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Abstract. In this paper we present an interesting relationship between graph
theory and differential geometry by defining submanifolds of almost Hermitian
manifolds associated with certain kinds of graphs. We show some results about
the possibility of a graph being associated with a submanifold and we use them
to characterize CR–submanifolds by means of trees. Finally, we characterize
submanifolds associated with graphs in a four–dimensional almost Hermitian
manifold.

1. Introduction

An important research subject in the theory of submanifolds of an almost Her-
mitian manifold is the study of a submanifold from the point of view of its behaviour
with respect to the almost complex structure. Many submanifolds are character-
ized by such a homogeneous behaviour: complex submanifolds, totally real sub-
manifolds, CR-submanifolds, and, more recently, slant or semi–slant submanifolds.
In this paper, we will show that, in all of these cases, we can find a graph closely
related to the algebraic structure on the submanifold.

The idea of the association between the above stated submanifolds and the cor-
responding graphs emerges from the study of slant surfaces. Given a proper θ–slant
surface M2 in a 4–dimensional almost Hermitian manifold (M̃4, J, g), it was shown
by Chen in [1] that we can consider a special local orthonormal frame, namely an
adapted slant frame, {X1, X2, X3, X4} such that X1, X2 are tangent to M , X3, X4

are normal to M and they satisfy the following equalities:

g(JX1, X2) = −g(JX3, X4) = cos θ, g(JX1, X3) = g(JX2, X4) = sin θ,

g(JX1, X4) = g(JX2, X3) = 0.(1.1)

It is clear that (1.1) completely determines the behaviour of the almost complex
structure J on M . Then, it is interesting to give a graphic expression of the above
relationships. We can easily define a graph by using the following method. We first
consider a vertex for every field of the adapted slant frame by labeling each vertex
with its corresponding natural index. In this case, we obtain the set of vertices
{1, 2, 3, 4}. Now, we say that the {i, j} edge exists if and only if g(JXi, Xj) 6= 0.
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Note that, since g(JXi, Xj) = −g(JXj, Xi), the definition of the existence of an
edge is not ambiguous. Hence, we have Graph 1 in Figure 1. Moreover, we can
assign a weight on every edge. It is reasonable to consider on {i, j} the weight given
by g(JXi, Xj), but it is not possible because the edge does not depend on the order
of its vertices. Therefore, we consider g2(JXi, Xj) as the weight of {i, j}, and we
have Graph 2 shown in Figure 1.

Figure 1. Graph associated with a slant surface.

Note that we obtain additional visual information by putting the vertices corre-
sponding to tangent fields at an imaginary bottom line and those which correspond
to normal fields at a top line.

In this paper, we generalize the above situation by defining submanifolds associ-
ated with graphs. Basically, we first construct a graph related to the tangent space
at an arbitrary point of a submanifold, and then, we say that this submanifold is
associated with the graph if it can be, in a certain way, differentiably extended to
every point of the submanifold.

We show some results about the possibility of a graph being associated with a
submanifold and we use them to characterize CR-submanifolds by means of trees
(connected graphs without cycles). We also characterize slant surfaces. Finally, we
study and characterize submanifolds associated with graphs in a four-dimensional
almost Hermitian manifold.

We think that the appropriate analysis of the association between these two
different objects (the submanifolds from the Complex Geometry and the graphs
from the Discrete Mathematics) will provide us with a new tool which can be
useful in studying the general problem of the classification of submanifolds. Later,
it establishes a new link between two traditionally remote research areas.

2. Preliminaries

In this section, we first recall some basic formulas and definitions about slant
submanifolds in Complex Geometry, which we shall use later. For details and
background on complex manifolds, we refer to the standard reference [4].

