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HEREDITARY D-PROPERTY
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To my teacher Alexander Arhangel’skii for his 65th birthday

Abstract. It is shown that if X is compact then every subspace of Cp(X) is
a D-space in the sense of E. van Douwen, which positively answers Matveev’s
question. A connection between the D-property and Baturov’s and Grothen-
dieck’s classical theorems about function spaces over compacta is established.

1. Introduction

In this paper we will show that for a compactum X , every subspace of Cp(X) is a
D-space. This result positively answers Matveev’s question whether the conclusion
in the Baturov theorem [BAT] for compacta can be strengthened to the D-property.
Recall that for a compactum X , Baturov’s theorem states that l(Y ) = e(Y ) for
every Y ⊂ Cp(X). In the above equality l(Y ) stands for the Lindelöf number,
that is, the smallest infinite cardinal τ such that every open covering of Y contains
a subcovering of cardinality ≤ τ . Also, e(Y ) is the extent of Y , defined as the
suppremum of cardinalities of closed discrete subsets.

The notion of D-space was introduced by Eric van Douwen [DOU].
A neighborhood assignment for a space X is a function ϕ from X to the topology

of X such that x ∈ ϕ(x) for any x ∈ X . A space X is a D-space, if for any
neighborhood assignment ϕ for X there exists a closed discrete subset D of X such
that X =

⋃
d∈D ϕ(d).

One can easily prove from the definition that l(X) = e(X) for every D-space X .
Thus, our theorem implies the Baturov theorem for compacta. Also a corollary to
our result is the Grothendieck theorem [GRO] for compacta. This theorem states
that if X is compact then every countably compact subset of Cp(X) is compact.
Other corollaries and some questions will be discussed in the last section of this
work. In short, our result widens the class of spaces that are known to be D,
that is, the D-property once again appears at the end of the statement. Unfortu-
nately, we still know very little about how the D-property affects a space. Thus,
more statements in the form “If X has the D-property then ...” would improve our
understanding of this puzzling notion.
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It is known that σ-compact spaces, metrizable spaces, semi-stratifiable spaces,
and paracompact p-spaces are all D-spaces (see [DCA], [B&W1]). In [BUZ], it
is shown that every strong Σ-space is a D-space. The D-property of subspaces of
generalized ordered spaces is studied in [D&L]. In a recent paper [F&S] of Fleissner
and Stanley, the authors give conditions under which a subspace of a product of
finitely many ordinals is a D-space. In [A&B], the authors obtain some addition
theorems for D-spaces. Several interesting questions on D-spaces were raised by
E. van Douwen and W.F. Pfeffer in [D&P]. Some other results and questions on
D-spaces can be also found in [B&W2], [B&W3].

Two of the most intriguing questions about D-spaces raised by van Douwen are:
Is every Lindelöf space a D-space? Is every paracompact space a D-space? These
questions remain unanswered.

In notation and terminology we will follow [ARH] and [ENG]. Throughout the
paper all spaces are assumed Tychonoff, and by R we denote the space of all reals
endowed with the standard topology.

2. Main result

Definition 2.1. Let U be a family of open sets in a space X . A family V is called
a finite extension of U if it is the smallest family with the following properties:

(1) All finite unions of elements of U are in V .
(2) X \

⋃
U ′ ∈ V for any finite U ′ ⊂ U .

Notice that for an infinite U its finite extension has the same cardinality as U .

Definition 2.2. Let A ⊂ Y ⊂ Cp(X), and let B be a base of R. Define a family
GA,Y,B as follows: G ∈ GA,Y,B iff there exist B1, ..., Bn ∈ B and S1, ..., Sn in the finite
extension of {a−1(B) : a ∈ A,B ∈ B} such that G = {f ∈ Y : f(Si) ⊂ Bi, i ≤ n}.
If it is understood which base B is under consideration, we write GA,Y .

Notice that for an infinite A and countable B, the cardinality of GA,Y,B does not
exceed that of A. If A is finite, then GA,Y,B is countable.

