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ABSTRACT. In this paper, the following problem is studied. Let €21 and Q2 be
two domains in the complex plane with Q1 N Q2 # 0. Suppose that f; : Q; —
fi(Q5) (7 = 1,2) are two quasiconformal mappings satisfying fi|o,no, =
f2lo;n@,- Let I be the mapping in Q1 U Q2 defined by Flo, = f; ( = 1,2).
If both f1 and f2 are uniquely extremal, is F' always uniquely extremal? It is
shown in this paper that the answer to this problem is no.

§1. INTRODUCTION

Let Q and D be two domains in the complex plane C and let f : & — D be
a quasiconformal mapping from 2 onto D. This means that f is an orientation-
preserving homeomorphism of € onto D with locally L?—generalized derivatives
0. f and Oz f which satisfy the Beltrami equation

Ozf(2) = u(2)0:f(2), =€,

where p is a bounded measurable function with ||u||cc < 1. The function p is called
the Beltrami coefficient of f, and
B S

K= Tl

is called the maximal dilatation of f. It is well known that a quasiconformal map-
ping can be continuously extended to the accessible boundary points of 2. So the
boundary values of a quasiconformal mapping between two domains whose bound-
aries consist of Jordan arcs and isolated points are well defined. In what follows we
always assume that the domains under consideration have such boundaries.

A quasiconformal mapping f : @ — D is said to be extremal if K[f] < K|g|
for any quasiconformal mapping g : @ — D with glag = flaq. If f is an extremal
quasiconformal mapping and K[f] < K[g] for any quasiconformal mapping g :  —
D with glaa = flaa and g # f, then f is said to be uniquely extremal.

A basic problem in the theory of quasiconformal mappings is to determine
whether a given quasiconformal mapping is extremal or uniquely extremal, and
to characterize the uniquely extremal mapping (see [AhL], [BLM], [LV], [RS1], [RS2]
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and so on). There has been important progress in characterizing uniquely extremal-
ity in recent years (see [BLM] and [Re]).

In his paper [Rell], E. Reich studied the following problem. Let ; and Q5 be
two domains with Q1 N Qg = 0 and 9Q; N Ny = ~, where ~ is a Jordan arc. Let
fj be a quasiconformal mapping of ; (j = 1,2) with fi|, = f2|, and let F' be the
quasiconformal mapping in © = Q; U Qo U~y defined by Flo, = f; (j = 1,2). If
both fi; and fo are uniquely extremal, is F' uniquely extremal? Reich provided a
counterexample to this problem in [Rel].

In this paper, we shall study the following problem, posed by Chen Jixiu and
Shen Yuliang [CS]|, which is an improvement of the above problem. Let € and Q5
be two domains with Q1 N Qs # (. Suppose that f1 : Q1 — Dy and fa : Qo — Do
are two quasiconformal mappings satistying fila,n0, = f2la,nq.. Let F be the
mapping in Q; U defined by Flo, = f; (j = 1,2). If both f; and f are uniquely
extremal, is I’ always uniquely extremal?

This problem is also connected with many other studies in characterizing unique
extremality of quasiconformal mappings (see Theorems 2.3, 3.1, 4.1 and Example
5.3.1 in [Re]).

In this paper, we will construct some counterexamples where F' is not uniquely
extremal or even not extremal.

§2. SOME COUNTEREXAMPLES

We look at the quadratic differential

dz?
2 _
Then (dz? is a holomorphic quadratic differential in C \ {1, —1} and has poles of
order two at z =1 and z = —1. It is easy to see that
(z)dz? = da” 0, forallzeR\{l, -1
@x)x—m>, orall z € {1, =1},
and
@)aiﬁ——lﬂi—<o for all y € R
SD y y - (y2 + 1)2 ) y .

So the intervals (—oo, —1), (=1, 1) and (1, +00) are horizontal trajectories of ypdz>
and the imaginary axis is a vertical trajectory of odz?.

To study the trajectory structure of the quadratic differential pdz2, we look at
the function

z—1 .
211 2™

which is a single-valued holomorphic function in C \ {(—oo0, —1] U [1,+00)} with
®(i) = —im/4. The function w = ®(z) maps C\ {(—o0, —1JU[1, +00)} to the strip

1
w=®(z) = 3 log

Li={u+iv| —oco<u<+o0; —im <v < im}.
On the other hand,
{'(2)}? = p(2).

So each horizontal line in 3 corresponds to a horizontal trajectory of pdz? and each
vertical segment in ¥ corresponds to a vertical trajectory of ¢dz2.
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Let )
u(z) :=Re®(z) = 3 log

z—1
z+1 }
and let
v(z) :=Im®P(z) = %[arg(z —1)—arg(z+1)] — %TF.
Then u(z) = C (C € R) is a horizontal trajectory of ¢dz? and v(z) = C (C €
(—%77, %7‘(‘)) is a vertical trajectory of ¢dz2.
It is easy to check that u(z) = C' is a circle with the radius

- 1+ e 2
"= 1—e€ -1

and the center z = (1+¢e%)/(1 —e®). One can easily see that, for each C' €
(=47, 3m), v(z) = C is a circle (or a straight line) that passes through 1 and
—1, for each point at which, the circumference angle with respect to 1 and —1 is
C+mn/2orm/2-C.

