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ABSTRACT. It is proved that a nest A on a separable complex Hilbert space
‘H has the left (resp. right) partial factorization property, which means that
for every invertible operator T' from H onto a Hilbert space K there exists
an isometry (resp. a coisometry) U from H into K such that both U*T and
T~ U are in the associated nest algebra Alg\ if and only if it is atomic (resp.
countable).

1. INTRODUCTION

Factorization problems in operator algebras have been studied for several
decades. One of these problems is the factorization problem relative to a nest
algebra (cf. [1} [2] [3, [4, [5, [7, [8, [9]). Let H, and K be separable complex Hilbert
spaces, and let B(H, KC) be the set of all bounded operators from H into K. B(H)
denotes the algebra of all bounded linear operators on H. A nest on H is a family of
closed subspaces of H totally ordered by inclusion that is complete in the sense that
it contains (0) and H and contains the closed linear span and intersection of every
subfamily. The associated nest algebra is AlgN = {4 € B(H): AN C N,N € N'}.
The core €, is the von Neumann algebra generated by the projections onto the
members of NV, and the diagonal is Dy = (AlgN) N (AlgN)* = (€xr)'. For N € N,
define

N_=V{N' e N:N' <N}

The subspaces N © N_ are called the atoms of . If the atoms of N span H, N/
is called atomic. If there are no atoms, N is called continuous. If &,/ is a maximal
abelian von Neumann algebra, we say N is of multiplicity one (free).

Let T be an invertible operator in B(H, ). We say that T has a factorization
relative to A if there exists a unitary operator U in B(H,K) and an invertible
operator A € AlgN N (AlgN)~! such that T = UA. If every invertible operator T
in B(H, K) has such a factorization, we say that A has the factorization property.
It is a well-known result given by Larson [7] that N has the factorization property if
and only if N is countable. Thus any uncountable nest does not have this property.
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We note that T' having a factorization relative to A/ is equivalent to the existence
of a unitary operator U in B(H, K) such that both U*T and T~'U are in AlgN\..
Then Pitts introduced the general notion of partial factorization in [8]. He gave a
definition for a general subalgebra of a von Neumann algebra. We are concerned
with nest algebras; so we restrict here only to nests.

Let T be an invertible operator in B(H, K). We say that T" has a left (resp. right)
partial factorization relative to A if there exists an isometry (resp. a coisometry)
U in B(H,K) such that both U*T and T-'U are in AlgN. Tt is known that
T has a factorization relative to A if and only if T has both a left and a right
partial one by Proposition 4.4 in [§]. If every invertible operator T' in B(H, K) has
such a left (resp. right) partial factorization, we say that A" has the left (resp. right)
partial factorization property. Pitts proved that an injective nest in a von Neumann
algebra has the left partial factorization property in [§], and some related results
are obtained in [6] by Ji and Saito. In this note, we consider those nests with the
left (resp. right) partial factorization property in B(H). We prove that a nest N
has the left partial factorization property if and only if it is atomic; N has the right
partial factorization property if and only if it has the factorization property, that
is, if and only if it is countable.

We will denote by I the identity operator on a Hilbert space. For a closed
subspace M of H, we denote by Py the orthogonal projection from H onto M. Let
T be an invertible operator in B(H,K), and put TN = {T'N : N € N'}..

2. PARTIAL FACTORIZATION

Let A and M be two nests acting on separable Hilbert spaces H and K respec-
tively, and let 6 be an order isomorphism from N onto M. We say 0 is unitary
implementing if there is a unitary operator U from H onto K such that (N) = UN
for all N € V.

Proposition 1. Let N be a nest, and let T be an invertible operator in B(H,K).
(1) T has a left partial factorization relative to N if and only if there is a pro-
jection E in Drpr such that the map N — E(T'N) is unitary implementing.
(2) T has a right partial factorization relative to N if and only if there is a
projection E in D xr such that the map E(N) — TN is unitary implementing.

Proof. (1) (=) Let U € B(H) be an isometry so that U*T, T—*U € AlgN. Then
T-UU*T € AlgN. Tt follows that E = UU* € Alg(TN) is a projection and
therefore is in its diagonal ®7ar. Clearly, U is a unitary operator from H onto
EH. For every N € ‘H, we have U*T'N C N and T-1UN C N. Then UN C TN,
which implies that N C U*T'N C N since U is an isometry. Thus U*TN = N and
UN =UU*TN = E(TN). Then the map N — E(TN) is unitary implementing.

