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ABSTRACT. We show that on every compact spin manifold admitting a Rie-
mannian metric of positive scalar curvature Friedrich’s eigenvalue estimate for
the Dirac operator can be made sharp up to an arbitrarily small given error
by choosing the metric suitably.

1. INTRODUCTION AND STATEMENT OF THE RESULT

On an n-dimensional compact Riemannian spin manifold M the Dirac operator
has discrete real spectrum consisting only of eigenvalues of finite multiplicity. If the
manifold has positive scalar curvature, then 0 lies in a spectral gap. More precisely,
Friedrich [4] showed that all eigenvalues A of the Dirac operator satisfy

A > — " minScal.
dn—1) M
This inequality is sharp in the sense that there are examples in all dimensions where
equality is attained for the eigenvalue of smallest modulus. The standard sphere
provides such examples. Equality in this estimate implies strong restrictions on
the manifold. The manifold must be Einstein and the corresponding eigenspinor
then must be a Killing spinor. The geometric types of manifolds admitting such
Killing spinors are classified; see [2]. In particular, in even dimension n # 6 only
the standard sphere occurs.

The dimension-dependent coefficient ¢, = ﬁ in the estimate can be im-
proved if one imposes geometric assumptions on the metric. Kirchberg [6] 7] showed

that for Kéhler metrics ¢, can replaced by ’1—4;12 if the complex dimension 3 is odd,

and by ﬁ if 3 is even. For quaternionic Kéhler manifolds Kramer, Weingart,
and Semmelmann [§] showed that ¢, can be improved to 4’(’;—_&;).
Alexandrov, Grantcharov, and Ivanov [I] showed that if there exists a parallel

one-form on M, then ¢, can be replaced by ¢, 1 = 4&—__12). In a recent paper
Moroianu and Ornea [9] weakened the assumption on the 1-form from parallel to
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harmonic with constant length. They believed that the condition of having constant
length is also unnecessary and conjectured [9, Conj. 1]: All Dirac eigenvalues A on an
n-dimensional compact Riemannian spin manifold with nonzero first Betti number

satisfy
—1
A2 > _n=e min Scal .
dn—2) M
We show here that this conjecture is false. If Dy, is the Dirac operator on a closed
Riemannian spin manifold M, then the spectrum of DJQW is of the form

0 < M(DF)) < Ao (D3y) < A3(D3y) < -0 — 0
with each eigenvalue repeated according to its multiplicity. We prove

Theorem 1. Let M be a compact n-dimensional Riemannian spin manifold with
positive scalar curvature.
Then there exists a smooth one-parameter family of Riemannian metrics g. on
M, e € (0,e9], such that
e Scal,, >n(n—1), and
o %2 < Al(D%/[,gs) <. .. < AQ[,,L/zHl(Dﬁ/[!gE) < %2 + €.

Here [n/2] denotes the integer part of n/2. The lower eigenvalue bound is noth-
ing but Friedrich’s estimate. Thus the theorem says in particular that Friedrich’s
estimate can always be made “almost sharp” by choosing suitable metrics. Hence
the dimension-dependent coefficient ﬁ in the estimate cannot be improved by
imposing additional topological assumptions like bounds on the Betti numbers.

This is indeed remarkable, since equality in Friedrich’s estimate is so restrictive
on the manifold. The manifold then has to be Einstein with positive Einstein
constant. So it has positive Ricci curvature, and hence its fundamental group is
finite by the Bonnet-Myers theorem. In particular, the first Betti number must
vanish. On the other hand, our theorem says that “almost equality” in Friedrich’s

estimate does not impose any topological restriction on the manifold.

2. THE PROOF
We start by proving two preliminary lemmas.

Lemma 2. Let M be a compact Riemannian spin manifold of dimension n > 3,
and let p e M.

Then for each k € N and each § > 0 there exists Ri(0) > 0 such that for each
compact n-dimensional Riemannian spin manifold M containing an isometric copy
of M — B,.(p) as an open subset (with the same restricted spin structure), where
B,.(p) is the geodesic ball about p of radius r, 0 < r < Ry(9), we have

N(D3) < A(Diy) +6
forall j =1,... k. Moreover, Ry, can be chosen so that it depends smoothly on 6.
Proof. Denote by H the j-dimensional vector space spanned by the eigenspinors
corresponding to the eigenvalues A1 (D3,),...,\;(D3%,) of D3%,.

Fix rg > 0 such that 2ry < injrad(p), the injectivity radius of p. For 0 < r < rg
choose a smooth cutoff function x € C*° (M) satisfying

e 0 < x <1on all of M,
e x =0 on B,(p),
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e x=1o0on M — By, (p), and
e |grad x| <2/r on M.
By the unique continuation property of eigenspinors the space H = {x'¢ :pe€
H} is also j-dimensional. Since all xo € H vanish on B,.(p) we may also consider
them as spinors on M.

There is a constant ¢; such that vol(Ba,(p)) < c17™. Since H is finite dimen-
sional, there exists ¢z such that H(,OH%OC(M) < ey ||50||2L2(M) for all ¢ € H. Fix a > 0.

