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Abstract. We study the boundary regularity in the Dirichlet problem of the
differential operators

∆γ = (1− |x|2)

{
1− |x|2

4

∑
j

∂2

∂x2
j

+ γ
∑
j

xj
∂

∂xj
+ γ

(n
2
− 1− γ

)}
.

Our main result is: if γ > −1/2 is neither an integer nor a half-integer not
less than n/2 − 1, one cannot expect global smooth solutions of ∆γu = 0; if

u ∈ C∞(Bn) satisfies ∆γu = 0, then u must be either a polynomial of degree
at most 2γ + 2− n or a polyharmonic function of degree γ + 1.

1. Introduction

Let Bn be the open unit ball in Rn (n ≥ 2) and Sn−1 the unit sphere. We
consider the differential operators

(1.1) ∆γ = (1− |x|2)
{

1− |x|2
4

∑
j

∂2

∂x2
j

+ γ
∑
j

xj
∂

∂xj
+ γ
(n

2
− 1− γ

)}
,

where γ ∈ R. If γ = n/2−1, ∆n/2−1 is the Laplace-Beltrami operator with respect
to the Poincaré metric on Bn. For general γ, it can be shown that

(1.2) ∆γ

{
(detψ′(x))

n−2−2γ
2n u(ψ(x))

}
= (detψ′(x))

n−2−2γ
2n (∆γu) (ψ(x))

for every u ∈ C2(Bn) and for every ψ ∈ M (Bn). Here M (Bn) is the group
of those Möbius transformations that leave the unit ball Bn invariant, and ψ′(x)
is the Jacobian matrix of ψ ∈ M (Bn). This is the reason why we call ∆γ the
invariant Laplacians. Actually, from a harmonic analysis perspective, the operators
∆γ can be considered as the Casimir operators with respect to the following unitary
representation of the Lorentz group SO(n, 1) on L2(Bn, µγ):

(1.3) (T γ(g)f) (x) =
{

det (g−1)′(x)
}n−2−2γ

2n f(g−1 · x),
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where µγ is the weighted measure on Bn given by dµγ(x) = (1 − |x|2)−2γ−2dx.
The details of these matters will be included in a forthcoming paper by the present
authors [14].

These operators also appear in a natural way when we transplant the Weinstein
equation

(1.4) Lk[u] ≡
∑
j

∂2u

∂x2
j

+
k

xn

∂u

∂xn
= 0

(considered in the upper half-space Rn+ = {(x1, · · · , xn) : xn > 0}) to the unit ball,
via a standard Möbius transformation (see [12, 3]). More precisely, we have

(1.5) (∆γu)(y) = |x+ en|n−2−2γL̃−2γ

(
|x+ en|2γ−n+2u(ψ(x))

)
for all u ∈ C2(Bn), where en is the last coordinate vector, L̃k = x2

nLk, and where
the Möbius transformation ψ : Rn+ → Bn, x 7→ y is defined by

yi =
2xi

|x+ en|2
(i = 1, · · · , n− 1), yn =

|x|2 − 1
|x+ en|2

.

The complex-ball counterparts of these operators, the Laplacians

∆α,β = 4(1− |z|2)
{∑

i,j

(δij − ziz̄j)
∂2

∂zi∂z̄j
+ α

∑
j

zj
∂

∂zj
+ β

∑
j

z̄j
∂

∂z̄j
− αβ

}
,

have been considered by many authors; see, e.g., [8, 1, 5]. Among other important
results, it was proved by Graham in [9] that, despite the fact that the Dirichlet
problem for ∆0,0 is solvable for arbitrary continuous boundary data, in order that
the solution is infinitely differentiable up to the boundary it is necessary and suf-
ficient that the C∞ data be the boundary value of a pluriharmonic function (the
real part of a holomorphic function). In particular, his proof in fact showed a
striking phenomenon (Corollary 1.5 in [9]) that if an M -harmonic function u (i.e.,
∆0,0u = 0) is n-times continuously differentiable up to the boundary, then u must
be pluriharmonic. The statement and the proof of this theorem can also be found
in Theorem 6.8.12 in [11]. Recently this phenomenon in the polydisc setting was in-
vestigated by S-Y. Li and E. Simon, and it was proved that any harmonic functions
in Bergman-type metrics in the polydisc that are continuous up to the boundary
must be harmonic in each complex variable.