Let f: C — C be the quasiconformal mapping of C onto C with the Beltrami
coefficient

W= k%, where k € (0, 1),
keeping the points 0 and 7 fixed.
The quasiconformal mapping w = f(z) can also be got by the following con-
struction.
Let ¢ = g(w) be a stretch mapping of ¥ onto itself defined by

w=u+1w— (= Ku+iv,
where K = (1 + k)/(1 — k). Then the mapping f : z — ® 1o go ®(z) is a
quasiconformal mappings of C\ {(—o0, —1]U[1, +00)} onto itself with the Beltrami
coefficient 1 = k/|¢|. Obviously, f can be extended to the slits (—oo, —1] and
[1,+00) so that f is a quasiconformal mapping of the whole plane. By the above
construction we see that every point on the imaginary axis is fixed by f . From the

uniqueness theorem of quasiconformal mappings, we see that f = f.
Now we give our first counterexample, as follows.

Example 1. Let
Y ={z=a+iy|z<0, 22 +(y—1)2<2orx<0, 22+ (y+1)* <2}
and let
Q={z=c+iy| (z+2)?+y*<1}.

Let f; be the restriction of f to Q; (j = 1, 2). Note that ®o f; o~ is a stretch
mapping of the trip

{w=u+iv| u>0; —37/8 <v < 3n/8}.

By a result of Strebel [St], ® o f; o ®~! is uniquely extremal, and hence so is f;.

Since ¢ is meromorphic on 5 and has only one pole of order 2 at z = —1, it
follows from a result of Sethares [Se| that fs is also uniquely extremal.

Let F := flo,uq,. Then F is not uniquely extremal. In fact, Q = Q5 U Qq
is bounded by the imaginary axis and 3 circles with a puncture z = —1, and the
mapping F is a Teichmiiller mapping associated with a quadratic differential pdz?
that has a pole at z = —1. Taking a sufficiently small disk D around z = —1,
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then F is smooth on 9D and hence the boundary dilatation of F|p\(—1} is one.

Then there is a Teichmiiller mapping F of D\ {—1}, associated with a holomorphic
quadratic differential of finite norm, such that

Flapui-1y = Flapui-1}-

As the quadratic differential associated with F' is regular on D or has a pole of
order one at z = —1, we see that F' is different from F|p\{-13. Therefore F' = fq
is not uniquely extremal.

This example shows that the union of two uniquely extremal quasiconformal
mappings is still extremal, but it is not uniquely extremal. We shall give another
example which shows that the union of two uniquely extremal quasiconformal map-
pings need not even be extremal.

Example 2. Let K > 1 be a real number and let fx(z) := |2/%¥~12. Then fr is a
quasiconformal mapping of C onto itself with 0 and 1 fixed and with the Beltrami
coefficient © = kz/Z, where k = (K — 1)/(K + 1). The Beltrami coefficient ;1 can
be expressed as j = k¢/|¢|, where

We consider
O ={z+iy|2°+y><landy >z, ory < —xa}
and
Qy:={z+iy | 2* +y* < 1 and = > 0}.
Let f; = frlo, (j =1,2) and let F' = fx|q, where Q = Q3 U Qs.
Both f; and fy are uniquely extremal. In fact, f; can be expressed as

fi=0togoW(z), z€Qy,

where ¥ is a single-valued branch of —logz on C with a slit [0, +00) and g is a
stretch mapping u — Ku, v — v of a strip. Making use of the result in [St] again,
we see that fi is uniquely extremal. Similarly, we can prove that f> is also uniquely
extremal.

On the other hand, it is easy to see that Q = A\{0}, where A is the unit disc,
and the boundary correspondence of F' : 2 — ) is the identity. Obviously, F' is not
extremal.

In the above examples, the union of domains 2 is doubly connected and one
component of its boundary is an isolated point. Now we are going to give other
examples in which the union of domains is a simply connected domain and its
boundary consists of Jordan arcs.

To construct such examples, we need a new result [Ma] obtained by V. Markovié.
It says that an affine stretch of the plane C punctured at integer lattices is uniquely
extremal.

Example 3. Let Z be the set of integer numbers. Define
A ={m+nieC|meZ, nel}
and
Ap:={m+(n+3)ieC|meZ nel}
Let
Q= {z+yi|y>max{C, 2°}},
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where C' > 0 is a constant. Now we consider the stretch mapping
g x> Ky y ey,

where K > 1. Tt is known that gx|q is extremal but not uniquely extremal (see
[AH|] or [RS2]).
Let
Y =0\{z+nieQ|neZ x>},
where z, the smallest number of the set 4, := {m | m € Z, m+ ni € Q}, and let
Qo =0\{z+(n+3)i|neZ >z}

where /! is the smallest number of the set By, := {m | m € Z, m+ (n+ )i € Q}.

Now define f; = gxl|a;, (j =1,2.). Then both f; and f, are uniquely extremal.
In fact, any quasiconformal mapping g of Q; with glsa, = filan, can be extended
to the whole plane by defining g = gx outside of 2. The resulting mapping ¢ has
the same values on A; as gk. It follows from the result in [Mal that gk is extremal
with respect to the boundary correspondence

A — gr(A) :m+ni— Km+ni, m,n €Z.

So Klg] > K = K]|fi1], and hence f; = gklq, is extremal with respect to its
boundary correspondence. The uniqueness of the extremal mapping gx with respect
to the stretch of A; also implies the uniqueness of the extremal mapping f; with
respect to its boundary correspondence. Thus f; is uniquely extremal. Similarly,
we can also conclude that f; is uniquely extremal.

However, it is known that F' = gx|q is extremal but not uniquely extremal.

If we consider the domain

{z +yi|y>max{C, |z|}}

instead of the parabolic domain in Example 3, and use a result of Reich and Strebel
(cf. [AH], [Re2] and [RS3]), then we can get another example which shows that the
union of two uniquely extremal mappings is not extremal ([RS3] or [AH]).
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