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ABSTRACT. In this paper, we investigate dense subsets of the boundary of
a Coxeter system. We show that for a Coxeter system (W,S), if W{so} ig
quasi-dense in W and the order o(sgtg) = oo for some sg,tg € S, then there
exists a point « in the boundary 90X (W, S) of the Coxeter system (W, S) such
that the orbit Wa is dense in d%(W,S). Here Wiso} = {w € W |£(ws) <
£(w) for each s € S\ {so}} \ {1}. We also show that if the set J{W {5} |s €
S such that o(st) = oo for some ¢t € S} is quasi-dense in W, then {w™ |w €
W such that o(w) = oo} is dense in 93(W, S).

1. INTRODUCTION AND PRELIMINARIES

The purpose of this paper is to study dense subsets of the boundary of a Coxeter
system. A Cozeter group is a group W having a presentation

(S| (st)™=Y =1 for s,t € S),

where S is a finite set and m : S xS — NU{oo} is a function satisfying the following
conditions:

(1) m(s,t) = m(t,s) for each s,t € S,

(2) m(s,s) =1 for each s € S, and

(3) m(s,t) > 2 for each s,t € S such that s # t.
The pair (W, S) is called a Cozeter system. Let (W,S) be a Coxeter system. For
a subset T C S, Wr is defined as the subgroup of W generated by T, and called a
parabolic subgroup. If T is the empty set, then Wy is the trivial group. A subset
T C S is called a spherical subset of S, if the parabolic subgroup Wy is finite. For
each w € W, we define S(w) = {s € S|l(ws) < £(w)}, where £(w) is the minimum
length of a word in S which represents w. For a subset T' C S, we also define
WT ={weW|S(w)=T}.

Let (W, S) be a Coxeter system and let S/ be the family of spherical subsets of
S. We denote by WS7 the set of all cosets of the form wWy, with w € W and
T € Sf. The sets S and WS/ are partially ordered by inclusion. Contractible
simplicial complexes K (W, S) and (W, S) are defined as the geometric realizations
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of the partially ordered sets SY and WS/, respectively ([7, §3], [5]). The natural
embedding S — WS/ defined by T + Wy induces an embedding K(W,S) —
Y(W,S) which we regard as an inclusion. The group W acts on (W, S) via a
simplicial automorphism. Then 3(W, S) = WK (W, S) and Z(W, S)/W = K(W, S)
(B, [M). For each w € W, wK(W,S) is called a chamber of £(W,S). If W is
infinite, then (W, .S) is noncompact. In [11], G. Moussong proved that a natural
metric on (W, S) satisfies the CAT(0) condition. Hence, if W is infinite, X(W, S)
can be compactified by adding its ideal boundary 90%(W,S) ([6l §4], [8]). This
boundary 9X(W,S) is called the boundary of (W,S). We note that the natural
action of W on X(W, S) is properly discontinuous and cocompact ([5], [6]), and this
action induces an action of W on 9%(W, S).

A subset A of a space X is said to be dense in X, if A = X. A subset A of a
metric space X is said to be quasi-dense, if there exists NV > 0 such that each point
of X is N-close to some point of A.

Let (W, S) be a Coxeter system. Then W has the word metric dy defined by
de(w,w'") = L(w™ ') for any w,w’ € W.

After some preliminaries in Sections 2 and 3, we prove the following theorems in
Section 4.

Theorem 1. Let (W, S) be a Cozeter system. Suppose that W50} is quasi-dense
in W with respect to the word metric and o(sotg) = oo for some so,to € S, where
o(soto) is the order of soto in W. Then there exists a € O%(W,S) such that the
orbit Wa is dense in O%(W, S).

Suppose that a group T" acts properly and cocompactly by isometries on a CAT(0)
space X. Every element v € I such that o(y) = oo is a hyperbolic transformation
of X, i.e., there exist a geodesic axis ¢ : R — X and a real number a > 0 such that
v - e(t) = c(t +a) for each t € R ([3]). Then, for all + € X, the sequence {y'z}
converges to ¢(oo0) in X U9X. We denote v*° = ¢(00).

