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A PROOF OF W. T. GOWERS’ c0 THEOREM

VASSILIS KANELLOPOULOS

(Communicated by N. Tomczak-Jaegermann)

Abstract. W. T. Gowers’ c0 theorem asserts that for every Lipschitz function
F : Sc0 → R and ε > 0, there exists an infinite-dimensional subspace Y of c0
such that the oscillation of F on SY is at most ε. The proof of this theorem has
been reduced by W. T. Gowers to the proof of a new Ramsey type theorem.
Our aim is to present a proof of the last result.

1. Introduction and notation

In this paper we give a proof of W. T. Gowers’ c0 theorem (see [G1], [BL] and
[G2]). As W. T. Gowers has shown, the theorem is essentially purely combinatorial
and reduces to a Ramsey type result on the space of finitely supported functions
f : N → {−k, ..., k}. The proof presented here is based on an abstract lemma,
implicitly contained in Gowers’ proof and which may be considered as an extension
of the well-known lemma of the existence of an idempotent in a compact semigroup.
Both the positive and the general case of the theorem are naturally derived from
it. At the end of the paper we briefly describe some Hales-Jewett versions of the
above combinatorial results.

Notation. Let us fix some notation. By N = {0, 1, 2, . . .} we denote the set of all
non-negative integers. For k ≥ 1 we define

Xk =
{
f : N→ {0, ..., k} : supp f is finite and ∃n ∈ N with f(n) = k

}
and

X±k =
{
f : N→ {−k, ..., k} : supp f is finite and ∃n ∈ N with |f(n)| = k

}
.

By θ we denote the constant zero map θ : N→ {0} and we set

X[k] =
k⋃
i=0

Xi and X[±k] =
k⋃
i=0

X±i, where X0 = {θ}.

For f1, f2 ∈ X[±k] \X0, we write f1 < f2 if max supp f1 < min supp f2. A sequence
~f = (fn)n in X[±k] is called a block sequence if fn < fn+1 for every n.
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3232 VASSILIS KANELLOPOULOS

Let T : X[±k] → X[±k] be defined by

Tf(n) =

 f(n)− 1 if f(n) > 0,
f(n) + 1 if f(n) < 0,
0 if f(n) = 0.

For a block sequence ~f = (fn)n in Xk the span of ~f in Xk is the set

〈 ~f 〉k =
{
T ε0fn0 + ...+ T εmfnm : n0 < ... < nm,

ε0, ..., εm ∈ {0, ..., k − 1}
and ∃i ∈ {0, ...,m} with εi = 0

}
,

and for a block sequence ~f = (fn)n in X±k the span of ~f in X±k is the set

〈 ~f 〉±k =
{
± T ε0fn0 ± ...± T εmfnm : n0 < ... < nm,

ε0, ..., εm ∈ {0, ..., k − 1}
and ∃i ∈ {0, ...,m} with εi = 0

}
.

A coloring of a set X is a partition of X into disjoint pieces, and a subset of X
is called monochromatic if it is contained in one of these pieces. Under the above
notation the positive case of W. T. Gowers’ theorem is stated as follows.

Theorem 1. For every finite coloring of Xk, k ≥ 1, there exists an infinite block
sequence ~f in Xk such that 〈 ~f 〉k is monochromatic.

For the general case we need one more definition. Two elements f1, f2 ofX[±k] are
called neighbours if ‖f1−f2‖∞ ≤ 1. For a set C ⊆ X[±k], by Ĉ we denote the set of
all neighbours of elements of C, i.e. Ĉ = {f ∈ X[±k] : ∃g ∈ C such that ‖f−g‖∞ ≤
1}.

Finally, if X[±k] = C0∪· · ·∪Cp is a finite coloring of X[±k], then a set A ⊆ X[±k]

is called approximately monochromatic if there exists an i such that A ⊆ Ĉi. The
general and most interesting case of W. T. Gowers’ theorem is the following.

Theorem 2. For every finite coloring of X±k, k ≥ 1, there exists an infinite block
sequence ~f in X±k such that 〈 ~f 〉±k is approximately monochromatic.

As has been shown by Gowers the above result yields the c0 theorem. For the sake
of completeness we include the proof here. Let F be a real-valued Lipschitz (or more
generally a uniformly continuous) function on the unit sphere of c0. Fix ε > 0. Then
there exists a δ > 0 such that |F (x)− F (y)| ≤ ε/5, for all x, y ∈ Sc0 with ‖x−y‖ ≤
δ. Choose k with (1+δ)−(k−1) < δ and define ∆ to be the set of all finitely supported
vectors of Sc0 all of whose coordinates belong to {0}∪{±(1+δ)−(k−i) : i = 1, . . . , k}.
Then ∆ is in one-to-one correspondence to X±k via the map G : X±k → ∆, defined
by G(f) = f ′ where f ′(n) = (1 + δ)−(k−i) if f(n) = i > 0, f ′(n) = −(1 + δ)−(k+i)

if f(n) = i < 0 and f ′(n) = 0 if f(n) = 0. Since F is bounded, for the given
ε > 0, there exist I0, . . . , Ip disjoint intervals of length ε/5 that cover the range of
F . Define a coloring {Cr : r = 1, . . . , p} of X±k by putting f in Cr iff F (f ′) ∈ Ir.