(<) Let E € D7n be a projection such that the map N — E(TN) is unitary
implementing. Let U be a unitary operator from H onto EH so that UN = E(TN)
for every N € N/. Then U may be regarded as an isometry on H such that UU* = E.
Thus we have UN = E(T'N) = UU*T N, which implies that U*T'N = N for every
N € N. Then U*T € AlgN. On the other hand, since E = UU* € Alg(TN),
it follows that T-*UU*T € AlgN. Hence T-'UN = T-'UU*TN C N. That is,
T~1U € AlgN'. Then T has a left partial factorization relative to .

The proof of (2) is similar. The proof is complete. O
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We now consider nests with the left partial factorization property.

Lemma 1. Let N be a continuous nest. Then N does not have the left partial
factorization property.

Proof. Assume that N is continuous. By Lemma 13.3 in [2], we may assume that
N ={N;:t €10,1]}. Let £ = L?([0,1],m) and V = {V; : t € [0,1]}, where m
denotes the Lebesgue measure on [0,1] and V; = L2([0,¢],m). We know that V is
a continuous nest of multiplicity one. Then by Theorem 13.10 in [2], there is an
invertible operator S such that V; = SN; for all t € [0,1]. If S does not have any
left partial factorization relative to A/, the proof is complete. Otherwise, there is
a projection F in ®y such that the map N; — EV; is unitary implementing by
Proposition 1. Then it is sufficient to prove that E'V does not have the left partial
factorization property. Note that ©y = {Ly : f € L*([0,1])}, where Ly is the
operator of multiplication by f on L?[0,1]. Then there is a Borel subset A of [0, 1]
such that F = L, and EV; = L?(ANJ0,t]) for all ¢, where xa is the characteristic
function of A. Since N; — FEV; is a dimension-preserving order isomorphism, we
have that A is dense in [0, 1] and for any segment J of [0, 1], m(J N A) # 0.

Let Q be an open subset of [0, 1] such that Q@ N A is dense in [0, 1] and m(Q) <
m(A). Tt is trivial that m(J NANQ) # 0 for any segment J of [0,1]. Define the
finite Borel measure p on [0,1] by pu(G) = m(G N QN A) for any Borel subset G
of [0,1] . Let £ = L?([0,1], 1) and M = {M, : t € [0,1]}, where M, = L*([0,], j1).
Then M is a continuous nest of multiplicity one. Thus the map EV; — M; is a
dimension-preserving order isomorphism of EV onto M. By Theorem 13.10 in [2|
again, there is an invertible operator T from EIC onto L such that M, = TEV,
for all t € [0,1]. We next prove that T' does not have any left partial factorization
relative to EV. Otherwise, by Proposition 1, there is a projection F' € ® a4 so that
EV, — F M, is unitary implementing. Let U be a unitary operator from FEX onto
FL such that UEV;, = F M, for all ¢t € [0, 1]. Then for any «, 8 € [0, 1] with « < 3,
we have that U(EVz © EV,,) = F(Mg © M,).

Now let Q be the union of a sequence G,, = (an,3,) of disjoint relative open
intervals in [0, 1], and let E,, = EVp, © EV,, and F,, = Mg, & M,,, for all n. Then
we have > Pp, = I, and then F (> Pp,) = F. It now follows that > Pg, = I on

n n

n
EK since U is unitary. However, we have

Y OB, = X((anpns) L0, 1]
n n
= X(QHA)LQ[Ov 1] ; XAL2[Oa 1] =EK

since m(§2) < m(A). This is a contradiction. Thus T does not have any left partial
factorization relative to E'V. The proof is complete. O

Theorem 1. Let N be a nest. Then N has the left partial factorization property if
and only if N is atomic. Moreover, if N is not atomic, then for each € > 0, there
is an invertible operator T = I + K where K is compact and ||K|| < & such that T
does mot have any left partial factorization relative to N.