In this paper we will deal with the analogous question in the context of the
unit ball of Rn and for the Laplacians ∆γ . Interestingly, the boundary regularity
in the Dirichlet problem for ∆γ depends on the value of the parameter γ, and we
characterize the global smooth solutions of ∆γu = 0 as either polynomials of degree
at most 2γ + 2− n or polyharmonic functions of degree γ + 1. Here we recall that
a function u ∈ C2k(Ω) is called polyharmonic of finite degree k in the open set
Ω ⊂ Rn if ∆ku(x) = 0 for all x ∈ Ω. Here ∆ is the Euclidean Laplacian in Rn
given by

∑
j ∂

2/∂x2
j , and ∆k is defined inductively for integers k ≥ 0 by ∆0 = id,

∆1 = ∆, ∆k = ∆∆k−1.
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More precisely, our main result states:

Theorem 1.1. Let f ∈ C∞(Sn−1), f 6≡ 0. Then the solution u to the Dirichlet
problem

(1.6)

{
∆γu = 0 in Bn,

u = f on Sn−1

is in C∞(Bn) if and only if one of the following occurs:

(H1) γ is a nonnegative integer;
(H2) the data f has a finite spherical harmonic expansion

f =
N∑
k=0

Yk, Yk ∈ Hk,

and γ+ 1−n/2−N is a nonnegative integer. Here N is the greatest index
k such that Yk is not identically zero on Sn−1, and Hk is the space of
spherical harmonics of degree k.

Moreover, in the case when (H1) is fulfilled, the solution u is polyharmonic of
degree γ + 1 in Bn, whereas when (H2) is fulfilled, the solution is a polynomial of
degree at most 2γ + 2− n.

2. Preliminaries

A number of hypergeometric functions will appear throughout. We use the
classical notation 2F1 (a, b; c; z) to denote

2F1 (a, b; c; z) =
∞∑
k=0

(a)k(b)k
(c)k

zk

k!

with c 6= 0,−1,−2, · · · , and where (a)0 = 1, (a)k = a(a+1) · · · (a+k−1) for k ≥ 1.
We refer to [6] for the theory of these functions.

Although the following formula is probably well known, we were unable to locate
a proof in the literature. Thus we have included a proof.

Lemma 2.1. For x ∈ Bn and λ ∈ C, we have

(2.1)
∫
Sn−1

dσ(ζ)
|x− ζ|2λ = 2F1

(
λ, λ− n

2
+ 1;

n

2
; |x|2

)
,

where σ is the surface measure on Sn−1 normalized so that σ(Sn−1) = 1.

Proof. Without loss of generality, we assume that x = −|x|e1. In the spherical
coordinates,

ζj = sin θ1 · · · sin θj−1 cos θj , 1 ≤ j ≤ n− 1,
ζn = sin θ1 · · · sin θn−2 sin θn−1,

where θj are subject to the conditions

0 ≤ θj ≤ π, 1 ≤ j ≤ n− 2; 0 ≤ θn−1 < 2π,
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the integral in (2.1) is equal to∫
Sn−1

dσ(ζ)
(1− 2x·ζ + |x|2)λ

=
Γ(n2 )

√
π Γ(n−1

2 )

∫ π

0

sinn−2 θ1

(1 + 2|x| cos θ1 + |x|2)λ
dθ1

= 2F1

(
λ, λ− n

2
+ 1;

n

2
; |x|2

)
,

where we have used the formula ([15], p. 55)

2F1

(
a, a− b+

1
2

; b+
1
2

; z2

)
=

Γ(b+ 1
2 )√

π Γ(b)

∫ π

0

(sin t)2b−1

(1 + 2z cos t+ z2)a
dt,

(2.2)

(Re b > 0, |z| < 1). �

The following simple fact explains why polyharmonicity is involved in our result.