By Theorem 2, there exists an infinite block sequence ~f = (fn)n in X±k and an
r0 such that 〈 ~f 〉±k ⊆ Ĉr0 . By the choice of k, for f, g neighbours of X±k, we
have that ‖f ′ − g′‖ < δ, and this gives that the oscillation of F on G

(
〈 ~f 〉±k

)
is at

most 3ε/5. We set ~f ′ = (f ′n)n, and let Y denote the linear span of ~f ′ in c0. Then
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G
(
〈 ~f 〉±k

)
is easily seen to be δ-dense in SY , and so the oscillation of F on SY is

at most ε.

2. A lemma on compact semigroups

A compact semigroup is a semigroup (S,+) with a topology with respect to which
S is a compact Hausdorff space and the map t→ t+s, t ∈ S, is continuous for each
s ∈ S. An element α ∈ S is called idempotent if α+ α = α. The following lemma
due to R. Ellis is fundamental in the theory of compact semigroups.

Lemma 3. If (S,+) is a compact semigroup, then S contains an idempotent.

Proof. Let C = {S′ ⊆ S : S′ is a compact subsemigroup of S} ordered by inclu-
sion. By Zorn’s lemma there exists a minimal element M of C. Pick an α ∈M and
observe that M + α is a compact subsemigroup of M and so M + α = M . Hence
the set M ′ = {α′ ∈ M : α′ + α = α} is non-empty. Notice that M ′ is a compact
subsemigroup of M , and so again by the minimality of M , we get that M ′ = M .
Therefore α ∈M ′ and α+ α = α. �

A two-sided ideal of a semigroup (S,+), is a subset I of S such that S + I ⊆ I
and I + S ⊆ I. On the set of all idempotents of a semigroup the following partial
order is defined:

α ≤ β ⇐⇒ α+ β = β + α = α.

Under the above notation a sequence α0, α1, α2, . . . of idempotents will be called
increasing if αn ≤ αn+1 for all n. For k = 0, 1, . . . and a map T : S → S we
say that T is k-stabilized if T k = T k+1 or equivalently T k = T k+m, for all m ≥ 1
(where by convention T 0 is the identity on S). Similarly a sequence (αn)n in S is
called k-stabilized if αk = αk+m for all m ≥ 1. Notice that a map T : S → S is
0-stabilized if and only if T is the identity and that a sequence (αn)n is 0-stabilized
if and only if it is constant.

Although the basic arguments below are essentially due to W. T. Gowers, the
next lemma is inspired by a presentation of Gowers’ theorem due to S. Todorcevic
[T].

Lemma 4. Let (S,+) be a compact semigroup, I a closed two-sided ideal of S,
k = 0, 1, . . . , and T : S → S a continuous k-stabilized endomorphism. Then there
exists an α ∈ I such that α, Tα, T 2α, . . . is an increasing (k-stabilized) sequence of
idempotents of (S,+).

Proof. We proceed by induction on k. If k = 0, then T is the identity on S and
since I is a compact subsemigroup of S the result follows trivially by the previous
lemma.

Suppose that the result is true for some k > 0 and let T be a continuous (k+ 1)-
stabilized endomorphism of S. Let S′ = T (S), I ′ = T (I) and notice that (S′,+)
is a compact semigroup, I ′ is a two-sided closed ideal of S′ and the restriction of
T to (S′,+) is a continuous k-stabilized endomorphism of S′. By our inductive
assumption there exists an idempotent α′ ∈ I ′ such that the sequence (T nα′)n is
an increasing k-stabilized sequence of idempotents of (S,+). We set

G = {β ∈ I : Tβ = α′}+ α′

and we claim that (G,+) is a semigroup. Indeed, let β1 + α′, β2 + α′ be in G. We
have that (β1 +α′)+(β2 +α′) = (β1 +α′+β2)+α′ and since (T nα′)n is increasing,
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3234 VASSILIS KANELLOPOULOS

α′ ≤ Tα′. Hence, T (β1 + α′ + β2) = Tβ1 + Tα′ + Tβ2 = α′ + Tα′ + α′ = α′, which
gives that (G,+) is a semigroup.

