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ABSTRACT. W. T. Gowers’ ¢g theorem asserts that for every Lipschitz function
F:Sc, — Rand € > 0, there exists an infinite-dimensional subspace Y of co
such that the oscillation of F' on Sy is at most . The proof of this theorem has
been reduced by W. T. Gowers to the proof of a new Ramsey type theorem.
Our aim is to present a proof of the last result.

1. INTRODUCTION AND NOTATION

In this paper we give a proof of W. T. Gowers’ ¢y theorem (see [G1], [BL] and
[G2]). As W. T. Gowers has shown, the theorem is essentially purely combinatorial
and reduces to a Ramsey type result on the space of finitely supported functions
f: N — {=k,..,k}. The proof presented here is based on an abstract lemma,
implicitly contained in Gowers’ proof and which may be considered as an extension
of the well-known lemma of the existence of an idempotent in a compact semigroup.
Both the positive and the general case of the theorem are naturally derived from
it. At the end of the paper we briefly describe some Hales-Jewett versions of the
above combinatorial results.

Notation. Let us fix some notation. By N = {0,1,2,...} we denote the set of all
non-negative integers. For k > 1 we define

X = {f :N— {0,...,k} : supp f is finite and In € N with f(n) = k} and
Xip = {f :N— {—k, ...k} : supp f is finite and In € N with |f(n)| = k}

By 6 we denote the constant zero map 6 : N — {0} and we set

k k
X[k] = U X; and X[ﬁ:k] = U X4, where Xy = {6}.
=0 i=0
For f1, fo € Xj44) \ Xo, we write f1 < fo if maxsupp f1 < minsupp fa2. A sequence

—

J = (fa)n in Xj4p is called a block sequence if f,, < f,41 for every n.
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3232 VASSILIS KANELLOPOULOS

Let T': X414 — X1 be defined by

f(n) =1 if f(n) >0,
Tfn)=4q [fln)+1 if f(n) <0,
0 if f(n) =0.

For a block sequence f: (fn)n in Xj the span of fin X, is the set

(Ve ={T g+ e + T fr 2 10 < oo < Ty,
€0y s €m € {0, ...,k — 1}
and 3i € {0,...,m} with ¢; = O},

and for a block sequence f: (fn)n in X4 the span of fin X4 is the set

(Flap={£TOfpy & £ T fr ¢ o < oo < 0,
€0y -y €m € {0, ...,k — 1}
and 3i € {0,...,m} with ¢; = 0}.
A coloring of a set X is a partition of X into disjoint pieces, and a subset of X

is called monochromatic if it is contained in one of these pieces. Under the above
notation the positive case of W. T. Gowers’ theorem is stated as follows.

Theorem 1. For every finite coloring of X, k > 1, there exists an infinite block
sequence f in Xy such that { f )y is monochromatic.

For the general case we need one more definition. Two elements f1, fa of X[4; are
called neighbours if || f1 — falloc < 1. For aset C' C X|14, by C we denote the set of

all neighbours of elements of C, i.e. C = {f € X(ag) © Jg € C such that || f—g|le <
1}.

Finally, if X4 = CoU---UC}, is a finite coloring of X4z, then a set A C X4y
is called approzimately monochromatic if there exists an ¢ such that A C C;. The
general and most interesting case of W. T. Gowers’ theorem is the following.

Theorem 2. For every finite coloring of Xyi, k > 1, there exists an infinite block
sequence f in Xy such that ( f )1k is approzimately monochromatic.

As has been shown by Gowers the above result yields the ¢y theorem. For the sake
of completeness we include the proof here. Let F be a real-valued Lipschitz (or more
generally a uniformly continuous) function on the unit sphere of ¢y. Fix ¢ > 0. Then
there exists a 6 > 0 such that |F'(z) — F(y)| < ¢/5, for all z,y € S, with ||z —y|| <
6. Choose k with (1+(5)_(k_1) < § and define A to be the set of all finitely supported
vectors of S, all of whose coordinates belong to {0}U{+(1+8)~*=) i =1,... k}.
Then A is in one-to-one correspondence to X4y via the map G : X1 — A, defined
by G(f) = f' where f'(n) = 1+ 6)" % if f(n) =i >0, f/(n) = —(1 4 6)~*+D)
if f(n) =4 < 0and f'(n) =0if f(n) = 0. Since F is bounded, for the given
€ > 0, there exist I, ..., I, disjoint intervals of length €/5 that cover the range of
F. Define a coloring {C, : r = 1,...,p} of Xy by putting f in C, iff F(f’) € I,..