Theorem 2. Let (W, S) be a Cozeter system. If the set
U{W{S} | s € S such that o(st) = oo for somet € S}
is quasi-dense in W, then {w™> |w € W such that o(w) = oo} is dense in OX(W, S).

Remark. For a negatively curved group G and the boundary 0G of G,

(1) we can show that Ga is dense in G for each a € G by an easy argument,
and
(2) it is known that {g°°|g € G such that o(g) = oo} is dense in G ([2]).

Example. Let S = {s,t,u} and let
W ={(S|s*=1t*=u?=(st) = (tu)® = (us)® =1).

Then (W, S) is a Coxeter system and W s} is quasi-dense in . On the other hand,
for any a € 93(W, S), Wa is a finite-points set and not dense in 9% (W, S), which
is a circle. Thus we cannot omit the assumption “o(sotg) = oo” in Theorem [il

As an application of Theorems [l and 2] we show the following corollary.

Corollary 3. Let (W, S) be a Cozxeter system. Suppose that there exist a mazimal
spherical subset T of S and an element sg € S such that o(sot) > 3 for each t € T
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and o(sotp) = oo for some tg € T. Then

(1) Wa is dense in O5(W, S) for some o € 9L(W, S), and
(2) {w*>|w e W such that o(w) = oo} is dense in OX(W, S).

Example. The Coxeter system defined by the diagram in Figure 1 is not hyperbolic
in Gromov’s sense, since it contains a copy of Z?, and it satisfies the condition of
Corollary Bl

S0

FIGURE 1.

2. LEMMAS ON COXETER GROUPS
In this section, we prove some lemmas for Coxeter groups which are used later.

Definition 2.1. Let (W, S) be a Coxeter system and w € W. A representation
w=s1---5 (s; € 9) is said to be reduced, if {(w) = I, where {(w) is the minimum
length of a word in S which represents w.

The following lemma is known.

Lemma 2.2 ([T, [, [5], [7], [@0]). Let (W,S) be a Cozeter system.

(1) Let w € W and let w = s1---s; be a representation. If L(w) < I, then
W=81--8-8;---8 for somel <i<j<l.

(2) For each w € W and s € S, £(ws) equals either £(w) + 1 or {(w) — 1, and
L(sw) also equals either £(w) + 1 or £(w) — 1.

(3) For each w € W, S(w) is a spherical subset of S, i.e., Wg(y) is finite.

(4) For each w € W and u € We\ 5(w), L(wu) = £(w) + £(u).

(5) For each w € W and u € Wg(y), l(wu) = £(w) — £(u), i.e., if u=1ty---ty
(t; € S) is a reduced representation, then there exists a reduced representa-
tion w=s1---5; (s; € S) such that t; = s;_4; for each i =1,... k.

Lemma 2.3. Let (W, S) be a Cozxeter system, w € W and s,t € S. Suppose that
lws) =L(w) +1 and s # t.

(1) If o(st) = oo, then L(wst) = L(w) + 2.

(2) If L(wst) = L(w), then t € S(w).
(3) If o(st) = oo, then Wisht c with,

Proof. (1) By Lemmal[2.21(2), either £(wst) = £(w) or £(wst) = £(w)+2. We suppose
that £(wst) = (w). Then {s,t} C S(ws), and Wy, 4y is finite by Lemma 22 (3).
This means that o(st) < co. Hence if o(st) = oo, then £(wst) = £(w) + 2.
(2) Suppose that t ¢ S(w). Since {s,t} C S\ S(w), it follows that £(wst) =
O(w) + £(st) = £(w) + 2 by Lemma 22] (4). Thus if {(wst) = £(w), then t € S(w).
(3) Suppose that o(st) = co. Let w € Wi}, Since t ¢ S(w) = {s}, it follows
that £(wt) = L(w)+1. Let u € S\ {¢}. If u = s, then f(wiu) = l(w)+2 = (wt)+1
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by (1), because o(st) = co. If u # s, then u ¢ S(w) = {s} and {(wtu) = f(wt) + 1
by (2). Hence £(wtu) = £(wt) + 1 for each u € S\ {t}; that is, wt € Wi, Thus
Wishe c wit, O