Lemma 2.3. Let X be compact and Y ⊂ Cp(X). Let B be a base of R. Let f be a
limit point of A ⊂ Y and φ(f) an open neighborhood of f in Y . Then there exist a
finite A′ ⊂ A and G ∈ GA′,Y such that f ∈ G ⊂ φ(f).

Proof. Let S be a finite extension of the family {a−1(B) : a ∈ A,B ∈ B}. Without
loss of generality, for some x1, ..., xn ∈ X and B1, ..., Bn ∈ B, φ(f) = {g ∈ Y :
g(xi) ∈ Bi, i ≤ n}. Let us show that for each i ≤ n, there exists Si ∈ S such that
xi ∈ Si and f(Si) ⊂ Bi.

Take an arbitrary i ≤ n and fix it. For each y ∈ X such that f(y) 6∈ Bi let us
fix By ∈ B such that f(xi) 6∈ By and f(y) ∈ By. Also for each such y, fix ay ∈ A
such that ay(xi) ∈ Bi \ By and ay(y) ∈ By (such an ay exists for each y, since
f is a limit point for A). The family {a−1

y (By) : f(y) 6∈ Bi} covers X \ f−1(Bi).
Since the latter is compact, there exist a−1

y1
(By1), ..., a−1

yk (Byk) whose union covers

X \ f−1(Bi). Put Si = X \ a−1
y1 (By1) ∪ ... ∪ a−1

yk (Byk). By the definition of a finite
extension, Si is an element of a finite extension of the set {a−1(B) : B ∈ B, a ∈ Ai},
where Ai = {ay1, ..., ayk}. By the choice of By’s and ay’s, we have xi ∈ Si and
f(Si) ⊂ Bi.

Thus, f ∈ {g ∈ Y : g(Si) ⊂ Bi, i ≤ n} ⊂ φ(f). The middle set in this inclusion
belongs to GA′,Y , where A′ = A1 ∪ ... ∪An. �
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Theorem 2.4. Let X be compact and Y ⊂ Cp(X). Then Y is a D-space.

Proof. Let B be a countable base of R. Let φ be a neighborhood assignment for Y .
We need to construct a closed discrete D ⊂ Y such that Y =

⋃
d∈D φ(d).

For each α ≥ ω, we will define a Machineα that takes a certain input and produces
the following product with a certain property.

Input: a set A ⊂ Y of cardinality not exceeding |α| and an open U containing⋃
a∈A φ(a).

Product: a closed discrete Mα(A) contained in Y \U of cardinality not greater than
that of α.

Property: If G ∈ GA∪Mα(A),Y and f ∈ G ⊂ φ(f) for some f ∈ Y , then f ∈
(
⋃
a∈A∪Mα(A) φ(a)) ∪ U .

At the same step α, once Machineα is operating we apply it to define a discrete
closed set Dα so that D will be

⋃
Dα.

Construction.

Step ω.

Machineω. Take an arbitrary set A ⊂ Y of cardinality not exceeding ω and an open
U ⊂ Y containing

⋃
a∈A φ(a). If U covers Y , then Mω(A) = ∅ has the required

Property, and we are done.
If we are not that lucky, we will have to perform an inductive construction to

produce Mω(A) = {an : n > 1}. Starting from Substep 2 we will follow our
induction using elements of the set GA,Y . However, at each Substep n, we might
need to enrich GA,Y by countably many new elements. To make sure that we are
not lost among new elements, we agree to enumerate GA,Y by prime numbers, while
new elements added at Substep n are enumerated by numbers pn+1, where p is any
prime. Notice that this method of enumeration guarantees that once an element is
tagged with an integer m, it keeps the tag even when new elements are added.
Substep 1. Let A1 = A. Enumerate elements of GA1,Y by prime numbers.
Substep n. Take the first G ∈ GAn−1,Y that satisfies the following requirement.