By Theorem [2], there exists an infinite block sequence f = (fn)n iIn X1 and an
ro such that ( f)ik C &0. By the choice of k, for f, g neighbours of X1, we
have that ||f" — ¢’|| < 4, and this gives that the oscillation of F' on G/({ f)ik) is at

most 3e/5. We set = (f!)n, and let Y denote the linear span of f"in ¢y. Then
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A PROOF OF W. T. GOWERS’ ¢¢ THEOREM 3233

G(( f)ik) is easily seen to be d-dense in Sy, and so the oscillation of F' on Sy is
at most €.

2. A LEMMA ON COMPACT SEMIGROUPS

A compact semigroup is a semigroup (.5, +) with a topology with respect to which
S is a compact Hausdorff space and the map ¢t — t+s, t € 5, is continuous for each
s € 5. An element o € S is called idempotent if & + « = «. The following lemma
due to R. Ellis is fundamental in the theory of compact semigroups.

Lemma 3. If (S,+) is a compact semigroup, then S contains an idempotent.

Proof. Let C = {S" C S: S’ is a compact subsemigroup of S} ordered by inclu-
sion. By Zorn’s lemma there exists a minimal element M of C. Pick an a« € M and
observe that M + « is a compact subsemigroup of M and so M + o« = M. Hence
the set M' ={a’ € M : o + a = a} is non-empty. Notice that M’ is a compact
subsemigroup of M, and so again by the minimality of M, we get that M’ = M.
Therefore « € M’ and a + a = a. O

A two-sided ideal of a semigroup (S,+), is a subset I of S such that S+1 C I
and I +5 C I. On the set of all idempotents of a semigroup the following partial
order is defined:

a<f<—=a+pf=pF+a=a.

Under the above notation a sequence «gq, a1, s, . .. of idempotents will be called
increasing if o, < apyq for all n. For £k = 0,1,... and amap T : § — S we
say that T is k-stabilized if T* = T**! or equivalently T* = T*+t™ for all m > 1
(where by convention T is the identity on S). Similarly a sequence (), in S is
called k-stabilized if oy = gy, for all m > 1. Notice that a map T : S — S is
O-stabilized if and only if T is the identity and that a sequence (v, ), is 0-stabilized
if and only if it is constant.

Although the basic arguments below are essentially due to W. T. Gowers, the
next lemma is inspired by a presentation of Gowers’ theorem due to S. Todorcevic

.

Lemma 4. Let (S,+) be a compact semigroup, I a closed two-sided ideal of S,
k=0,1,...,and T : S — S a continuous k-stabilized endomorphism. Then there
exists an o € I such that o, Ta,, T?ax, ... is an increasing (k-stabilized) sequence of

idempotents of (S, 4+).

Proof. We proceed by induction on k. If £ = 0, then T is the identity on S and
since I is a compact subsemigroup of S the result follows trivially by the previous
lemma.

Suppose that the result is true for some &k > 0 and let T be a continuous (k+ 1)-
stabilized endomorphism of S. Let S’ = T'(S), I' = T(I) and notice that (S’,+)
is a compact semigroup, I’ is a two-sided closed ideal of S’ and the restriction of
T to (S’,+) is a continuous k-stabilized endomorphism of S’. By our inductive
assumption there exists an idempotent o € I’ such that the sequence (T"a’),, is
an increasing k-stabilized sequence of idempotents of (S, 4). We set

G={pel: TB=d}+d

and we claim that (G, +) is a semigroup. Indeed, let 51 + o/, B2 + & be in G. We
have that (81 +a/)+ (B2a+a’) = (B1+ ' + B2) + ' and since (T"a’),, is increasing,
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3234 VASSILIS KANELLOPOULOS

o <Td'. Hence, T(f1+a' 4+ P2) =TH +Tda' +TH =o' +Ta' + o' = o, which
gives that (G, +) is a semigroup.