We prove the following lemmas concerning the set Wi,

Lemma 2.4. Let (W,S) be a Cozxeter system, w € W and sog € S. Suppose that
o(sot) > 3 for each t € S(w), and that o(soty) = oo for some ty € S(w). Then
wsg € Wiso},

Proof. Suppose that o(sot) > 3 for each ¢t € S(w), and that o(sotg) = oo for some
to € S(w). To prove that wsy € W} we show that f(wsot) = £(wso) + 1 for
each t € S\ {so}. Lett € S\ {so}. If t = to, then £(wsot) = ¢(wsp) + 1 by
Lemma 23] (1), since o(sotg) = 0o. Now we suppose that ¢(wsot) = £(wsg) — 1
for some ¢t € S\ {so,t0}. Then t € S(w) by Lemma 23] (2). Hence o(sot) > 3 by
hypothesis, and sotsg is reduced. Since {sg,t} C S(wsp), there exists a reduced
representation wsg = (ag - - - aj—2)Sotsp by Lemma (5), where [ = £(w). Then
wt = (a1 ---aj—2)sp is reduced. On the other hand, since {t,to} C S(w), there
exists a reduced representation w = (a} - --a;_,)tot. Hence wt = (a} ---aj_,)to is
reduced. Thus we have two reduced representations

(a1---aj—2)so = wt = (a} -+ aj_s)to.
This means that {sg,to} C S(wt), i.e., o(sotop) < oo by Lemma 22 (3). This

contradicts the assumption o(sotg) = oco. Hence f(wsot) = f(wsg) + 1 for each
t€ S\ {so}; that is, wsg € Wiso}, -

Lemma 2.5. Let (W, S) be a Coxeter system. Suppose that there exist a maximal
spherical subset T of S and so € S such that o(sot) > 3 for each t € T and
o(soto) = oo for some tg € T. Then Wiso} is quasi-dense in W.

Proof. Let w € W. Since T is a spherical subset of S, there exists an element w’
of longest length in the coset wWy. Then we show that S(w’) =T.

Let t € T. Since w't € w'Wr = wWr and w’ is the element of longest length
in wWry, it follows that £(w't) < L(w'), i.e., t € S(w’). Thus T C S(w'). Now
T is a maximal spherical subset of S, and S(w’) is a spherical subset of S by
Lemma[22] (3). Hence S(w') =T.

Then w'sy € W0} by hypothesis and Lemma 2. Here

de(w,w'sg) = L(w™ w'sg) < max{l(v)|v e Wr} +1,
because w—lw’ € Wy. Thus Wiso} ig quasi-dense in W. O

3. A CAT(0) SPACE ON WHICH A COXETER GROUP ACTS

In this section, we give some lemmas for the CAT(0) space (W, S).

We first recall some basic properties of CAT(0) spaces. Details of CAT(0) spaces
and their boundaries are found in [3] and [8]. We say that a metric space (X, d) is
a geodesic space if for each x,y € X, there exists an isometry £ : [0,d(z,y)] — X
such that £(0) = x and &(d(z,y)) =y (such a £ is called a geodesic). Also a metric
space (X, d) is said to be proper if every closed metric ball is compact.

Let (X,d) be a geodesic space. Two geodesic rays £,¢ : [0,00) — X are said
to be asymptotic if there exists a constant N such that d(£(¢),((t)) < N for each
t>0.
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The following proposition is known.
Proposition 3.1 (cf. [3], [8]). Let (X,d) be a proper CAT(0) space.

(1) For any two points x,y € X, there exists a unique geodesic segment between
x andy in X.

(2) X is contractible.

(3) For each geodesic ray & in X and each point o € X, there exists a unique
geodesic ray &' issuing from xg such that & and & are asymptotic.

(4) For any three points xg,x1,22 € X and each t € [0,1],

d(fl (td(xo, xl))a 52 (td(ffoa xZ))) < td(xla x2)a
where &; : [0,d;] — X is the geodesic segment from xq to x; for eachi=1,2.