By the continuity properties of T and +, the semigroup (G,+) is also compact.
Hence by Lemma 3, the compact semigroup (G,+) contains an idempotent γ + α′

with γ ∈ I and Tγ = α′. We put α = α′ + γ + α′, and it is easily checked that α
is an idempotent in I, α ≤ α′ and Tα = α′. Therefore T n+1α = T nα′ for all n,
and it is straightforward that (T nα)n is an increasing (k + 1)-stabilized sequence
of idempotents of (S,+). �

3. The proof of W. T. Gowers’ c0 theorem

We will apply Lemma 4 to certain semigroups and two-sided ideals of ultrafilters.
Before this let us start by recalling certain basic facts concerning ultrafilters. An
ultrafilter α on a set X is a maximal filter on X , that is, a family of subsets of X
that satisfies the following properties: (i) ∅ /∈ α, (ii) if A ∈ α and A ⊆ B ⊆ X , then
B ∈ α, (iii) if A,B ∈ α, then A ∩ B ∈ α, (iv) for every A ⊆ X , either A or X \ A
belongs to α. The set of all ultrafilters on X will be denoted by βX . An ultrafilter
α is called principal if there exists x ∈ X such that α = {A ⊆ X : x ∈ A}. The
principal ultrafilter determined by the element x ∈ X is usually denoted by x∗.
The set X is naturally identified with the set of principal ultrafilters via the map
X 3 x→ x∗ ∈ βX .

The set βX becomes a compact Hausdorff topological space, with basis the family
of sets A∗ = {α ∈ βX : A ∈ α} where A ranges over all non-empty subsets of X .
With this topology X is a dense open subset of βX . Of particular importance is the
following property of βX . Whenever σ : X → X ′ is a map, then σ has a continuous
extension βσ : βX → βX ′ defined by

βσ(α) = {A′ ⊆ X ′ : σ−1(A′) ∈ α}.

It is easy to see that if σ : X → X ′ and τ : X ′ → X ′′, then β(τ ◦ σ) = βτ ◦ βσ.
In particular for a map σ : X → X we have that βσj = (βσ)j for every j. In the
sequel we shall denote the extension βσ also by σ and we will write σα instead of
σ(α).

Besides the above set-theoretic description of βX there is another one which
will be very useful for our purposes. To every ultrafilter α on X , we associate the
quantifier (αx) reading as “ for α-almost x ∈ X”, in the following sense. If P (x) is
a statement concerning the elements x ∈ X , we write

(αx)P (x) ⇐⇒ {x ∈ X : P (x)} ∈ α,

that is, “for α-almost x ∈ X , P (x) is true” if and only if the set of all x that satisfy
P (x) belongs to the ultrafilter α. Substituting P (x) with (x ∈ A), we get that

(αx)(x ∈ A)⇐⇒ A ∈ α.

Standard properties of ultrafilters yield that the quantifier (αx) commutes with
conjunction (∧) and negation (¬), namely

(αx)P (x) ∧ (αx)Q(x)⇐⇒ (αx)(P (x) ∧Q(x))

and
¬(αx)P (x) ⇐⇒ (αx)(¬P (x)).
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For example, if σ : X → X ′, then for every α ∈ βX the associated to σα quantifier
is defined by

(σαx′)P (x′)⇐⇒ (αx)P (σ(x))

or equivalently,

A′ ∈ σα⇐⇒ (σαx′)(x′ ∈ A′)⇐⇒ (αx)(σ(x) ∈ A′).
Another important fact concerning βX is that it inherits the algebraic properties

of X . Specifically if X is a semigroup, then it can be shown that βX is a compact
semigroup. The classical example is the compact semigroup (βN,+). In our case
the set X[k] =

⋃k
i=0 Xi, k ≥ 1, with the usual operation +, although it is not a

semigroup it is a partial semigroup, where f + g is defined if either f or g are
equal to θ ≡ 0, or otherwise if max supp f < min supp g. However this is enough to
guarantee that βX[k] contains a compact semigroup. To be more precise let us set

Xn
[k] = {f ∈ X[k] : f(0) = ... = f(n) = 0}

for every n = 0, 1, . . . . Then the family {Xn
[k]}n has the finite intersection property

and therefore we can define

δX[k] = {α ∈ βX[k] : Xn
[k] ∈ α, for every n}.

Observe that δX[k] =
⋂
n(Xn

[k])
∗, and so δX[k] is a non-empty compact subspace

of βX[k]. Also since θ ∈ Xn
[k] for all n, the principal ultrafilter θ∗ = {A ⊆ X[k] :

A contains the function θ ≡ 0} belongs to δX[k] and moreover it is the only princi-
pal ultrafilter in δX[k].

On δX[k] we define the addition + by

α+ β = {A ⊆ X[k] : (αf)(βg)(f + g is defined and f + g ∈ A)}
or equivalently,

A ∈ α+ β ⇐⇒ {f ∈ X[k] : Af ∈ β} ∈ α
where Af = {g ∈ X[k] : f + g is defined and f + g ∈ A}. The following three
propositions are essentially from [BBH] where they are stated and proved in greater
generality.