Proposition 2.2. If ∆γu = 0, then ∆γ−1(∆u) = 0.

Proof. A straightforward computation yields that

∆γ−1(∆u) = ∆(∆γu) +
∑
j

xj
∂

∂xj

( 4
1− |x|2 ∆γu

)
+

2n
1− |x|2 ∆γu,

and the proposition follows immediately. �

Remark 1. This proposition implies, in particular, that if γ is a nonnegative integer,
any solution of ∆γu = 0 is polyharmonic of degree γ + 1 in Bn. As an immediate
consequence, we would like to mention a well-known fact: in even dimension, ev-
ery harmonic function in the Poincaré metric on Bn (or hyperbolically harmonic
function) is polyharmonic of degree n/2.

From now on, for x ∈ Rn we shall always write x = rx′ with r = |x| and |x′| = 1.

Theorem 2.3. Let u be a C2 function in Bn satisfying ∆γu = 0. Then

(2.3) u(x) =
∞∑
k=0

Φγk(|x|2)|x|kuk(x′),

where Φγk is the hypergeometric function given by

Φγk(z) = 2F1

(
−γ, k +

n

2
− 1− γ; k +

n

2
; z
)
,

uk ∈ Hk, and where the series converges uniformly and absolutely on compact sets
in Bn.

Proof. The proof of the theorem is much like that of Theorem 2.1 in [1], and we
will only sketch it.

For each 0 < r < 1 the L2-decomposition in spherical harmonics of ur(ζ) = u(rζ)
gives that

u(rζ) =
∞∑
k=0

∫
Sn−1

u(rη)Zk(ζ, η)dσ(η),

where Zk(·, η) is the zonal harmonic of degree k with pole at η. Let ζ ∈ Sn−1 and
k ∈ Z+ be fixed, and for 0 < r < 1, let

f ζk (r) =
∫
Sn−1

u(rη)Zk(ζ, η)dσ(η).
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In polar coordinates, the operator ∆γ has the form

∆γ =
(1− r2)2+2γ

4rn−1

∂

∂r

(
rn−1

(1 − r2)2γ

∂

∂r

)
+ γ

(n
2
− 1− γ

)
(1− r2) +

(1− r2)2

4r2
LS,

where LS is the Laplacian on Sn−1. Since ∆γu = 0, the above expression gives

(1− r2)2γ

rn−3

∂

∂r

(
rn−1

(1− r2)2γ

∂f ζk
∂r

)
+

2γ(n− 2− 2γ)r2

1− r2
f ζk

= −
∫
Sn−1

LSu(rη)Zk(ζ, η)dσ(η) = −
∫
Sn−1

u(rη)LSZk(ζ, η)dσ(η)

= k(k + n− 2)f ζk ,

where in the second equality we have used that LS is a selfadjoint operator and in
the last that LSYk = −k(k + n− 2)Yk for Yk ∈ Hk (see [16, p. 70]).

Let f ζk (r) = rkϕ(r2). Then ϕ satisfies

z(1− z)ϕ′′(z) +
{
k +

n

2
−
(
k +

n

2
− 2γ

)
z
}
ϕ′(z) + γ

(
k +

n

2
− 1− γ

)
ϕ(z) = 0.