Requirement: There exists an ∈ Y \ [(
⋃
a∈An−1

φ(a)) ∪ U ] such that
an ∈ G ⊂ φ(an).
Put An = An−1∪{an}. Enumerate elements of GAn,Y in such a manner
that elements of GAn,Y \ GAn−1,Y are tagged with numbers pn+1, where
p is any prime, while enumeration on GAn−1,Y is left unchanged.

If no such G exists, stop the construction.
Let Mω(A) = {an : n > 1}. First notice that Mω(A) ⊂ Y \U holds, as all an’s are

taken from the complement of U . Let us show that Mω(A) has the Property. Let
f ∈ G ⊂ φ(f), for some G ∈ GA∪Mω(A),Y . Then there exists a smallest n ∈ N such
that G ∈ GAn,Y . If f is not covered by (

⋃
a∈An φ(a)) ∪ U , starting from Substep

n+ 1, the element G satisfies the Requirement. Therefore G must be covered, and
so must f .

Let us show that Mω(A) is closed and discrete in Y . Assume the contrary. Then
there exists f ∈ Y , a limit point for Mω(A). By Lemma 2.3, there exists n ∈ N
such that f ∈ G ⊂ φ(f) for some G ∈ GAn,Y . Therefore, by Property, f must be
covered by (

⋃
a∈Am φ(a)) ∪ U at some Substep m. This means f is separated from

all ai’s, where i > m, by (
⋃
a∈Am φ(a)) ∪ U . It is also separated from the rest of

the ai’s (distinct from f), as there are finitely many of them.
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Construction of Dω. Take an arbitrary d ∈ Y . Apply Machineω to A = {d} and
U = φ(d) to generate Mω(A). Put Dω = Mω(A) ∪ {d}.

Assumption. Assume that for all β < α, Machineβ is constructed, and Dβ is defined
and is of cardinality not greater than |β|. Assume also that if β1 < β2, then
Dβ1 ⊂ Dβ2 and Dβ2 \Dβ1 ⊂ Y \

⋃
d∈Dβ1

φ(d).

Step α.

Machineα. If |α| = |β| for some β < α, then Machineβ does everything we need.
Otherwise, the cardinality of α is greater than that of any smaller ordinal number.
Take an arbitrary set A ⊂ Y of cardinality not exceeding |α| and an open set
U containing

⋃
a∈A φ(a). If U covers Y , then put Mα(A) = ∅ and we are done.

Otherwise, enumerate A by ordinals less than α. We can assume that |A| = |α|,
since for smaller A’s, machines with smaller tags can do the job.

Inductively, for each ω ≤ γ < α, we will define a closed discrete Aγ and Mα(A)
will be set equal to

⋃
ω≤γ<αAγ .

Substep ω. Apply Machineω to the set Bω = {an : n < ω} and U1 = U to
generate Aω = Mω(Bω).

Assumption. Assume that a closed discrete Aβ ⊂ Y \ U is defined for every
β < γ and is of cardinality not greater than |β|. Also assume that
if β1 < β2, then Aβ1 ⊂ Aβ2 and Aβ2 \Aβ1 ⊂ Y \

⋃
a∈Aβ1

φ(a).
Substep γ < α. If

⋃
{φ(a) : a ∈ Aβ , β < γ} ∪ U covers Y , stop the construction.

Since |Aβ | ≤ |β| for all β < γ, the cardinality ofBγ =
⋃
β<γ Aβ∪

{aβ ∈ A : β < γ} equals |γ|. Apply Machineγ to the set Bγ and
open Uγ =

⋃
{φ(a) : a ∈ Aβ for β < γ} ∪ U to generate Mγ(Bγ).

Put Aγ = Mγ(Bγ)∪ (
⋃
β<γ Aβ). Clearly |Aγ | ≤ |γ|. The inclusions

in the induction assumption hold by construction. Finally, Aγ is
closed and discrete because Mγ(Bγ) is such by assumption while⋃
β<γ Aβ is closed and discrete by the following Remark.