Proposition 5. The set δX[k] with the operation + is a compact semigroup and
θ∗ is its unit element.

Proof. We leave to the reader the verification that α + β is indeed an ultrafilter,
the operation + is associative and the map α→ α + β, α ∈ δXk is continuous for
any β ∈ δXk that is obtained in a similar manner as in the case of βN .

We show the rest of the conclusions. We begin by showing that α + β ∈ δXk

for α, β ∈ δXk. By the definition of δX[k], it is enough to check that Xn
[k] ∈ α+ β

for all n. Fix n and set for simplicity A = Xn
[k]. Then for every f ∈ A, we

have that Af ∈ β. Indeed, if f = θ, then Af = A; otherwise Af = Xn0
[k] where

n0 = max suppf . Therefore A ⊆ {f ∈ X[k] : Af ∈ β}, and since A ∈ α, we obtain
that {f ∈ X[k] : Af ∈ β} ∈ α, which by definition means that A ∈ α+ β.

To show that α = α + θ∗, observe that A ∈ α =⇒ ∀f ∈ A, θ ∈ Af ⇐⇒ ∀f ∈
A, Af ∈ θ∗ ⇐⇒ A ⊆ {f ∈ X[k] : Af ∈ θ∗} =⇒ {f ∈ X[k] : Af ∈ θ∗} ∈ α⇐⇒ A ∈
α+ θ∗. Hence α ⊆ α+ θ∗, and since both are ultrafilters α = α+ θ∗. The equality
θ∗ + α = α is similarly shown. �
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We now describe the properties of the extension of T : X[k] → X[k] to βX[k].
Observe that if f + g is defined, then Tf + Tg is also defined (the converse fails)
and T (f + g) = Tf + Tg, that is, T is an endomorphism of the partial semigroup
(X[k],+).

Proposition 6. The extension of T : X[k] → X[k] to T : βX[k] → βX[k] maps
δX[k] into δX[k], and its restriction to (δX[k],+) is a continuous k-stabilized endo-
morphism.

Proof. First let us verify that T (α+ β) = Tα+ Tβ for α, β ∈ δX[k]. Indeed,

A ∈ T (α+ β)⇐⇒ T−1(A) ∈ α+ β

⇐⇒ (αf)(βg)(f + g is defined and f + g ∈ T−1(A))

⇐⇒ (αf)(βg)(f + g is defined and T (f + g) ∈ A)

⇐⇒ (αf)(βg)(f + g is defined and Tf + Tg ∈ A)

=⇒ (αf)(βg)(Tf + Tg is defined and Tf + Tg ∈ A)

⇐⇒ (Tαf ′)(Tβg′)(f ′ + g′ is defined and f ′ + g′ ∈ A)
⇐⇒ A ∈ Tα+ Tβ.

Hence T (α+ β) ⊆ Tα+ Tβ, and so T (α+ β) = Tα+ Tβ. To see that T maps
δX[k] into itself, observe that Xn

[k] ⊆ T−1(Xn
[k]) for all n and so Tα ∈ δX[k] for

every α ∈ δX[k]. To show that T is k-stabilized notice that for every f ∈ X[k],

T k+1f = T kf = θ, which easily gives T k+1α = T kα = θ∗ for all α ∈ βX[k]. Finally
the continuity of T follows from the continuity of T : βX[k] → βX[k]. �

We set
Xn
k = {f ∈ Xk : f(0) = ... = f(n) = 0}

for every n = 0, 1, . . . and we define

δXk = {α ∈ βXk : Xn
k ∈ α for every n}.

Again by the finite intersection property of the family {Xn
k }n, the set δXk is a

compact non-empty subset of βXk. As in the case of δX[k], it can be shown that
(δXk,+) is a compact semigroup with the operation + having an analogous mean-
ing. Notice that for f, g ∈ X[k], f + g ∈ Xk whenever f + g is defined and f or
g ∈ Xk i.e. Xk is a two-sided ideal of the partial semigroup (X[k],+). This property
is carried over to δXk in the following sense.

Proposition 7. The extension of the inclusion map I : Xk ↪→ X[k] to I : βXk →
βX[k] maps δXk into δX[k], and its restriction to (δXk,+) is a continuous isomor-
phism onto a (closed) two-sided ideal of (δX[k],+).