By the continuity properties of T and +, the semigroup (G, +) is also compact.
Hence by Lemma Bl the compact semigroup (G, +) contains an idempotent v + o
with v € I and Ty = o/. We put a = o’ + v+ o, and it is easily checked that «
is an idempotent in I, o < o and Ta = o/. Therefore T"'a = T"a/ for all n,
and it is straightforward that (T"«), is an increasing (k + 1)-stabilized sequence
of idempotents of (S, +). O

3. THE PROOF OF W. T. GOWERS’ ¢y THEOREM

We will apply Lemma Hlto certain semigroups and two-sided ideals of ultrafilters.
Before this let us start by recalling certain basic facts concerning ultrafilters. An
ultrafilter o on a set X is a maximal filter on X, that is, a family of subsets of X
that satisfies the following properties: (i) @ ¢ «, (ii) if A € « and A C B C X, then
B e q, (i) if A,B € a, then AN B € q, (iv) for every A C X, either A or X \ A
belongs to a. The set of all ultrafilters on X will be denoted by X . An ultrafilter
a is called principal if there exists € X such that « = {A C X : z € A}. The
principal ultrafilter determined by the element x € X is usually denoted by x*.
The set X is naturally identified with the set of principal ultrafilters via the map
X>z—z*efpX.

The set 5X becomes a compact Hausdorff topological space, with basis the family
of sets A* = {a € X : A € a} where A ranges over all non-empty subsets of X.
With this topology X is a dense open subset of 3X. Of particular importance is the
following property of SX. Whenever o : X — X’ is a map, then ¢ has a continuous
extension Bo : BX — X’ defined by

Bo(a) ={A C X" :071(A) €a}.

It is easy to see that if 0 : X — X’ and 7: X' — X", then (1 o 0) = 87 0 0.
In particular for a map o : X — X we have that 307 = (B0)? for every j. In the
sequel we shall denote the extension Bo also by o and we will write o« instead of
o(a).

Besides the above set-theoretic description of X there is another one which
will be very useful for our purposes. To every ultrafilter a on X, we associate the
quantifier (ax) reading as “ for a-almost © € X 7, in the following sense. If P(x) is
a statement concerning the elements z € X, we write

(ax)P(z) <= {z € X :P(x)} €,

that is, “for a-almost « € X, P(x) is true” if and only if the set of all  that satisfy
P(z) belongs to the ultrafilter o. Substituting P(z) with (x € A), we get that

(ar)(x € A) <= A€ a.

Standard properties of ultrafilters yield that the quantifier () commutes with
conjunction (A) and negation (—), namely

(ax)P(z) A (ax)Q(z) <= (ax)(P(z) A Q(x))

and
—(ax)P(z) < (az)(—~P(x)).
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For example, if 0 : X — X', then for every a € 8X the associated to oo quantifier
is defined by

(cax')P(x") <= (az)P(o(x))
or equivalently,
A€ ca < (caz’)(a' € A') < (ax)(o(x) € 4).

Another important fact concerning 5X is that it inherits the algebraic properties
of X. Specifically if X is a semigroup, then it can be shown that X is a compact
semigroup. The classical example is the compact semigroup (SN, +). In our case
the set Xy = Uf:o X;, k > 1, with the usual operation 4, although it is not a
semigroup it is a partial semigroup, where f 4 g is defined if either f or g are

equal to 8 = 0, or otherwise if max supp f < minsupp g. However this is enough to
guarantee that 3X|;) contains a compact semigroup. To be more precise let us set

Xy ={feXy:f(00)=..=f(n)=0}

for every n =0,1,.... Then the family {X ﬁc]}" has the finite intersection property
and therefore we can define