For any xp € H we compute

[ iogeora = [ 1putoPav
M M

= / XD + grad x - o> dV
M

1
< [ (@ an Dael + (14 Dlerad Pl ) av
M
2 1 4 2
< (I+a) [ [DupldV+(1+-) —|el*dV
M o Bar(p) r

2 2 1 4 2

< (I+a)Ai(Dy) H<P|\L2(M)+(1+E) ﬁVOler(P) [l 200 (ary

1 _
< (aran@in+ar Diar=a) el

Moreover,

/lesoIQdV = /IxsoIQdV
M M

/ o2 dv
M —Ba,(p)
/M 62V = (]2 ) VOl Bor ()

> (1—-cicor™) ||SO||2L2(M)'

Vv

Vv

Thus for all x¢ € H the Rayleigh quotient of DJQ\Z and hence )\j(D]Q\«j) are bounded
from above by
JiIDizx)Pdv - (1 +a) A(DR)) +4erea (L4 5) 2
[37 Ixel? dv - 1—cieorn '

The lemma follows by first choosing « so small that a\;(D3,) < g and then choos-
ing r sufficiently small. O

Lemma 3. Letp e S™, n>2. Let S > 0.
There exists a smooth one-parameter family of Riemannian metrics hs on S™,
d € (0, 60], such that

e Scalp, > n(n —1),
o Scalp, |B§(5)(p) > S, where R(5) > 0 depends smoothly on ¢, and

2
® Aoin/241 (D%M) < nT +9.
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FIGURE 1.

Proof. The idea of the proof is this. Consider the sphere with its standard metric
embedded in Euclidean space R"*1 S = {(t,21,...,7,) € R** . |(t,2)]? = 1}.
Call S% := {(t,x1,...,2,) € R™™! : |(t,2)|> = 1, t > 0} the northern hemisphere
and S™ = {(t,z1,...,2,) € R™ ¢ |(t,2)|* = 1, t < 0} the southern hemisphere.
Move the northern hemisphere by a small amount > 0 to the south (i.e., in
direction —ey = (—1,0,...,0)) and cut off everything that gets moved south of
the hyperplane {0} x R™. This yields the northern cup S% , = {(¢,z) € R+ .
|(t+n,2)*> =1, t > —n}. Similarly, move the southern hemisphere to the north by
the amount 7, cut off everything north of the equatorial hyperplane, and obtain the
southern cup S™  :={(t,z) € R"* : |(t—n, x)|* = 1, t < n}. The union ST ,US"
is a hypersurface in R™*!, singular along the equator o8t , =08, =51, NS .,
smooth elsewhere with constant sectional curvature K = 1 and constant mean
curvature H = 1.

As we will see, careful smoothing of this hypersurface in a neighborhood of the
equator yields a hypersurface S) diffeomorphic to S™ such that

e Scal > n(n — 1) everywhere,
e Scal > S in the n?(1 — 4n?)-tubular neighborhood of the equator, and
® vol(lszf) fS:}L H*dv <1+ 0(77)

If p was placed on the equator in the beginning, which we may assume, then the
statements on the scalar curvature follow immediately. The bound on the Dirac
eigenvalue is a consequence of

A (D3)) + Aginszi41 (D7) < L/ H?dV
2 - 4V01(M) M

for any compact oriented hypersurface M of R™"*!; see [3, Thm. 4.7]. Namely, by
Friedrich’s inequality we have

2
n
A2[71/2]+1(D§v:;,) ZW o HQdV—Al(D%:;)
n) /sy
n? n n(n—1)
< N — - 7
< T+o(m) - M
2
n
= Z(+om).
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FIGURE 2. Graph of 7,

To make the smoothing of S% | US™ | explicit we start with the case of dimension
n = 2. The 2-sphere is a surface of revolution, parametrized by

F:[-1,1] x S* =R F(t,0) = (t,r(t) cos(h), r(t) sin(6))

with r(¢) = V1 —t2. The general formula for the principal curvatures of a surface
of revolution is )
—7

Rt = _(1 I 7;2)3/2

and
1

r1+72
In our case of the sphere, k; = kg = 1. The smoothed hypersurface S,QI will also be

a surface of revolution with radius function 7, : [-1 47,1 —n] — R chosen subject
to the following conditions:

Ry =

(1) r, is smooth on (—1+n,1 —n) and even,
Tﬁ(t) =V 1- (t B 77)2 for ¢ € [_1 +777 _77]7
n(t) = /1= (t+n)? fort € [n,1—mn,

1
V1—4n? <ry(t) < e for t € [-n,n],

. 2
()] < 2 for t € [=n,71],
7%7] < 0on (_1+7771_77)7

iy (t) = =28 for t € [-n?,n?], and

=

]

For (2) and (3) to make sense we assume that n < 1. By (2) we have 7, (—n) =

2n . Y . .
et and by (3) we get 7,(n) = T Thus (6) implies (5).