Let (X,d) be a proper CAT(0) space and xg € X. The boundary of X with
respect to xg, denoted by 0;,X, is defined as the set of all geodesic rays issuing
from xp. Then X U J,,X has a natural topology, in which X is an open subspace,
and a neighborhood basis for each point £ € 0,,X is given by the sets

U(&re) ={z € XUOX |z ¢ B(xo,r), d(§(r),&(r)) <€},

where r,e > 0 and &, : [0,d(zo,2)] — X is the geodesic from z to x (§, = z if
X € 05, X). This is called the cone topology on X U0y, X . It is known that X U0, X
is a metrizable compactification of X ([3], [§]).

Let o and 21 be two points of a proper CAT(0) space X. By Proposition B (3),
there exists a unique bijection ® : 9,,X — 0, X such that £ and ®(§) are asymp-
totic for each £ € 0,,X. It is known that ® : 9;,X — 0., X is a homeomorphism
(B, [5).

Let X be a proper CAT(0) space. The asymptotic relation is an equivalence
relation in the set of all geodesic rays in X. The boundary of X, denoted by
0X, is defined as the set of asymptotic equivalence classes of geodesic rays. The
equivalence class of a geodesic ray ¢ is denoted by £(c0). By Proposition 3] (3),
for each z¢p € X and each a € 0X, there exists a unique element ¢ € 0,,X with
&(00) = a. Thus we may identify 0X with 0,,X for each zp € X.

Let (X, d) be a proper CAT(0) space and I" a group which acts on X by isome-
tries. For each element v € T' and each geodesic ray & : [0,00) — X, a map
€ : [0,00) — X defined by (v€)(t) := v(£(t)) is also a geodesic ray. If geodesic
rays £ and & are asymptotic, then v¢ and v£' are also asymptotic. Thus « induces
a homeomorphism of 0X and I" acts on 0X.

Let (W,S) be a Coxeter system and let X(W,S) and K(W,S) be the proper
CAT(0) cell complex and its chamber defined in Section 1, respectively. Here
¥(W, S) has two structures. The definition of (W, .S) in Section 1 coincides with
the barycentric subdivision of the Moussong cellular decomposition, which can be
found in [11] and [6]. Now we consider the Moussong cellular decomposition. Then
each n-cell of £(W, S) is a convex subspace of the n-dimensional Euclidean space,
and the vertex set of each cell of X(W,S) is the form wWyp with w € W and
T € 87 ([11], [6]). We note that the vertex set of X(W, S) is W, and the 1-skeleton
Y(W, S)M) is the Cayley graph of W with respect to S with unit edges. For each
subset T C S, X(Wy,T) is a subcomplex of (W, S).

For each representation w = s1 ---s; € W, we consider the path

Py, s i =[1,51] U [s1,(s182)] U---U[(s51--81-2), (51 51-1)] U [(51 - - 851-1), W]
in X(W, 5).
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The following lemma was proved in [9].

Lemma 3.2 ([9, Lemma 4.2]). Let (W, S) be a Cozeter system and N the diam-
eter of K(W,S) in (W, S). Then for each (1 #) w € W, there exists a reduced
representation w = sy - - - 8; such that

dH(Im fw; Psl,.u,sl) é Na
where dy is the Hausdorff distance and &, is the geodesic from 1 to w in (W, S).

Using this lemma and a consequence of Tits’ solution to the word problem ([12],
[4, p.50]), we show the following lemma.

Lemma 3.3. Let (W, S) be a Coxeter system and x,y € W. If o(st) = oo for each
s € S(x) and t € S(y™'), then d(z,Im&,y) < N, where &y, is the geodesic from 1
to xy in X(W,S) and N is the diameter of K(W,S) in (W, S).

Proof. Suppose that o(st) = co for each s € S(z) and t € S(y~!). Let x =51 --- 5
and y = t1 - - - tx be reduced representations. Then

Ty = (31 . "Sl)(tl .. 'tk)
is reduced. By Lemma B2 there exists a reduced representation zy = ag -« - a4k
such that
dg(Im&uy, Pa, ... ar) < N.
Since o(st) = oo for each s € S(z) and t € S(y~1), it follows that a;---a; = x
by Tits’s theorem in [12] and [4, p.50]. Hence = € P, Thus d(z,Im &) <

A1y Qg

N. ]

4. PROOF OF THE MAIN RESULTS

Using some lemmas in Sections 2 and 3, we prove the main results.