6 Xy = {a € BXpy + X[iy € o, for every n}.

Observe that 6X ) = ), (X &])*, and so 0 X[ is a non-empty compact subspace
of BXx). Also since 0 € X[’}ﬂ for all n, the principal ultrafilter 0* = {A C X :
A contains the function § = 0} belongs to d X[ and moreover it is the only princi-
pal ultrafilter in 0 X[

On 6 X[ we define the addition + by

a+B={AC Xy : (af)(Bg)(f + g is defined and f +g € A)}

or equivalently,
Aca+f+={feXy: Afeplca

where Ay = {g € Xp3): f+g isdefined and f + g € A}. The following three
propositions are essentially from [BBH| where they are stated and proved in greater
generality.

Proposition 5. The set 0 X} with the operation + is a compact semigroup and
0* is its unit element.

Proof. We leave to the reader the verification that a + 3 is indeed an ultrafilter,
the operation + is associative and the map o — a + 3, a € § X}, is continuous for
any 3 € § Xy that is obtained in a similar manner as in the case of SN .

We show the rest of the conclusions. We begin by showing that a + 5 € 6 X}
for o, 8 € 6 Xy. By the definition of 6 X[, it is enough to check that Xﬁ] ca+p
for all n. Fix n and set for simplicity A = X[’;c]. Then for every f € A, we
have that Ay € B. Indeed, if f = 6, then Ay = A; otherwise Ay = X[’,i‘]) where
no = max suppf. Therefore A C {f € X[y : Ay € B}, and since A € a, we obtain
that {f € X : Ay € B} € o, which by definition means that A € a + 3.

To show that o = a + 6%, observe that A € o« = Vf € A, 0 € Ay <= Vf €
A Ayct0 <= AC{feXy: At} ={fcXp: Arcl0lca+= Ac
a+ 60*. Hence a C o + 6%, and since both are ultrafilters @ = a+ 6*. The equality
0* + o = « is similarly shown. O
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We now describe the properties of the extension of T' : X) — Xy to SX-
Observe that if f + ¢ is defined, then T'f + Tg is also defined (the converse fails)
and T(f +g) = Tf + Ty, that is, T is an endomorphism of the partial semigroup
(X5 +)-

Proposition 6. The extension of T : Xy — Xy to T @ fX g — BXx) maps
0 X1y into 6 Xy, and its restriction to (0 X[k, +) is a continuous k-stabilized endo-
morphism.

Proof. First let us verify that T'(a + 3) = Ta+ T4 for a, 3 € 6X[. Indeed,
AcT(a+pB) =T A ca+p
<= (af)(Bg)(f +g is defined and f+g e T 1(A))

il
HBg)(f + g is defined and T(f + g) € A)
(af)(Bg)(f + g is defined and Tf+Tg e A)

— («
N
= (af)(Bg)(Tf +Tg is defined and Tf+Tg e A)

< (Taf' (TR )(f' + ¢ is defined and f' + g’ € A)
< AcTa+T0.

Hence T'(a+ 8) CTa+Tf, and so T(a+ ) = Ta+ TS. To see that T' maps
6X) into itself, observe that X, C T*I(X['}C]) for all n and so Ta € §X for
every a € 0X). To show that T is k-stabilized notice that for every f € Xy,
TEHf =T*f =0, which easily gives T*™'a = T*a = 6* for all & € BX[j. Finally
the continuity of T' follows from the continuity of T": 3Xx) — BX[)- O

We set
Xy ={feXu:f(0)=..= f(n) =0}

for every n =10, 1,... and we define
0Xy ={a € pX,: X} € aforeveryn}.

Again by the finite intersection property of the family {X}'},, the set 60X} is a
compact non-empty subset of 3X. As in the case of 6 X, it can be shown that
(6Xg,+) is a compact semigroup with the operation + having an analogous mean-
ing. Notice that for f,g € X, f + g € Xy whenever f + g is defined and f or
g € Xy ie. X isatwo-sided ideal of the partial semigroup (X{x), +). This property
is carried over to d X in the following sense.