Proof. As in Proposition 6, it can be checked that I : βXk → βX[k] maps (δXk,+)
isomorphically into (δX[k],+). Observe that for an ultrafilter β ∈ δX[k], we have
that

β ∈ I(δXk)⇐⇒ Xk ∈ β.
Since Xk is a two-sided ideal of X[k], it is easy to see that for α ∈ δX[k] and
β ∈ I(δXk), Xk ∈ α+ β, and so by the above remark α+ β ∈ I(δXk). Similarly it
is shown that β + α ∈ I(δXk), and so I(δXk) is a two-sided ideal of δX[k]. �

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A PROOF OF W. T. GOWERS’ c0 THEOREM 3237

In the sequel we will identify δXk with the closed two-sided ideal I(δXk) of
(δX[k],+).

Finally, the semigroups (δX[±k],+) and (δX±k,+) are defined analogously, and
it is easy to see that they satisfy what corresponds to the above propositions. Since
for every f ∈ X[k] and every β ∈ δX[k], we have that (βg)(f + g is defined), in
what follows we simply write (αf)(βg)(f + g ∈ A) to denote that A ∈ α + β for
α, β ∈ δX[k] (and similarly for δX[±k]).

We are now ready to prove W. T. Gowers’ theorem.

Proof of Theorem 1. We set

I(δXk, T ) = {α ∈ δXk : α+ T jα = T jα+ α = α for every j = 0, ..., k}.

By the above propositions and Lemma 4, for S = δX[k] and I = δXk, we obtain
that

I(δXk, T ) 6= ∅,
and so we can choose an α ∈ I(δXk, T ).

Lemma 8. For every A ∈ α there exists a block sequence ~f in Xk such that
〈 ~f 〉k ⊆ A.

Proof. Since α ∈ I(δXk, T ) we have that for every A ∈ α,

(αf)(αg)({f, g, f + T jg, T jf + g : j = 0, 1, ..., k − 1} ⊆ A)

or equivalently,

(1) (αf)(αg)
(
〈f, g〉k ⊆ A

)
.

By induction pick A = A0 ⊇ A1 ⊇ · · · ⊇ An ⊇ . . . and f0 < f1 < · · · < fn < . . .
such that ∀n, An ∈ α, fn ∈ An and An+1 = {g ∈ Xk : 〈fn, g〉k ⊆ An}.

To start set A0 = A and by (1) choose an f0 ∈ Xk so that (αg)(〈f0, g〉k ⊆ A0)
and put A1 = {g ∈ Xk : 〈f0, g〉k ⊆ A0}. Then f0 ∈ A0, A1 ∈ α and A0 ⊇ A1.
Suppose that A0, . . . , An and f0, . . . , fn−1 have been constructed so as to satisfy
the required properties. Since An belongs to α, (1) holds for An in place of A, and
so we can pick an fn ∈ Xk so that fn−1 < fn and (αg)(〈fn, g〉k ⊆ An). We set
An+1 = {g ∈ Xk : 〈fn, g〉k ⊆ An} and clearly we have that An+1 ∈ α, fn ∈ An,
An+1 ⊆ An, and so the induction can be carried out. By downwards induction it is
easily checked that 〈fi, . . . , fn〉k ⊆ Ai, for all i ≤ n and so 〈f0, f1, . . . , fn〉k ⊆ A0 =
A, for all n. �

Since one of the pieces of every finite coloring of Xk belongs to α the proof of
Theorem 1 is complete. �

Proof of Theorem 2. The main idea here is to apply Lemma 4 for S = δX[±k],
I = δX±k and−T instead of T defined by−Tf = −(Tf) = T (−f) for all f ∈ X[±k].

We set

I(δX±k,−T ) = {α ∈ δX±k : α+(−T )jα = (−T )jα+α = α for every j = 0, ..., k}.

It is easily shown that −T satisfies the obvious analogue of Proposition 6, and so
Lemma 4 gives that for every k ≥ 1,

I(δX±k,−T ) 6= ∅.
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For a block sequence ~f = (fn)n in X±k we define

〈 ~f 〉(−T ) = {(−T )ε0fn0 + ...+ (−T )εmfnm : 0 ≤ εi ≤ k − 1, n0 < ... < nm

and ∃i with εi = 0}.

Lemma 9. For a symmetric set A ⊆ X±k (i.e. A = −A) and a block sequence ~f

in X±k, if 〈 ~f 〉(−T ) ⊆ A, then 〈 ~f 〉±k ⊆ Â.

Proof. Let f ∈ 〈 ~f 〉±k. Then there exist m ∈ N, n0 < · · · < nm, ε0, . . . , εm ∈
{0, . . . , k − 1}, with εi = 0 for some i and δ0, . . . , δm ∈ {−1,+1}, such that

f = δ0T
ε0fn0 + ...+ δmT

εmfnm .

We distinguish two cases:
Case 1. For some i ∈ {0, . . . ,m}, εi = 0 and δi = +1. Then for every i ∈

{0, . . . ,m} we set gi = δiT
εifni and

(a) If δi = −1 and εi is odd, or δi = +1 and εi is even, we set g′i = gi. Observe
that in these subcases g′i = gi = (−T )εifni .