Remark. The set
⋃
β<γ Aβ is closed and discrete in Y . Assume

this set has a limit point f . Then by Lemma 2.3, there exists a
finite A′ ⊂

⋃
β<γ Aβ such that f ∈ G ⊂ φ(G) for some G ∈ GA′,Y .

By assumption, there exists β < γ such that A′ ⊂ Aβ . Therefore,
by Property, f is covered by (

⋃
a∈Aβ φ(a)) ∪ U . We may assume

that f is covered for the first time at Substep β by φ(a∗). By
the construction assumption, φ(a∗) separates f from all a’s chosen
after Substep β. And f cannot be a limit for the Aβ , as the latter
is closed and discrete by assumption.

Let Mα(A) =
⋃
β<αAβ . Since |Aβ | ≤ β, we have |Mα(A)| ≤ α. By the remark,

Mα(A) is closed and discrete in Y . Since all Aβ ’s are in the complement of U ,
our set is there as well. Let us show that Mα(A) has the Property. Take any
G ∈ GA∪Mα(A),Y such that f ∈ G ⊂ φ(f) for some f ∈ Y . By the definition of
the family GA∪Mα(A),Y , there exists a finite A′ ⊂ A ∪Mα(A) such that G ∈ GA′,Y .
Therefore, there exists γ < α such that G ∈ G{aβ∈A:β<γ}∪Aγ ,Y . Applying the
inductive definition of Aγ and the Property of Mγ(Bγ), we have f ∈

⋃
a∈Aγ φ(a)∪U .

This inclusion proves that Mα(A) has the Property.
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Construction of Dα. First notice that by the remark,
⋃
β<αDβ is closed and dis-

crete in Y . Now, take an arbitrary dα ∈ Y \ ∪{φ(d) : d ∈ Dβ , β < α}. Ap-
ply Machineα to the closed discrete set A = (

⋃
β<αDβ) ∪ {dα} and the open

set U =
⋃
{φ(d) : d ∈ Dβ , β < α or d = dα} to generate Mα(A). Put Dα =

Mα(A) ∪ (
⋃
β<αDβ) ∪ {dα}.

If Y =
⋃
{φ(d) : d ∈ Dβ , β < α}, stop the construction.

Let D =
⋃
αDα. The set

⋃
d∈D φ(d) covers Y , since we continue our construction

until Y is covered. And it is closed and discrete by the remark. �

3. Corollaries and related problems

The definition of a D-space implies that l(X) = e(X) for every D-space X .
This simple observation leads us to the following corollaries, which are, in fact,
well-known classical theorems.

Corollary 3.1 (Baturov’s Theorem for compacta). Let X be compact. Then l(Y ) =
e(Y ) for every subspace Y of Cp(X).

Corollary 3.2 (Grothendieck’s Theorem for Compacta). Let X be compact and Y
a countably compact subspace of Cp(X). Then Y is compact.

It is known that the D-property is preserved by closed continuous maps (see
[B&W1]). Therefore, the following generalizations of Grothendieck’s and Baturov’s
theorems hold.

Corollary 3.3. Let X be compact and Z a closed continuous image of a subspace
of Cp(X). Then l(Y ) = e(Y ) for every Y ⊂ Z.

Corollary 3.4. Let X be compact and Z a closed continuous image of a subspace
of Cp(X). Then every countably compact Y ⊂ Z is compact.

In fact, the Baturov theorem in question holds not only for compacta but for
all Lindelöf Σ-spaces. Thus, the following question might have a chance for an
affirmative answer.

Question 3.5. Let X be a Lindelöf Σ-space. Is it true that Cp(X) is a hereditary
D-space?

Since l(X) = e(X) for every D-space X , one might wonder if the reverse impli-
cation is true. The unsurprising answer is “No”. For a counterexample, consider
X = D(ω1)× ω1, where D(ω1) is a discrete space of cardinality ω1. A closed copy
of ω1 in X makes the space non-D, while it is easy to see that l(X) = e(X) = ω1.
Yet the latter equality does not hold for every subspace of X . Thus, the following
question might be of interest.