Proposition 7. The extension of the inclusion map I : Xy — Xy to I : fX) —
BXk) maps § Xy into 6 Xy, and its restriction to (0 Xy, +) is a continuous isomor-
phism onto a (closed) two-sided ideal of (6 Xy, +).

Proof. As in Proposition[@, it can be checked that I : 3Xy — BX[; maps (0 X%, +)
isomorphically into (6.X],+). Observe that for an ultrafilter 3 € d X7, we have
that

56I((S.Xvk)<:)>)(]C 65.
Since Xy, is a two-sided ideal of X, it is easy to see that for a € 06X} and

B€I(6Xy), Xi € a+ [, and so by the above remark o+ 3 € I(§X}). Similarly it
is shown that 3 + a € I(6Xy), and so I(0X}) is a two-sided ideal of § X. O
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In the sequel we will identify 0Xj with the closed two-sided ideal I(0X}) of
(60X (k] +).

Finally, the semigroups (6 X4z, +) and (6X+,+) are defined analogously, and
it is easy to see that they satisfy what corresponds to the above propositions. Since
for every f € X[ and every 3 € 6X), we have that (8g)(f + g is defined), in
what follows we simply write (af)(8g)(f + g € A) to denote that A € a + (3 for
@, B € 6 X[ (and similarly for 0 X[4y).

We are now ready to prove W. T. Gowers’ theorem.

Proof of Theorem [1I We set
I(6Xy,T) = {a € 6X) :a+T?a=Ta+a=a forevery j=0,..k}
By the above propositions and Lemma [, for S = X[ and I = §X}, we obtain

that
Z(6 Xk, T) # 0,

and so we can choose an a € Z(6 X, T).

Lemma 8. For every A € « there exists a block sequence f in Xy such that

—

(f)x CA
Proof. Since a € T(6 X}, T) we have that for every A € a,

(f)(ag){f,9. f+T7g. TV f +g:j=0,1,...k—1} C A)

or equivalently,

(1) (af)(ag)((f,9)x € A).

By induction pick A= A4g D2 A1 D DA, D...and fo < fi < - < fn < ...
such that Vn, A, € a, fr, € Ay, and A1 = {9 € Xk : (fn, 9)x C An}.

To start set Ag = A and by () choose an fo € X}, so that (ag)({fo,g)x C Ao)
and put Ay = {g € X : (fo,9)x € Ao}. Then fy € Ay, A1 € a and 4y D A;.
Suppose that Ag,..., A, and fo,..., fr—1 have been constructed so as to satisfy
the required properties. Since A, belongs to «, (@) holds for A,, in place of A, and
so we can pick an f, € X so that f,—1 < f, and (ag)({fn,9)r C A,). We set
Ant1 ={9 € X : {fn,9)r C A,} and clearly we have that 4,11 € «a, fn € An,
An+1 € A, and so the induction can be carried out. By downwards induction it is
easily checked that (f;,..., fn)r C A;, for all i <n and so (fo, f1,..., fu)r C Ao =
A, for all n. O

Since one of the pieces of every finite coloring of X belongs to « the proof of
Theorem [[]is complete. O

Proof of Theorem [ The main idea here is to apply Lemma @ for S = 06Xy,
I = X1 and =T instead of T defined by —T'f = —(T'f) = T'(—f) for all f € X[1p.
We set

I(6 X4k, —T) ={a € 6X1p: a+(-T) a = (-TY at+a = a for every j=0,....k}.

It is easily shown that —T satisfies the obvious analogue of Proposition[f], and so
Lemma [4 gives that for every k > 1,

T(6X 1p, ~T) # 0.
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For a block sequence f: (fn)n in X1 we define

(Y ={=T) frg + oo+ (D) fr s 0< € <k —1, ng < .. <7y
and 3¢ with ¢; = 0}.

Lemma 9. For a symmetric set A C Xyy (i.e. A= —A) and a block sequence f

— —

in Xag, if ( f >(—T) C A, then ( f )1r C A.