A submanifold M of an almost Hermitian manifold (M̃, g, J) is said to be slant
[1] if for each nonzero vector X tangent to M at p, the angle θ(X), 0 ≤ θ(X) ≤ π/2,
between JX and TpM is a constant, called the slant angle of the submanifold. In
particular, complex and totally real submanifolds appear as slant submanifolds with
slant angle 0 and π/2, respectively. A slant submanifold is called proper slant if it is
neither complex nor totally real. Put JX = PX+FX , for any tangent vector field
X , where PX (resp. FX) denotes the tangential (resp. normal) component of JX .
Then, θ–slant submanifolds are characterized by the formula P 2 = − cos2 θ Id.
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Similarly, a differentiable distribution D on M is said to be a slant distribution
if for any nonzero vector X ∈ Dp, the angle between JX and the vector space
Dp is constant, that is, it is independent of the choice of p ∈ M and of X ∈ Dp.
This constant angle is called the slant angle of the slant distribution D. By using
this definition, Papaghiuc introduced the notion of a semi–slant submanifold of
an almost Hermitian manifold [3]. A submanifold M is said to be a semi–slant
submanifold if there exist on M two differentiable orthogonal distributions D1 and
D2 such that TM = D1 ⊕ D2, D1 is a complex distribution (J(D1) = D1) and D2

is a slant distribution with the slant angle θ 6= 0. This notion clearly generalizes
those of both slant and CR submanifolds.

On the other hand, a graph G is a pair (V,A), where V is a finite nonempty set
of vertices and A is a prescribed set of unordered pairs of distinct vertices of V .
Given a pair {i, j} in A, i and j are said to be adjacent vertices and {i, j} is said
to be incident with both i and j. The degree of a vertex is the number of edges
incident with it. The graph consisting of just two vertices and one edge between
them is called K2.

A graph G is labeled when the vertices are distinguished from each other by
names. In this paper, we are labeling graphs by using consecutive natural num-
bers. Therefore, we consider that the vertex set of a graph with n vertices is just
{1, . . . , n}. Moreover, we are working on weighted graphs, i.e., graphs such that
every edge has an assigned weight (a real number).

An isomorphism between two graphs is a one-to-one correspondence between
their vertex sets which preserves adjacency. So, it is obvious that the vertex num-
bers of two isomorphic graphs must be the same. Given that we are considering
weighted labeled graphs, we also impose from now on that isomorphisms preserve
labels and weights. Therefore, throughout this paper, an isomorphism between two
graphs with n vertices is just the identity map from {1, . . . , n} into itself, preserving
adjacency and edge weights. For more background on graph theory, we refer to [2].

3. Submanifolds associated with graphs

Let Mm be a Riemannian manifold isometrically immersed in an almost Her-
mitian manifold (M̃n, J, g). Let B = {X1, . . . , Xn} be a local orthonormal frame
defined on a neighbourhood U of a point p ∈ M . Then, for any q ∈ U , we define
the weighted graph GB,q given by the set of vertices {1, . . . , n} such that the edge
{i, j} exists if and only if gq(JqXiq, Xjq) 6= 0, with weight g2

q(JqXiq, Xjq). Note
that this is just a generalization of the initial construction procedure.

Now we can introduce the idea of association between submanifolds and graphs.
Let Mm be a submanifold of an almost Hermitian manifold (M̃n, J, g) and let G
be a weighted graph with vertices {1, . . . , n}. Then, we say that M is associated
with G if for any p ∈M there exists a neighbourhood U(p) and a local orthonormal
frame B = {X1, . . . , Xn} on U satisfying the following conditions:

(a) {X1, . . . , Xm} are tangent to M and {Xm+1, . . . , Xn} are normal to M .
(b) For any q ∈ U , the graph GB,q is isomorphic to G.

Example 3.1. As we have shown previously, every proper θ–slant surface in a 4–
dimensional almost Hermitian manifold is associated with Graph 2 of Figure 1. It
is easy to prove that complex and totally real surfaces are associated with the same
graph, by vanishing the corresponding edges when θ = 0 and θ = π/2, respectively.
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This situation can be generalized to slant submanifolds with arbitrary dimension by
considering a general adapted slant frame (see [1, pp. 84-85]). Hence, we see that,
in general, a θ–slant submanifold is associated with the graph shown in Figure 2.

Figure 2. Slant submanifolds.