(b) If δi = −1 and εi is even, or δi = +1 and εi is odd, we set g′i = Tgi. Then it
is easy to see that g′i = (−T )εi+1fni .

In both subcases, by the choice of g′i, we have that g′i, gi are neighbours for every
i = 0, ...,m. We set f ′ = g′0 + · · ·+g′m. Then f ′ ∈ 〈 ~f 〉(−T ) ⊆ A and ‖f−f ′‖∞ ≤ 1.
Hence f ∈ Â.

Case 2. For every i ∈ {0, . . . ,m} if εi = 0, then δi = −1. Let g = −f . Then the
representation of g satisfies the condition of Case 1, and so there exists g′ ∈ 〈 ~f 〉(−T )

such that ‖g − g′‖∞ ≤ 1. Since 〈 ~f 〉(−T ) ⊆ A and A is symmetric we have that
h = −g′ ∈ A and ‖f − h‖∞ = ‖g − g′‖∞ ≤ 1.

Therefore for every f ∈ 〈 ~f 〉±k, we have that f ∈ Â, that is, 〈 ~f 〉±k ⊆ Â. �
In the following two lemmas, we assume that α ∈ I(δX±k,−T ).

Lemma 10. For every A ∈ α there exists a block sequence ~f in X±k such that
〈 ~f 〉(−T ) ⊆ A.

Proof. This is identical to that of Lemma 8. �

Lemma 11. For every A ∈ α, −Â ∈ α.

Proof. Since α ≤ −Tα, we have that

A ∈ α = −Tα+ α ⇐⇒ (αf)(αg)(−Tf + g ∈ A)

=⇒ (αf)(αg)(−f + Tg ∈ Â) (since f < g)

⇐⇒ (αf)(αg)(f − Tg ∈ −Â)

⇐⇒ −Â ∈ α− Tα = α.

�

For A ⊆ X±k, by ̂̂A we denote the set of all neighbours of the elements of Â. It

is straightforward that ̂̂A = {f ∈ X[±k] : ∃g ∈ A such that ‖f − g‖∞ ≤ 2}. The
folllowing proposition is a weak version of Theorem 2.

Proposition 12. For every α ∈ I(δX±k,−T ) and every A ∈ α, there exists a

block sequence ~f in X±k such that 〈 ~f 〉±k ⊆ ̂̂A.
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Proof. Applying Lemma 11 we get that the set A′ = Â ∩ −Â belongs to α. By
Lemma 10 there exists a block sequence ~f in X±k such that 〈 ~f 〉(−T ) ⊆ A′, and
since A′ is symmetric Lemma 9 gives that 〈 ~f 〉±k ⊆ Â′. Since A′ ⊆ Â we have that

〈 ~f 〉±k ⊆ ̂̂A. �

Remark 1. Notice that the above weak version of Theorem 2 suffices to prove that
every real-valued Lipschitz function on Sc0 is oscillation stable.

To complete the proof we define the map Φ : X±2k → X±k, where for every
f ∈ X±2k and n ∈ N, Φf(n) is defined as follows:

Φf(n) =


f(n)

2 if f(n) is even,
f(n)−1

2 if f(n) > 0 and f(n) is odd,
f(n)+1

2 if f(n) < 0 and f(n) is odd.

The following properties of Φ are straightforward:

(i) It is onto X±k.
(ii) For every f1 < f2 in X±2k, Φ(f1 + f2) = Φf1 + Φf2.
(iii) For every f ∈ X±2k, Φ(−f) = −(Φf).
(iv) For every f1 < f2 in X±2k and every ε1, ε2 ∈ {0, . . . , k} with εi = 0 for at

least one i ∈ {1, 2}, T ε1(Φf1) + T ε2(Φf2) = Φ(T 2ε1f1 + T 2ε2f2).
(v) For every f1, f2 ∈ X±2k, if ‖f1 − f2‖∞ ≤ 2, then ‖Φf1 − Φf2‖∞ ≤ 1.

We recall that Φ is extended to Φ : βX±2k → βX±k, where for every α ∈ βX±2k,
Φα = {A′ ⊆ X±k : Φ−1(A′) ∈ α}.

Lemma 13. For every α ∈ I(δX±2k,−T ) and every A′ ∈ Φα there exists a block
sequence ~f ′ in X±k such that 〈 ~f ′ 〉±k ⊆ Â′.

Proof. By the definition of Φα we have that A = Φ−1(A′) ∈ α. By Proposition 12

there exists a block sequence ~f in X±2k such that 〈 ~f 〉±2k ⊆ ̂̂A. We set f ′n = Φfn
and ~f ′ = (f ′n)n. It is clear that ~f ′ is a block sequence in X±k. We will show that
〈 ~f ′ 〉±k ⊆ Â′.