But this is just a hypergeometric equation, and the only solutions smooth at 0 are
multiples of 2F1 (−γ, k + n/2− 1− γ; k + n/2; z). Hence,

f ζk (r) = Ck(ζ)rk 2F1

(
−γ, k +

n

2
− 1− γ; k +

n

2
; r2
)
,

for some constant Ck(ζ). This expression, together with the definition of f ζk , gives
that for each fixed 0 < r < 1, the function ζ 7→ f ζk is a spherical harmonic of degree
k, and consequently, that there exists uk ∈ Hk so that Ck(ζ) = uk(ζ). Thus,

u(x) =
∞∑
k=0

Φγk(|x|2)|x|kuk(x′).

Since u is regular, each term in the above expansion satisfies an adequate estimate
on compact sets of Bn that assures the absolute and uniform convergence of the
series (2.3). �

Let us look in detail at the solvability of the Dirichlet problem (1.6) for ∆γ .

Theorem 2.4. The Dirichlet problem (1.6) has a solution for all f ∈ C(Sn−1) if
and only if γ > −1/2. In this case the solution is unique and is given by

(2.4) u(x) =
∫
Sn−1

Pγ(x, ζ)f(ζ)dσ(ζ) = Pγ [f ](x),

with

(2.5) Pγ(x, ζ) = cn,γ
(1− |x|2)1+2γ

|x− ζ|n+2γ
, cn,γ =

Γ(n2 + γ)Γ(1 + γ)
Γ(n2 )Γ(1 + 2γ)

or, alternatively, by

(2.6) u(x) =
∞∑
k=0

Φγk(|x|2)
Φγk(1)

|x|kYk(x′)

if f =
∑
k Yk is the spherical harmonic expansion of f .
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Proof. Suppose that the Dirichlet problem (1.6) has a solution for all f ∈ C(Sn−1).
Take Yk ∈ Hk, Yk 6≡ 0, and let u be a solution to the Dirichlet problem. By Theorem
2.3,

u(rζ) =
∑
j

Φγj (r2)rjuj(ζ),

and hence∫
Sn−1

u(rζ)Yk(ζ)dσ(ζ) = 2F1

(
−γ, k +

n

2
− 1− γ; k +

n

2
; r2
)
rk〈uk, Yk〉.

Since the left-hand side has limit ‖Yk‖22, it follows that

lim
r→1

2F1

(
−γ, k +

n

2
− 1− γ; k +

n

2
; r2
)

exists and is not zero. From [6] we know that if Re(c−a−b) ≤ 0, the hypergeometric
function 2F1 (a, b; c; z) has a limit at 1 only if a or b is a nonpositive integer. Taking
k large enough it follows that we must have γ > −1/2.

Again by Theorem 2.3,

Φγk(r2)rkuk(ζ) =
∫
Sn−1

u(rη)Zk(ζ, η)dσ(η),

where Zk(·, η) is the zonal harmonic of degree k with pole at η. Letting r → 1 we
see that Φγk(1)uk = Yk, which shows unicity and establishes formula (2.6).

To show formula (2.4), one can argue as follows. By direct differentiation, one
first shows that ∆γPγ [f ] = 0. It is also clear that for any η ∈ Sn−1 and any
neighborhood V of η in Sn−1,

lim
r→1

∫
Sn−1\V

Pγ(rη, ζ)dσ(ζ) = 0.

By Lemma 2.1 and the formula

(2.7) 2F1 (a, b; c; z) = (1− z)c−a−b 2F1 (c− a, c− b; c; z) ,

one can show that

(2.8)
∫
Sn−1

Pγ(x, ζ)dσ(ζ) = cn,γ 2F1

(
−γ, n

2
− 1− γ;

n

2
; |x|2

)
=

Φγ0(|x|2)
Φγ0 (1)

for all x ∈ B. It then follows that limx→ζ Pγ(x, ·) = δζ weakly as measures, where δζ
is the Dirac mass at ζ. Therefore, for f ∈ C(Sn−1) the integral Pγ [f ] is continuous
on Bn and solves the Dirichlet problem (1.6). �

3. Proof of Theorem 1.1

We start with two simple examples to illustrate the flavor of our result.