Example 3.2. By proceeding as in Example 3.1, we have semi–slant submanifolds
associated with the graph shown in Figure 3.

Figure 3. Semi–slant submanifolds.

Note that the above definition does depend on the chosen orthonormal frame. For
example, if we consider a totally real surface M2 in an almost Hermitian manifold
M̃4, it is easy to prove that M is associated with Graph 1 shown in Figure 4. In
fact, it is enough to consider a local orthonormal frame {X1, X2, JX1, JX2} on a
neighbourhood of each point. Nevertheless, we can also take the frame

{
√

2/2(X1 +X2),
√

2/2(X1 −X2), JX1, JX2};
thus, M is also associated with Graph 2 in Figure 4 (which is usally denoted by
K2,2).

Figure 4. Totally real surface.

Now, we are going to show some general results which have to be satisfied by a
graph in order for it to be associated with a submanifold.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SUBMANIFOLDS ASSOCIATED WITH GRAPHS 3331

Lemma 3.3. Let M be a submanifold associated with a graph G. Then, the sum
of the weights of the incident edges on each vertex of G must be equal to 1.

Proof. It follows directly from the compatibility between the metric and the almost
complex structure on an almost Hermitian manifold. �
Lemma 3.4. Let M be a submanifold associated with a graph G. Then, G has no
isolated vertices.

Proof. Since J2 = −Id on an almost Hermitian manifold, it follows that JX 6= 0
for any nonzero vector X . This implies Lemma 3.4. �
Proposition 3.5. Let M be a submanifold associated with a graph G. Then, G
contains no isolated triangles.

Proof. Suppose that G contains an isolated triangle, with vertices k1, k2, k3. Let
A be the matrix with components (g(JXi, Xj)), where {X1, . . . , Xn} is the frame
given by the association between M and G. Then, since J2 = −Id, it follows that
A2 = (aij) = −I, where I denotes the identity matrix. In particular, ak1k2 =
0 =

∑n
i=1 g(JXk1 , Xi)g(JXi, Xk2) = g(JXk1 , Xk3)g(JXk3 , Xk2), which yields a

contradiction. �
Proposition 3.6. Let M be a submanifold associated with a graph G. Let v be a
vertex in G with degree 1. Then, the connected component containing v in G is just
a K2.

Proof. Let p ∈ M and consider the frame {X1, . . . , Xn} on a neighbourhood of p
given by the definition of association between M and G. We can suppose that a
vertex i has degree 1 and that it is adjacent to j, j 6= i. Hence, it follows from
Lemma 3.3 that the weight of {i, j}must be 1. Therefore, there are no more vertices
adjacent to j and the proof is done. �

By using this proposition, we can obtain the following characterization of CR-
submanifolds by means of trees (connected graphs without cycles) and forests (dis-
joint unions of trees; see [2]).

Theorem 3.7. A submanifold is associated with a forest if and only if it is a
CR-submanifold. In this case, every tree is a K2.

Proof. Suppose that a submanifold M is associated with a forest G. By virtue of
Proposition 3.6, every connected component of G has to be a K2, since every tree
has vertices with degree 1 (see [2]). Then, we can suppose that the graphG looks like
that of Figure 5, by reordering the local orthonormal frame given by the association
if necessary, where d1 + d2 = m. Of course we consider d1 = 0 (resp. d2 = 0) if
there are no tangent horizontal (resp. vertical) edges in G. Now, given p ∈ M ,
we can define D1 = Span(X1, . . . , Xd1) and D2 = Span(Xd1+1, . . . , Xd1+d2) on a
neighbourhood of p. It follows that D1 and D2 are two well-defined differentiable
distributions on M such that TM = D1⊕D2. Moreover, D1 (resp. D2) is a complex
(resp. totally real) distribution, and so, M is a CR-submanifold.

The converse follows from a direct computation. �
We have previously shown how this work was motivated by the study of slant

surfaces. Now, we can prove that the association with graphs really characterizes
this kind of submanifolds.
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Figure 5. CR-submanifolds.