So let f ′ ∈ 〈 ~f ′ 〉±k. Then there exist m ∈ N, n0 < · · · < nm, ε0, . . . , εm ∈
{0, . . . , k − 1}, with εi = 0 for some i and δo, . . . , δm ∈ {−1,+1}, such that

f ′ = δ0T
ε0f ′n0

+ ...+ δmT
εmf ′nm

= δ0T
ε0Φfn0 + ...+ δmT

εmΦfnm = Φ(δ0T
2ε0fn0 + ...+ δmT

2εmfnm)

by the properties (ii)-(iv) of Φ. Setting f = δ0T
2ε0fn0 + ... + δmT

2εmfnm we have

that f ′ = Φf and f ∈ 〈 ~f 〉±2k. Since 〈 ~f 〉±2k ⊆ ̂̂
A where A = Φ−1(A′), there

exists g ∈ Φ−1(A′), such that ‖f − g‖∞ ≤ 2. We set g′ = Φg and we have that
g′ ∈ A′ and by the property (v) of Φ, ‖f ′ − g′‖∞ = ‖Φf − Φg‖∞ ≤ 1. Hence for
every f ′ ∈ 〈 ~f ′ 〉±k, we have that f ′ ∈ Â′, that is, 〈 ~f ′ 〉±k ⊆ Â′. �

Since for every α ∈ I(δX±2k,−T ) and every finite coloring of X±k one of the
pieces of the partition belongs to Φα, the proof of Theorem 2 is complete. �
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4. Notes

1. Theorems 1 and 2 have interesting corollaries that are actually equivalent to
them and they illustrate the property α ≤ Tα ≤ · · · ≤ T kα of the sequence (T nα)n
obtained in Lemma 4. To state them we need to extend slightly the definition of
the span of a block sequence as follows. For an infinite block sequence ~f = (fn)n
in X[k] define its span in X[k] to be the set

〈 ~f 〉[k] =
{
T ε0fn0 + T ε1fn1 + ...+ T εmfnm : m ∈ N, εi = 0, ..., k − 1 and

n0 < n1 < ... < nm
}

,

and for all i = 1, ..., k define the relative span in Xi by 〈 ~f 〉i = 〈 ~f 〉[k] ∩Xi. We
will also use the notation T j ~f = (T jfn)n for a block sequence ~f = (fn)n of Xk and
j = 1, . . . , k − 1. Then 〈 ~f 〉i = 〈 T k−i ~f 〉i = T k−i

(
〈 ~f 〉k

)
for all i = 1, . . . , k.

Given two block sequences ~f,~g in Xk, we say that ~f = (fn) is a block subsequence
of ~g, denoted by ~f 6 ~g, if fn ∈ 〈~g〉k for all n. Under the above notation we have
the following corollary of Theorem 1.

Corollary 14. Let k ≥ 1 and suppose that for each i = 1, . . . , k, the set Xi is
finitely colored. Then for every block sequence ~g = (gn)n in Xk there exists an
infinite block subsequence ~f 6 ~g such that for each i = 1, . . . , k, the span 〈 ~f 〉i is
monochromatic.

Proof. Let us denote by ~e = (en)n the block sequence in Xk consisting of the
functions en where en(m) = k if n = m and en(m) = 0 otherwise. Notice that
Xk = 〈 ~e 〉k and every f ∈ Xk has a unique representation f = T ε0en0 + T ε1en1 +
...+T εmenm , where ε0, . . . , εm ∈ {0, . . . , k−1}. We define the map P : Xk → 〈 ~g 〉k
by P (T ε0en0 + T ε1en1 + ...+ T εmenm) = T ε0gn0 + T ε1gn1 + ...+ T εmgnm .

It is easily verified that P is bijective and carries block sequences in Xk to block
subsequences of ~g. Since the coloring of 〈 ~g 〉k induces via P−1 a corresponding
coloring of Xk, Theorem 1 and the above property of P yield that there exists a
block sequence ~f1 of Xk with ~f1 6 ~g such that 〈 ~f1 〉k is monochromatic. Using the
same arguments for the case k− 1 instead of k and the block sequence T ~f1 in place
of ~g, we obtain a block sequence ~f ′2 6 T ~f1 such that 〈 ~f ′2 〉k−1 is monochromatic. It
is now easily shown that there exists a block sequence ~f2 of Xk such that ~f2 6 ~f1

and T ~f2 = ~f ′2. Then 〈 ~f2 〉k−1 = 〈 ~f ′2 〉k−1, 〈 ~f2 〉k ⊆ 〈 ~f1 〉k and so the relative
spans of ~f2 in Xk and Xk−1 are monochromatic. Repeating the same procedure,
after k steps we obtain an ~f = ~fk 6 ~g with monochromatic relative span in each
Xi, i = 1, . . . , k. �

Stating the analogous definitions concerning the general case X[±k] we get the
next corollary of Theorem 2.