—

Proof. Let f € ( f )1x. Then there exist m € N, ng < -+ < Ny, €0y...,6m €
{0,...,k—1}, with ¢; = 0 for some ¢ and do, ..., 0, € {—1,+1}, such that

f = 50T€0 fno + + (SmTEmfnm.

We distinguish two cases:

Case 1. For some i € {0,...,m}, ¢, = 0 and &; = +1. Then for every i €
{0,...,m} we set g; = 6,7 f,,, and

(a) If §; = —1 and ¢; is odd, or 6; = +1 and ¢; is even, we set g} = g;. Observe
that in these subcases g; = ¢; = (=T)% fn,-

(b) If 6; = —1 and ¢; is even, or §; = +1 and ¢; is odd, we set g; = T'g;. Then it
is easy to see that g/ = (=T)<*t1f,..

In both subcases, by the choice of g}, we have that g/, g; are neighbours for every
i=0,..,m. Weset f=g(+---+g,, Then f' € <f)(_T) CAand ||f— f]eo < 1.
Hence f € A.

Case 2. For every i € {0,...,m} if ¢, =0, then §; = —1. Let ¢ = —f. Then the

—

representation of g satisfies the condition of Case 1, and so there exists g’ € ( f )—r)

—

such that [|g — ¢'[|cc < 1. Since ( f )(—r) € A and A is symmetric we have that
h=—-g' € Aand ||f = hlloc = [lg = ¢'lloc < 1.

Therefore for every f € ( f>ik, we have that f € A, that is, ( f>ik C A O
In the following two lemmas, we assume that o € Z(§ X 15, —T).

Lemma 10. For every A € « there exists a block sequence JF in X1 such that

—

(f)-r CA
Proof. This is identical to that of Lemmal[8. O

Lemma 11. For every A € a, —A€a.
Proof. Since a < —Ta, we have that
Aca=-Ta+a <= (af)(ag)(-Tf+gecA)
= (af)(ag)(~f + Tg € A) (since f < g)
= (af)(ag)(f — Ty € —A)
— —-Aca—-Ta=aqa.

O

For A C X4k, by A we denote the set of all neighbours of the elements of ATt

is straightforward that A = {f € X{4x © 3g € Asuch that || f — gllec < 2}. The
folllowing proposition is a weak version of Theorem [2]

Proposition 12. For every a € Z(6 X4k, —T) and every A € «, there exists a
block sequence f in Xix such that ( f)ik C A.
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Proof. Applying Lemma [I1 we get that the set A’ = An-A belongs to a. By
Lemma [[Q] there exists a block sequence f in X1 such that ( f )_p) € A’, and
since A is symmetric Lemma [ gives that ( f Y1k C A'. Since A’ C A we have that

(f)ax C A O

Remark 1. Notice that the above weak version of Theorem [2 suffices to prove that
every real-valued Lipschitz function on S, is oscillation stable.

To complete the proof we define the map ® : Xiop — X4, where for every
f € Xior and n € N, ®f(n) is defined as follows:

@ if f(n) is even,
Df(n) = f("2)71 if f(n) > 0 and f(n) is odd,
("Q)H if f(n) <0 and f(n) is odd.

[~

The following properties of ® are straightforward:

(i) It is onto X 4.
(ii) For every fi < fa in Xgor, ®(f1 + f2) = @f1 + @ fa.
(iii) For every f € Xiok, (—f) = —(Pf).

(iv) For every f1 < fa in Xyo and every e1,€3 € {0,...,k} with ¢; = 0 for at

least one i € {1,2}, T (Df1) + T2 (D fa) = ®(T? f1 + T?2 f3).

(v) For every fi, f2 € Xaop, if [[f1 — falloo <2, then [|®f; — @ fol0 < 1.
We recall that ® is extended to @ : X 1o — BXik, where for every a € S X 1o,
Pa = {A/ C Xip: (I)_l(A/) S Oé}.

Lemma 13. For every a € Z(§ X410k, —T) and every A’ € ®« there exists a block
sequence f' in X1y such that ( f" )ir C A'.