Proof. If N is atomic, then we know that A is injective in the sense that there exists
a faithful normal expectation from B(H) onto the diagonal D . By Corollary 5.7
in [8], we know that N has the left partial factorization property.
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Conversely, let A/ have the left partial factorization property. Let G = V{N ©
N_ : N € N}. Then we know that Pg is a core projection in €, and PgN is
atomic while Pg;1 N is continuous. We next prove that G = H. Otherwise, we
have that P;1 N is a continuous nest on G*. By Lemma 1, there is an invertible
operator S on G+ so that S does not have any left partial factorization relative
to PouN. Let T = Pg @ S; then T is invertible. We prove that T does not have
any left partial factorization relative to N'. Suppose that there is a projection E
in the diagonal D7 such that N — E(TN) is unitary implementing and U is a
unitary operator from H onto EH such that UN = E(T'N) for all N € N. Let
F = N© N_ be an atom of N. We have UF = U(N© N_) = UN S UN_ =
E(TN)OE(TN_) =E(TNOTN_). It is easy to see that TN ©TN_ = Po(N ©
N_)=N-N_=TN6(T'N)-. Thus G = V{TN & (TN)_ : N € N} is the
atomic part of TN. It follows that Pg is also a core projection of TN/, and then
EPg; = PgE. We note that U is unitary. U maps an atom of A/ to an atom of
E(TN). Then if F is an atom of N, UF is an atom of E(TN). That is, UF =
UNSN_)=E(TNS(T'N)_)=E(N—-N_). Thus UG = EG and U : G — EG
is unitary. Then U : G+ — EG® is also unitary. For N € N, we have that
UN=U(Pg+ Pg.)N =UPgN®UPg.N = E(TN) = PoE(TN)® Pg. E(TN).
It follows that UPg. N = EPg. (TN) = EPg1. SPg. N for all N € N. Thus EPq.
is a projection in D p_, o such that the map Pg. N — (EPg.)S(Pg. N) is unitary
implementing with the unitary operator Ulgy. It follows that S has a left partial
factorization relative to Poi N by Proposition 1. This is a contradiction. Then
T does not have any left partial factorization relative to N. This contradicts the
assumption. Then N is atomic.

Let A be not atomic and T an invertible operator that does not have any left
partial factorization relative to N. Then by Theorem 13.20 in [2], there is an
invertible operator Ty = W (I + K) where W is a unitary operator, K is compact
and || K| < € such that TN = ToN for every N € N. It easily follows that [ + K
does not have any left partial factorization relative to N'. The proof is complete. []

Remark 1. Theorem 1 says that the converse of Corollary 5.7 in [8] holds for nests
in B(H). It may be interesting to know whether the converse holds for nests in any
von Neumann algebras.

For the right partial factorization property, we will see that it is equivalent to
the factorization property.

Lemma 2. Let N be a continuous nest. Then N does not have the right factor-
ization property.

Proof. Let N' = {N; : t € [0,1]}, and let Ex be the spectral measure such that
Ny = En[0,t|H (cf. Corollary 7.6 in [2]). Let u be a finite Borel measure on [0, 1]
mutually absolutely continuous to Epxs. For example, u(A) = (Ex(A)x,x), where
x is a separable vector for &u/.

If  has the right factorization property, then for any continuous nest M = { M, :
t € [0,1]} acting on K, letting T" be an invertible operator such that M, = TN,
for all ¢ € [0, 1], there is a projection E in Dy and a unitary operator from EH
onto K such that UEPN,U* = Py, for all t € [0,1] by Proposition 1. Now let v
be a finite nonatomic Borel measure on [0, 1] such that v[0,¢] is strictly monotone
continuous (that is, v(J) # 0 for any segment J of [0,1]). Let K = L*([0,1],v)
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and My = x[0,4L*([0,1],v) for all ¢ € [0,1]. Then we have UEPy,U* = Py, for all
t €[0,1]. Tt easily follows that v is absolutely continuous with respect to p.

It is an elementary fact that there exists a finite nonzero nonatmoic Borel mea-
sure A on [0, 1] so that © and A are mutually singular. For example, we can construct
a monotone continuous function f on [0,1] with f(0) = 0 and f(1) = 1 such that
its derivative relative to p is 0 a.e. by a similar method as on pages 144-145 of
[10). Let A be the Lebesgue-Stieltjes measure induced by f. Now let v =m + X on
[0,1]. Then v is a finite Borel measure on [0, 1] such that [0, ¢] is strictly monotone
continuous. Thus it follows that v is absolutely continuous with respect to p and
so is A. This is a contradiction. Then N does not have the right factorization
property. The proof is complete. O

Theorem 2. Let N be a nest. The following are equivalent:
(1) NV is countable.
(2) N has the factorization property.
(3) N has the right partial factorization property.