Corollary 15. Let k ≥ 1 and suppose that for each i = 1, . . . , k, the set X±i is
finitely colored. Then for every block sequence ~g = (gn)n in X±k there exists an
infinite block subsequence ~f 6 ~g such that for each i = 1, . . . , k, the span 〈 ~f 〉±i is
approximately monochromatic.

2. The sequence of idempotents obtained by Lemma 4 can be chosen so that
all its terms α, Tα, . . . will, in addition, be minimal. This can be done by using
in the inductive step of the proof the fact that for every idempotent α and every
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two-sided ideal I there exists a minimal idempotent α′ with α′ ≤ α and α′ ∈ I (see
for example [FK] for a proof of this statement). However we do not see any further
property resulting from the minimality of the idempotent element.

3. It is also possible to derive some Hales-Jewett versions of W. T. Gowers’
combinatorial theorems in the context of variable words. Given a non-empty set
Γ, a word over Γ is a map from a proper initial segment of N into Γ (i.e. a finite
sequence in Γ). The set of all words over Γ, denoted by W (Γ), with the operation
of concatenation ∗ is a semigroup.

To state the first abstract version take for an alphabet a singleton set A = {u0}
and for k ≥ 1 let u1, ..., uk be distinct variables. For i = 0, . . . , k we set W[i] =
W ({u0, ..., ui}) and Vi = W[i] \ W[i−1], for all i = 0, ..., k (where by convention
W[−1] = ∅). Let T be the homomorphic extension to W[k] of the map ui → ui−1 for
i = 1, ..., k and u0 → u0. For an infinite sequence ~w = (wn)n of words of Vk define
its span in Vk to be the set

〈 ~w 〉k = {T ε0wn0 ∗ T ε1wn1 ∗ ... ∗ T εmwnm : εi = 0, ..., k, n0 < n1 < ... <
nm, and ∃i with εi = 0}.

Under the above definitions, we have the following analogue of Theorem 1, which
is related to Carlson’s results [C].

Theorem 16. For k ≥ 0 and every finite coloring of Vk there exists an infinite
sequence ~w in Vk such that the span 〈 ~w 〉k is monochromatic.

Identifying n ∈ {1, 2, ...} with the word w = u0 ∗ ... ∗ u0 (n times), the case
k = 0 of the above theorem is Hindman’s theorem for monochromatic finite sums
of a sequence of positive integers. The proof of Theorem 16 is similar to that of
Theorem 1 and actually it is simpler, since Lemma 4 is applied directly to S = βWk

and I = βVk.
We have that Theorem 1 can be derived from the above theorem. To show this

we define the map Ψ : Vk → Xk for k ≥ 1 where for every w ∈ Vk, Ψw(n) = i
if w(n) = ui and Ψw(n) = 0 if w(n) is undefined. The coloring of Xk induces a
coloring of Vk by lifting via Ψ. Let ~w = (wn)n be the resulting (by Theorem 16)
sequence in Vk, and define f0 = Ψw0 and fn = Ψ

(
T k(w0 ∗ · · · ∗wn−1) ∗wn

)
, for all

n ≥ 1. It is easy to show that 〈 ~f 〉k ⊆ Ψ
(
〈 ~w 〉k

)
and so 〈 ~f 〉k is monochromatic.

Other abstract versions can be derived using the concept of located words, which
was introduced by V. Bergelson, A. Blass and N. Hindman in [BBH], in order to
extend the results of T. Carlson in [C]. For a set Γ, a located word over Γ is a
map from a nonempty finite subset of N into Γ. Note that this notion is actually
a generalization of the common notion of a word over Γ since its domain is not
necessarily an initial segment of N. The set of located words over Γ, denoted by
L(Γ) becomes a partial semigroup under the operation +, defined by w+w′ = w∪w′
whenever dom(w) < dom(w′). As above let A = {u0} and for k ≥ 1 let u1, ..., uk be
distinct variables. Set L[i] = L({u0, ..., ui}) and Li = L[i] \L[i−1], for all i = 0, ..., k
(where L[−1] = ∅). An infinite sequence of located words ~w = (wn)n is said to be a
block sequence if dom(wn) < dom(wn+1) for every n. The span of a block sequence
〈 ~w 〉k is defined as in the case of ordinary words.

Theorem 17. For k ≥ 0 and every finite coloring of Lk there exists an infinite
block sequence ~w in Lk such that the span 〈 ~w 〉k is monochromatic.
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One also could consider abstract versions of Theorem 2 by introducing “negative”
variables u−1, ..., u−k and defining the span of a sequence of words (or of a block
sequence of located words) analogously.
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