Proof. By the definition of ®«a we have that A = ®~1(A’) € a. By Proposition 12
there exists a block sequence fin X9k such that ( f>i2k C A. We set fl=of,
and f' = (f})n. It is clear that f’ is a block sequence in X1;. We will show that
(e A

So let ' € ( f’' )ir. Then there exist m € N, ng < -+ < Ny, €0,.--,6m €
{0,...,k — 1}, with ¢, = 0 for some i and 0y, ...,d,, € {—1,+1}, such that

fr=08Tfr, + -+ 6T [
= 80TOD fry + oo + Og T D fr, = BT frny + o 4 O T2 )

by the properties (ii)-(iv) of ®. Setting f = doT2 f,, + ... + I T2 f,,, Wwe have

that f' = ®f and f € { f>i2k. Since ( f>i2k C A where A = ®-1(A"), there
exists g € ®1(A’), such that ||f — glloc < 2. We set ¢’ = &g and we have that
g' € A" and by the property (v) of @, ||f' — ¢'llcc = |Pf — Pg|loc < 1. Hence for
every f' € ( f )+k, we have that f' € A’, that is, (f’ Yk C A, O

Since for every o € Z(§X 101, —T') and every finite coloring of X1 one of the
pieces of the partition belongs to ®a, the proof of Theorem [2lis complete. O
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4. NOTES

1. Theorems [ and Pl have interesting corollaries that are actually equivalent to
them and they illustrate the property a < Ta < --- < T*a of the sequence (T"a),
obtained in Lemma [l To state them we need to extend slightly the definition of
the span of a block sequence as follows. For an infinite block sequence f = (fu)n
in X[ define its span in X[ to be the set

(Y = {T frg + T fry + oo 4 T fr, :m €N, ¢ =0,...k—1and
no <ny < ..<npm},
and for all i = 1,...,k define the relative span in X; by ( f ); = ( f)[k] N X,;. We
will also use the notation 79 f = (T f)n for a block sequence f= (fn)n of X and
j=1,...,k—1. Then ( f); = (T*f ), =TFi(( f);) foralli=1,...,k.
Given two block sequences f, gin Xg, we say that f = (f») is a block subsequence

of ¢, denoted by JF< g, if fn € (§)x for all n. Under the above notation we have
the following corollary of Theorem [T}

Corollary 14. Let k > 1 and suppose that for each i = 1,...,k, the set X; is
finitely colored. Then for every block sequence § = (gn)n in Xy there exists an
infinite block subsequence f< g such that for each i =1,...,k, the span ( f’>z 18
monochromatic.

Proof. Let us denote by € = (e,), the block sequence in X} consisting of the
functions e, where e,(m) = k if n = m and e,(m) = 0 otherwise. Notice that
X = (&) and every f € X} has a unique representation f = T e, + T e,, +
o+ T ey, , where €, ..., € {0,...,k—1}. We define the map P : X, — ( § )
by P(Tepn, + T €pn, + ... + Tmep, ) =Tgn, + Ty + ... + TG,

It is easily verified that P is bijective and carries block sequences in X}, to block
subsequences of . Since the coloring of ( g )x induces via P~! a corresponding
coloring of X}, Theorem [1l and the above property of P yield that there exists a
block sequence fl of X, with fl < g such that ( fl )k is monochromatic. Using the
same arguments for the case k — 1 instead of k and the block sequence T ﬁ in place
of ¢, we obtain a block sequence fz <T fl such that ( f; Yk—1 is monochromatic. It
is now easily shown that there exists a block sequence JFQ of X, such that JFQ < fl
and Tfy = f. Then { f2 Yot = ( f3 Y1, ( f2 )& € ( fi )& and so the relative
spans of fé in X and Xj_; are monochromatic. Repeating the same procedure,

after k steps we obtain an f = f;; < ¢ with monochromatic relative span in each
X, i=1,... k. O

Stating the analogous definitions concerning the general case X|1; we get the
next corollary of Theorem

Corollary 15. Let k > 1 and suppose that for each i = 1,...,k, the set X4; is
finitely colored. Then for every block sequence § = (gn)n in X1y there exists an
infinite block subsequence f< g such that for each i =1,... k, the span { f}il 18
approzimately monochromatic.