Proof. The equivalence of (1) and (2) was well known by [7]. That (2) implies (3)
is clear.

(3)= (2) By Lemma 2 and a method similar to the proof of Theorem 1, we can
prove that if N has the right partial factorization property, then it is atomic. Thus
by Theorem 1, A/ has the left partial factorization property. By Proposition 4.4 in
[8], we have that A has the factorization property. The proof is complete. O

Remark 2. By Theorem 2, we know that if a nest has the right partial factorization
property, it has the left one as well. However, for an invertible operator T with a
right partial factorization relative to a nest, it does not need to have a left partial
factorization relative to the nest. For example, as in the proof of Lemma 1, put
K = L?([0,1],m) and N' = {N; : t € [0,1]}, where N, = L?([0,t],m). Let H =
K&K and M = {M;:te€0,1]}, where My = Ny @ Ny, t € [0,1]. Put (M) = N,
for all t € [0,1]. Then 6 is an order isomorphism from M onto N. Thus there
exists an invertible operator T' € B(H,K) such that TM; = N, for all ¢ € [0,1]
by Theorem 13.10 in [2]. We have that T" has a right partial factorization relative
to M, but it does not have a left one. In fact, put £ = I @ 0, where [ is the
identity operator on K. Then it is clear that E € D and the order isomorphism
EM; — N; is unitary implementing. By Proposition 1, T has a right partial
factorization relative to M. If T has a left partial factorization relative to M,
then there is a projection E € ® s such that the order isomorphism M; — EN;
is unitary implementing by Proposition 1. As in the proof of Lemma 1, there is
a Borel subset A that is dense in [0,1] and m(J N A) # 0 for any segment J of
[0, 1] such that E is the multiplication operator by xa on K. In this case, we have
EK = L*(A,m) and EN;y = xjo,4L*(A,m) = L*(AN|0,t],m). We easily have that
EN = {EN, : t € [0,1]} is of multiplicity one. This is a contradiction since M is
not of multiplicity one. Thus T does not have any left partial factorization relative
to M. It is also known that 7! has a left partial factorization relative to A/, but
it does not have any right one.

Recall that an invertible operator T has the universal factorization property if
it has a factorization relative to every nest (cf. [3] [, [5]). Gohberg and Krein in
[4, 5] showed that every positive operator of the form A + K, where K belongs
to the Mac’aev ideal has this property. Davidson and Huang in [3] proved that
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if an invertible positive operator has the universal factorization property, then it
must have the form scalar plus compact. We may define a similar notion for the
left (resp. right) partial factorization property. That is, we say that an invertible
operator T has the universal left (resp. right) partial factorization property if it has
a left (resp. right) partial factorization relative to every nest. However, we have the
following result.

Proposition 2. Let T be an invertible operator in B(H). The following are equiv-
alent:

(1) T has the universal factorization property.

(2) T has the universal left partial factorization property.

(3) T has the universal right partial factorization property.

Proof. We note that T and |T'| have the same factorization property. Without loss
of generality, we may assume that T is positive.

The implication from (1) to (2) is trivial.

(2)==(1) Let N be an arbitrary nest, and let M = {N+ : N € N'}. By the
assumption (2), there is an isometry U such that both U*T and T~!U are in AlgM.
It follows that both U*T~! and TU are in Alg\, which implies that 7! has a
left partial factorization relative to A. Then T~! has the universal left partial
factorization property also.

On the other hand, T also has a left partial factorization relative to T~'A. Thus
there is an isometry V such that

VT(T7'N)CT'N, T V(T 'N)CT'N

for all N € N. That is, TV*N C N, VIT~'N C N for all N € N. It follows that
T~! has a right factorization property relative to A'. Then by Proposition 4.4 in
[8], T~! has a factorization relative to V. Thus 7! has the universal factorization
property and so does T.

The proof of equivalence of (1) and (3) is similar. The proof is complete. O
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