersection of the primary ideals containing
1.

Now, let F be any closed subset of [0,1] = A(A). Then k(E)" C j(E). Indeed,
it follows from (1) and (2) that

J(E)=({Pim:teE0<m<n}

Moreover, if f(t) = 0, then (f**1)0)(t) = 0 for 0 < j < n as is easily seen by
induction on n using the Leibniz rule.

On the other hand, taking for E a singleton, it is clear that n + 1 is the smallest
possible integer k such that f* € j(E) for each f € k(E).

(ii) Let M be the so-called Mirkil algebra, a certain convolution algebra, which
has been used to produce several counterexamples in spectral synthesis. Although
A(M) is discrete, spectral synthesis fails in M, but as shown in [I5, Theorem 1.4],
&(F) < 2 for each subset E of A(M).
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