2. The sequence of idempotents obtained by Lemma [ can be chosen so that
all its terms «, Ta, ... will, in addition, be minimal. This can be done by using
in the inductive step of the proof the fact that for every idempotent v and every
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two-sided ideal I there exists a minimal idempotent o’ with o/ < o and o/ € I (see
for example [FK] for a proof of this statement). However we do not see any further
property resulting from the minimality of the idempotent element.

3. It is also possible to derive some Hales-Jewett versions of W. T. Gowers’
combinatorial theorems in the context of variable words. Given a non-empty set
I, a word over T' is a map from a proper initial segment of N into I (i.e. a finite
sequence in T'). The set of all words over I', denoted by W (T"), with the operation
of concatenation * is a semigroup.

To state the first abstract version take for an alphabet a singleton set A = {ug}
and for k > 1 let uy,...,ux be distinct variables. For i = 0,...,k we set W};) =
W({uo, -, ui}) and V; = Wiy \ Wi;_yj, for all i = 0,...,k (where by convention
Wiy = (). Let T be the homomorphic extension to Wig; of the map u; — w;—; for
i =1,....,k and up — ug. For an infinite sequence & = (w,, ), of words of V}, define
its span in Vi to be the set

(W) = {TWpy * T Wy, * . xTmwy, 0 6,=0,...k nog<ng <..<
Nm, and 3 with ¢; = 0}.

Under the above definitions, we have the following analogue of Theorem [l which
is related to Carlson’s results [C].

Theorem 16. For k > 0 and every finite coloring of Vi, there exists an infinite
sequence W in Vi such that the span (W )y is monochromatic.

Identifying n € {1,2,...} with the word w = wg * ... * ug (n times), the case
k = 0 of the above theorem is Hindman’s theorem for monochromatic finite sums
of a sequence of positive integers. The proof of Theorem [I6l is similar to that of
Theorem [T and actually it is simpler, since Lemmaldl is applied directly to S = W},
and I = V.

We have that Theorem [I] can be derived from the above theorem. To show this
we define the map ¥ : Vj, — X, for k > 1 where for every w € Vi, Yw(n) =i
if w(n) = u; and Yw(n) = 0 if w(n) is undefined. The coloring of X}, induces a
coloring of Vj, by lifting via ¥. Let @ = (wy), be the resulting (by Theorem [16)
sequence in Vi, and define fo = Ywqg and f,, = \I/(Tk(wo ke k W) * wn), for all
n > 1. It is easy to show that { f ), C W (( @ )x) and so F )& is monochromatic.

Other abstract versions can be derived using the concept of located words, which
was introduced by V. Bergelson, A. Blass and N. Hindman in [BBH], in order to
extend the results of T. Carlson in [C]. For a set ', a located word over T is a
map from a nonempty finite subset of N into I'. Note that this notion is actually
a generalization of the common notion of a word over I' since its domain is not
necessarily an initial segment of N. The set of located words over I'; denoted by
L(T") becomes a partial semigroup under the operation +, defined by w+w" = wUw’
whenever dom(w) < dom(w’). As above let A = {up} and for k > 1 let uy, ..., u be
distinct variables. Set Ly;; = L({uo, ...,u;}) and L; = Ly \ Lj—q), for alli = 0,..., k
(where Li_;) = 0)). An infinite sequence of located words i = (w,, ), is said to be a
block sequence if dom(wy,) < dom(wy41) for every n. The span of a block sequence
(W )k is defined as in the case of ordinary words.

Theorem 17. For k > 0 and every finite coloring of Ly there exists an infinite
block sequence W in Ly, such that the span (W )i is monochromatic.
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One also could consider abstract versions of Theorem[Plby introducing “negative”
variables u_1,...,u_x and defining the span of a sequence of words (or of a block
sequence of located words) analogously.
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