Theorem 4.1. Let (W, S) be a Cozeter system. If W} is quasi-dense in W and
o(soto) = oo for some so,to € S, then there exists an o € 0X(W, S) such that Wa
is dense in OX(W, S).

Proof. Suppose that for some sg,ty € S, W0} is quasi-dense in W and o(sotg) =
o0. Then Wity ¢ Wit} by Lemma 23 (3). Hence Wit} is infinite, and there
exists a sequence {z;} C (W1})~! which converges to some point a € 9% (W, S)
in (W, S) UOX(W,S). Then we show that W is dense in 9X(W, S).

Let # € 0%(W, S). Since W{so} is quasi-dense in W, we have Wi} B(1, M) =
Y(W, S) for some M > 0, where B(x,r) is the metric ball of radius r about x. Then
there exists a sequence {w;} C W%} which converges to 8 in (W, S) UdX(W, S)
such that d(w;,Im&g) < M for each i, where &g is the geodesic ray issuing from 1
such that £g(c0) = 5. We show that the sequence {w;a} converges to 8 in 9X(W, S).
Now w; € Wb z; ¢ (W{toh) =1 and o(sgty) = oo. Hence d(wi, Im&y,;) < N
by Lemma B3] Here {w;z;}; converges to w;c, and d(w;,Imé&,,o) < N for each i.
We note that d(w;,Im&g) < M for each 7. Thus the sequence {w;a} converges to
B in 9% (W, S). This means that 8 € Wa. Hence Wa is dense in 9% (W, S). O

Theorem 4.2. Let (W, S) be a Cozeter system. If the set
U{W{S} |s € S such that o(st) = oo for somet € S}
is quasi-dense in W, then {w™> |w € W such that o(w) = oo} is dense in OX(W, S).
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Proof. Suppose that A := [J{W{s}|s € S such that o(st) = oo for some t € S} is
quasi-dense in W.

We first show that for each w € A, there exists x € W such that o(r) = oo and
d(w,Im &) < N, where N is the diameter of K(W,S) in £(W,S) and £ is the
geodesic ray issuing from 1 such that &, (c0) = 2.

Let w € A. Then w € W{so} and m(sg,to) = oo for some sp,tg € S. Let x =
wtpsow ™. Then 2™ = w(tgse)"w™! for each n > 1. We show that d(w,Im ;) <
N. Let

R = sup{r € [0,00) | d(w, &y (tys0)» (1)) < N for some n € N},

where we note that R is finite. Since w € W%} and m(sg,tp) = oo, for each n
we have £(w(toso)™) = £(w) 4 2n by Lemma 2.3, and d(w,Im &, ;ys0)n) < N by
Lemma[3.3] Hence, for each n, there exists r, € [0, R] such that

d(wv f'w(toso)" (Tn)) <N.

Then by Proposition BT (4),

d(fw(toso)" (’I"n), Im gx”) = d(fw(toso)” (Tn)a Im é‘w(toso)”wfl)

md(“’(tosw", witoso) w L)

R
ST
5 (l(w) +2n) = C
ARL(w)

l(w) +2n —\C’

where A and C' are constants such that
de(u,v) = £(u" ) < Md(u,v) +C

for any u,v € W (cf. [Bl p.140]). Here

ARL(w)

L(w) +2n — AC

<

{(w)

— 0 asn — oo.

Thus
d(w,Im ;) < N.

For each § € 90X(W,S), there exists a sequence {w;} C A which converges to
0, because A is quasi-dense in W. By the above argument, there exists a sequence
{x;} € W such that o(z;) = oo and d(w;,Im;) < N for each i. Then the
sequence {x°} converges to 3 in 0% (W, S), since {w;} converges to 5. Therefore
{w*> |w € W such that o(w) = oo} is dense in IX(W, 5). O

We can obtain the following corollary from Lemma and Theorems E.1l and
299/}

Corollary 4.3. Let (W, S) be a Cozeter system. Suppose that there exist a mazimal
spherical subset T of S and so € S such that o(sot) > 3 for each t € T and
o(soto) = oo for some tg € T. Then

(1) Wa is dense in OS(W, S) for some o € 9L(W,S), and

(2) {w*>|w e W such that o(w) = oo} is dense in OX(W, S).
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