Theorem 3.8. Let M2 be a surface isometrically immersed in an almost Hermitian
manifold. Then, M is slant if and only if there exists a graph G such that M is
associated with G.

Proof. We already know that a slant surface is associated with a graph. Conversely,
suppose that a surface M is associated with a graph G. Let i, j be the tangent ver-
tices of G. If these vertices are not adjacent, then it is clear that M is a totally
real surface. Now, suppose that i and j are adjacent. If there are no other vertices
adjacent to i or j, then the weight of {i, j} must be 1 and M is a complex sub-
manifold. If not, denote by µ the weight of {i, j}, 0 < µ < 1. In this case, we have
P 2 = −µId, thus M is a slant submanifold with angle θ such that cos2 θ = µ. �

4. The 4–dimensional case

We now proceed to study submanifolds associated with graphs in a 4–dimensional
almost Hermitian manifold M̃4. It is known that there are only 11 different graphs
with 4 vertices [2]. But, by virtue of Lemma 3.3, Proposition 3.5 and Proposi-
tion 3.6, we can see that, if M is a submanifold of M̃4 associated with a graph G,
then G must be one of the graphs drawn in Figure 6.

Figure 6. Submanifolds in a 4–dimensional space.

We have previously shown that, if a submanifold is associated with a graph, then
this graph is not unique. Therefore, we now say that two weighted labeled graphs
G and G′ are equivalent, G ∼ G′, if for any submanifold M associated with G,
then M is associated with G′ and for any submanifold M ′ associated with G′, then
M ′ is associated with G. Obviously, this is an equivalence relation on the class of
graphs associated with submanifolds. Now our objective is to classify submanifolds
associated with graphs through this relation.

We first consider curves in M̃ . It is easy to see that, if M is a curve in M̃
associated with a graph G, then, up to isomorphisms, G must be one of the graphs
from Figure 7.
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Figure 7. Graphs associated with curves.

We have the following result:

Theorem 4.1. All graphs shown in Figure 7 are equivalent.

Proof. We can easily see that graphs G1, G2 and G3 are equivalent, simply by
reordering the appropriate local orthonormal frames. Now, let us prove that G1 is
equivalent to G4(a2, b2), for any a, b such that a2 + b2 = 1. If M is a submanifold
associated with G1 through a local frame {X1, . . . , X4} and we define the new
orthonormal frame

Y1 = X1, Y2 = aX2 + bX4, Y3 = X3, Y4 = bX2 − aX4,

then, M is associated with G4 through {Y1, . . . , Y4}. Conversely, it is enough to
consider the change

X1 = Y1, X2 = h1Y2 + h2Y4, X3 = Y3, X4 = h2Y2 − h1Y4,

where h1 = g(JY1, Y2) and h2 = g(JY1, Y4). Similarly, we also have G2 ∼ G5 and
G3 ∼ G6.

Finally, we show that G4(a2+b2, c2) ∼ G7(a2, b2, c2), for any a, b, c such that a2+
b2 + c2 = 1. As above, if {X1, . . . , X4} (resp. {Y1, . . . , Y4}) is a local orthonormal
frame associated with G4(a2 +b2, c2) (resp. G7(a2, b2, c2)), then it is only necessary
to take into account the changes

Y1 = X1, Y2 = λ1X2 + µ1X3, Y3 = µ1X2 − λ1X3, Y4 = X4,

with λ2
1 = a2/(a2 + b2), µ2

1 = b2/(a2 + b2) and

X1 = Y1, X2 = λ2Y2 + µ2Y3, X3 = µ2Y2 − λ2Y3, X4 = Y4,
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with λ2 = g(JY1, Y2)/
√
a2 + b2, µ2 = g(JY1, Y3)/

√
a2 + b2. Given that ∼ is an

equivalence relation, the proof concludes. �

Hence, we do not find different classes of curves associated with graphs. In par-
ticular, we see that any curve associated with a graph is a totally real submanifold.
This is a general well–known fact for curves in almost Hermitian manifolds.

If we study surfaces in M̃ , the situation is quite different. The graphs associated
with surfaces appear in Figure 8. Denote by [Gi] the equivalence class defined by
Gi.