Moreover, by (2) and (3) we obtain r,(£n) = 1/1 — 4n? and so, by (6), we get
ry > /1 —4n% on [—n,n]. By (5) we see that ry(t) < r,(—n) —|—77\/12I'4772 < \/1;"2
for t € [-n,0] and similarly for ¢ € [0,n]. Hence (4) is also a consequence of (2),
(3), and (6).

Condition (6) follows from (2), (3), and (8).
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FI1GURE 3. Graph of 7,

To make sure that conditions (2), (3), (7), and (8) can be realized we need to
assume S > 1, which we do without loss of generality, and that 7 is so small that

(a) 280" < =) = 2,
(b) —28n < 7y (n), i.e., S > \/Tn?
1118y

(c) =251 > () = Fp(n) - (n — n?), ie., S < m-

, and

Conditions (1)—(8) together with the explicit formulas for the principal curva-
tures imply

1< ky(t,0) g for t € [—n, 7],
ke(t,0) > 25(1 — )3/2 for ¢ € [=1%, 7%,
1 —4n? < kg(t,0) < for t € [—n,n].

\/ 1—4172

At this point we return to the general case of dimension n > 2. If n > 3, then
we perform exactly the same smoothing, i.e., we use the same warping function
7, (t), where ¢ is the first Cartesian coordinate in R™*!. For every 3-dimensional
vector subspace E C R"*! containing eg, the reflection across E is an isometry of
R"™*! leaving the smoothed hypersurface S” invariant. Hence the fixed point set

7
ENSY is a totally geodesic submanifold of S}, so that its principal curvatures are
also principal curvatures of S)'. Therefore the principal curvatures £1, . . ., i, of S7
satisty

1< ki(t,0) <28 for ¢t € [—n, 7],
k1(t,0) > 2S(1 —4n?)3/2  for t € [-n?,n?
1—4772§I£j(t,0)§\/1+—4172 fOI'tE[—’I]

)

J
o, i = Lon.
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This implies, for the scalar curvature Scal = ), 2 il and the mean curvature

H:%Ej’ija

Scal > n(n —1)(1 —4n?)? forte [— n 7],
Scal > S for t € [—n?, n?],
H <28 forte[n,]
H=1 fort € [-1+mn,—n]U[n,1 -1,
Scal =n(n —1) forte[-1+n,-nU[n1-n].

The volume of the part of S} contained in the strip —n <t <7 is of order O(n).
Thus

1
H?av 1+
volSp sn volSp

/ (H* —1)adV

1+ 25dV

T volSy Jspng—gzia)
1+0(n).

Hence S)' satisfies
e Scal > n(n — 1)(1 — 4n%)? everywhere,
e Scal > S in the n?-tubular neighborhood of the equator, and
° #S:;)I#HQCZVS 1+O(77).
Multiplying S} by the factor (1 — 4n?) yields
e Scal > n(n — 1) everywhere,
e Scal > > S in the n?(1—4n?)-tubular neighborhood of the equator,
and

(1- 4 n°)?

vortsyy Jsn H? AV < s = 1+ 0(n).

Replacing a su1table multiple of by § concludes the proof. O

vol( S"

Proof of the Theorem. Without loss of generality we may assume that M is con-
nected. If M is 2-dimensional, it must be the 2-sphere. The constant family
ge = gcan does the job, where gecan is the standard metric of constant Gauss curva-
ture 1, because

e Scal

gean =2 =mn(n—1), and
* M(D S2gc'1n): =MD SQgcm):lzan'

From now on let n > 3. Pick a Riemannian metric A on M such that Scal, >
2n(n—1). Apply Lemma[3 with S = 2n(n — 1) and obtain a smooth one-parameter
family of metrics hs on S™ such that

e Scaly, > n(n—1),

e Scalp, |B§< 5 ®) 2 2n(n — 1), and

® Aginsa1(D3,) < 245,
Let 7(8) be a smooth function of & such that 0 < 7(8) < min{Rywm,2+1(8), R(6)},
where Ryn/2141() and ﬁ(é) are as in Lemmas 2 and Bl Now form the connected
sum M of (8™, hs) and (M, h) such that the metric hs remains unchanged outside
B,(5)(p). Thus M contains an isometric copy of S™ — Br((;)(p), and by Lemma [2
we obtain

2
n
/\2[71/2]+1(D2M) < Agin/2141 (Dg‘n,hé) +6< T + 20.
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Performing connected sums in dimension n > 3 (or, more generally, surgery in
codimension < 3) does not decrease scalar curvature too much if the metric on the
connected sum is chosen carefully; see [5) Proof of Theorem A] and [I0, Proof of
Theorem 3.1]. Since Scal > 2n(n — 1) on B, (5)(p) as well as on M, we may assume

that the metric on M still has scalar curvature Scal > n(n—1). Moreover, the con-

struction of the metric on M can be done smoothly in §. Since M is diffeomorphic
to the original manifold M, the substitution ¢ = 24 yields the theorem. O
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