Question 3.6. Suppose that l(Y ) = e(Y ) for every subspace Y of a space X . Is
X then a hereditary D-space?

And here are two more quite natural questions related to the Baturov theorem.

Question 3.7 (D-version of Reznichenko’s question). Let X be a countably com-
pact space. Is it true that every subspace of Cp(X) is a D-space?

Question 3.8 (A. Arhangelskii). Let X be compact and Y a separable metrizable
space. Is Cp(X ⊕ Y ) then a hereditary D-space?
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Recall that any Eberlein compactum is a subspace of Cp(X) for some compactum
X , while a Corson compactum is defined as a compact subspace of a Σ-product of
a family of closed intervals.

Corollary 3.9. Any Eberlein compactum is a hereditary D-space.

Question 3.10 (A. Arhangelskii). Is it true that any Corson compactum is a
hereditary D-space?

And, let us finish with two more corollaries about function spaces over σ-compact
spaces. Recall that if a space X is σ-compact then Cp(X) is homeomorphic to a
subspace of Cp(Y ) for some compactum Y . Also recall that Cp(Σ⊕{Xn : n ∈ ω})
is homeomorphic to Π{Cp(Xn) : n ∈ ω}. (Proofs for these two facts can be found
in [ARH].) These two facts together with our main result lead to the following
observations.

Corollary 3.11. Let X be a σ-compact space. Then Cp(X) is a hereditary D-space.

Corollary 3.12. Let X be compact. Then (Cp(X))n and (Cp(X))ω are hereditary
D-spaces.

After-submission remarks

After this paper was submitted, G. Gruenhage showed that Lemma 2.3 holds for
Σ-Lindelöf spaces as well. And since the argument of the theorem needs from X
nothing more than the conclusion of Lemma 2.3, the theorem holds for Σ-Lindelöf
spaces. As a consequence of Gruenhage’s result, the answer to Questions 3.5 and
3.8 is “Yes”. Also, Gruenhage showed that any Corson compactum is hereditarily
a D-space, which settles Question 3.10. The author recently answered Question 3.7
in the negative by constructing an example of a countably compact space X such
that l(Cp(X)) 6= e(Cp(X)). In connection with this example, it might be worth
mentioning that Theorem 2.4 nevertheless holds for some countably compact spaces.

Theorem 3.13. Let X be a countably compact space such that every open cover
of X of cardinality less than nw(X) contains a finite subcover. Then Cp(X) is
hereditarily a D-space.

Recall that the netweight nw(X) of a space X is defined as the minimum of
cardinalities of networks for X , where a network is the same as a base but sets need
not be open. To see why the above theorem holds, first notice that if in Lemma
2.3 the space X satisfies the hypothesis of Theorem 3.13 and |A| < nw(X), then
the lemma’s conclusion still holds. And how can we use this new version of Lemma
2.3? The argument of Theorem 2.4 is valid as long as Lemma 2.3 is true. And the
new version of the lemma is applicable as long as we are below level α = nw(X).
So to redo the proof, we have to make sure that the space is covered by the time
we hit level nw(X). And this is easily achieved as follows:

(1) Enumerate a fixed network F of Y ⊂ Cp(X) by ordinals less than nw(X)
(recall that nw(X) = nw(Cp(X)) for any X).

(2) At step α in the definition of Dα replace “take an arbitrary dα...” by “take
the first F ∈ F such that there exists a dα ∈ Y \

⋃
{φ(d) : d ∈ Dβ, β < α}

such that dα ∈ F ⊂ φ(dα).” Such an F exists. Indeed, if Y is not covered
yet, take an arbitrary d from the uncovered part of Y . By the definition of
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a network, there exists an F such that d ∈ F ⊂ φ(d). Now take the first
such F .

This change guarantees that we cover the space as soon as all network
elements are covered (not more than nw(X) steps are needed).

An immediate corollary to Theorem 3.13 is that Cp over any countably compact
space of weight ω1 is hereditarily a D-space. In particular, Cp(ω1) is such.
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