Example 1. Let n = 3 and f ≡ 1. We have

Pγ [f ](x) =
Γ(3

2 + γ)Γ(1 + γ)
Γ(3

2 )Γ(1 + 2γ) 2F1

(
−γ, 1

2
− γ;

3
2

; |x|2
)

(3.1)

= 2−2γ−1 (1 + |x|)1+2γ − (1− |x|)1+2γ

|x| ,

where in the last equality we have used the formula ([15], p. 39)

(1 + z)1−2a − (1− z)1−2a = 2z(1− 2a) 2F1

(
a, a+

1
2

;
3
2

; z2

)
.
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Thus, it is easy to see that Pγ [f ] is C2+[2γ] up to the boundary if and only if 1 + 2γ
is a nonnegative integer, where [a] denotes the greatest integer that does not exceed
a. If this is the case, it is clear that the solution is a polynomial of degree 2γ − 1.

Example 2. Let n = 2. Define f(ζ1, ζ2) = ζ2
2 . Of course f ∈ C∞(Sn−1). Note

that

Pγ [f ](x1, 0) =
1

2π

∫ 2π

0

(1− x2
1)1+2γ

(1− 2x1 cos θ + x2
1)1+γ

sin2 θdθ

=
(1− x2

1)2

2 2F1

(
1− γ, 2− γ; 2; x2

1

)
,

where we have used the formulas (2.2) and (2.7). For any nonnegative integer m,

dm

drm
2F1 (1− γ, 2− γ; 2; r)

=
(1− γ)m(2− γ)m

(m+ 1)! 2F1 (m+ 1− γ, m+ 2− γ; m+ 2; r) ,

and the hypergeometric function in the right-hand side behaves like (1− r)2γ−1−m

near r = 1, whenever γ is not a nonnegative integer and m > 2γ − 1. Hence we
cannot expect Pγ [f ] to be C2+[2γ] up to the boundary if γ is not a nonnegative
integer.

We now turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. Supposing that the solution u is even in C2+[2γ](Bn), let us
show that either (H1) or (H2) occurs.

We write the spherical harmonic expansion

(3.2) f =
∞∑
k=0

Yk, Yk ∈ Hk.

Theorem 2.4 shows that the solution u is given by

(3.3) u(rζ) =
∞∑
k=0

Φγk(r2)
Φγk(1)

rkYk(ζ).

Define for each k the function

(3.4) Qk(r) =
∫
Sn−1

u(rζ)Yk(ζ)dσ(ζ) =
Φγk(r2)
Φγk(1)

rk ‖Yk‖22 .

Since u is C2+[2γ] up to the boundary, by differentiation under the integral sign,
Qk is C2+[2γ] up to r = 1.

On the other hand, we claim that: if either

(a) there are infinitely many Yk in (3.2) that are not identically zero on Sn−1,
and γ is not a nonnegative integer;

or

(b) f =
∑N
k=0 Yk, and neither γ nor γ + 1− n/2−N is a nonnegative integer,

then Qk is not C2+[2γ] at r = 1. This contradiction proves the “only if” part of the
theorem.
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We first treat the case (a). By the assumption, we can choose k so large that
k + n/2 − 1 − γ > 0 and Yk is not identically zero on Sn−1. Note that the mth

derivative of Qk is
(3.5)

Q
(m)
k (r) =

‖Yk‖22
Φγk(1)

∞∑
j=[m+1

2 ]

(−γ)j(k + n
2 − 1− γ)j

(k + n
2 )j

(2j + k −m+ 1)m
j!

r2j+k−m ,

in which (−γ)j 6= 0 and (k + n/2 − 1 − γ)j 6= 0 for all j. The coefficients in this
series are of order jm−2−2γ , as j → ∞. Thus the behavior of Q(m)

k (r) at r = 1 is
like (1− r)2γ+1−m whenever m > 2γ+ 1. In particular, we conclude that Qk is not
C [2γ]+2 at r = 1.