Figure 8. Graphs associated with surfaces.

Theorem 4.2. If we consider the graphs from Figure 8, then we have the following
equivalence classes:

i) [G1] = [G2] = [G3(a2, b2)], for any a, b ∈ R such that a2 + b2 = 1;
ii) [G4];
iii) for any a2 > 0, we obtain a different equivalence class [G5(a2, b2)] =

[G6(a2, b2)] = [G7(a2, c2, d2)], whichever b, c, d ∈ R are such that a2 + b2 =
a2 + c2 + d2 = 1.

Moreover, given a surface M2 in M̃4, M is associated with the class [G1]
(resp. [G4]) if and only if it is a totally real surface (resp. complex surface), and
M is associated with [G5(a2, b2)] if and only if it is a proper slant surface with slant
angle θ such that a2 = cos2θ.
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Figure 9. CR-Hypersurface.

Proof. The equivalence between graphs G1 and G2 (resp. G5 and G6) follows by
reordering the corresponding frames. Let us now see that, given a, b ∈ R with
a2 + b2 = 1, then G1 is equivalent to G3(a2, b2). If M is a submanifold associated
with G1 through a local frame {X1, . . . , X4} and we define the new orthonormal
frame

Y1 = aX1 + bX2, Y2 = bX1 − aX2, Y3 = X3, Y4 = X4,

then, M is associated with G3(a2, b2) through {Y1, . . . , Y4}. Conversely, suppose
that M ′ is a submanifold associated with G3(a2, b2) through a local frame
{Y1, . . . , Y4}. Hence, we can first deduce from J2 = −Id that

g(JY1, Y3)g(JY2, Y4)− g(JY1, Y4)g(JY2, Y3) = ±1,

g(JY1, Y3)g(JY1, Y4) + g(JY2, Y3)g(JY2, Y4) = 0.

Then, to prove that M ′ is associated with G1, it is enough to consider the change

X1 = −h1Y1 + h2Y2, X2 = h2Y1 + h1Y2, X3 = Y3, X4 = Y4,

where h1 = g(JY2, Y4) and h2 = g(JY1, Y4).
Given a, b, c, d ∈ R with a2 + b2 = a2 + c2 + d2 = 1, to prove that G5(a2, b2) and

G7(a2, c2, d2) are equivalent, we only have to take into account the changes

Y1 = λ1X1 + µ1X2, Y2 = µ1X1 − λ1X2, Y3 = X3, Y4 = X4,

with λ2
1 = c2/b2, µ2

1 = d2/b2 and

X1 = −λ2Y1 + µ2Y2, X2 = µ2Y1 + λ2Y2, X3 = Y3, X4 = Y4,

with λ2 = g(JY2, Y4)/b, µ2 = g(JY1, Y4)/b, where {X1, . . . , X4} (resp. {Y1, . . . , Y4})
is a local orthonormal frame associated with G5(a2, b2) (resp. G7(a2, c2, d2)).

Finally, it is easy to see that G1, G4 and G5 are not equivalent to each other,
since they represent totally different behaviours of a submanifold with respect to
the almost complex structure J . Hence, we finish this proof by following that of
Theorem 3.8. �

In this case, we see that the classification of graphs also classifies surfaces associ-
ated with graphs attending to their behaviour with respect to the almost complex
structure of M̃ . We have found different classes of surfaces: totally real surfaces,
complex surfaces and proper slant surfaces. In fact, we have proven that every
surface associated with a graph in a 4–dimensional almost Hermitian manifold is a
slant surface, which is a particular case of Theorem 3.8.

Finally, we see that the situation for hypersurfaces associated with graphs looks
like that of curves. We can prove the corresponding similar theorem:

Theorem 4.3. All graphs associated with hypersurfaces of M̃4 are equivalent.
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It is clear that a submanifold associated with the graph shown in Figure 9 is a
CR-submanifold. So, it follows from Theorem 4.3 that each hypersurface of M̃4

associated with a graph is a CR-submanifold.
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