For the case (b), let us take k = N in (3.5). The assumption guarantees that
(−γ)j 6= 0 and (N + n/2− 1− γ)j 6= 0 for all j. The remainder of the proof is just
the same as that in the case (a).

For the converse direction, we deal only with the case when (H1) is fulfilled. The
other one is even simpler. Recall that if f ∈ C∞(Sn−1) has the expansion (3.2),
then

(3.6)
∫
Sn−1

|Yk(ζ)|2dσ(ζ) = O(k−N
′
) as k →∞, for each fixed N ′.

(See [16, p. 70, 3.1.5].) When γ is a nonnegative integer, the functions Φγk(|x|2)
occurring in (2.6) reduce to polynomials of degree 2γ. More precisely,

(3.7) Φγk(|x|2) =
γ∑
j=0

(−γ)j(k + n
2 − 1− γ)j

(k + n
2 )j

|x|2j
j!

.

Note also that

(3.8) 0 <
(k + n

2 − 1− γ)j
(k + n

2 )j
< 1, for all k > γ + 1− n/2.

Thus, for each fixed multi-index α, we have

(3.9) sup
|x|≤1

∣∣∣∣ ∂α∂xα (Φγk(|x|2)
)∣∣∣∣ ≤ Cα,γ ,

where Cα,γ is a positive constant depending only on α and γ. Together with the
fact that

(3.10)
1

Φγk(1)
=

Γ(k + n
2 + γ)Γ(1 + γ)

Γ(k + n
2 )Γ(1 + 2γ)

≤ Cγk
γ

for some constant Cγ > 0, this gives

(3.11) sup
|x|≤1

∣∣∣∣ ∂α∂xα
(

Φγk(|x|2)
Φγk(1)

)∣∣∣∣ ≤ Cα,γkγ .
If we set Pk(x) = |x|kYk(x′), then Pk is a solid harmonic of degree k. It was shown
in [16, p. 276, Appendix C] that

(3.12) sup
|x|≤1

∣∣∣∣ ∂α∂xαPk(x)
∣∣∣∣ ≤ Aαkn/2+|α|

(∫
Sn−1

|Yk(x′)|2dσ(x′)
)1/2

.
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Putting all this together, we conclude that each term in the series
∞∑
k=0

∂α

∂xα

(
Φγk(|x|2)
Φγk(1)

|x|kYk(x′)
)

satisfies an adequate estimate on Bn that assures the absolute and uniform conver-
gence of the series. Therefore, u is indefinitely differentiable on Bn.

For the second assertion of the theorem, we first observe that in the case when
(H1) is fulfilled, this is an immediate consequence of Proposition 2.2. When (H2)
is fulfilled, there are only finitely many nonzero terms in the series (2.6) and each
hypergeometric function Φγk reduces to a polynomial of degree γ + 1 − n/2 − k.
Hence, the kth term of the series (2.6) is a polynomial of degree 2γ + 2 − n− k in
x. This completes the proof. �

Our proof in fact shows

Corollary 3.1. If γ > −1/2 is neither an integer nor a half-integer not less than
n/2−1, then one cannot expect C2+[2γ] up to the boundary solutions of the Dirichlet
problem (1.6). Moreover, if u ∈ C2+[2γ](Bn) satisfies ∆γu = 0, then u is either a
polynomial of degree at most 2γ+ 2−n or a polyharmonic function of degree γ+ 1.

Remark 2. A special case of our result is probably known. Let us consider the
boundary regularity for the Laplace-Beltrami operator on Bn. This corresponds
to the special case of our result when γ = n/2− 1, and one can conclude that, in
even dimension, the situation is much like the uniformly elliptic case: if the data is
C∞, then the solution is C∞ up to the boundary; whereas in odd dimension, if a
solution u is Cn up to the closure, then u must be a constant.
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