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ABSTRACT. We study the boundary regularity in the Dirichlet problem of the
differential operators

1—|z|? 0?2 0 n
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Our main result is: if v > —1/2 is neither an integer nor a half-integer not
less than n/2 — 1, one cannot expect global smooth solutions of Ayu = 05 if
u € C®(By) satisfies Ayu = 0, then u must be either a polynomial of degree
at most 2 4+ 2 — n or a polyharmonic function of degree v + 1.

1. INTRODUCTION

Let B, be the open unit ball in R" (n > 2) and S™"! the unit sphere. We
consider the differential operators

EUPRENTN B St Ul il 0 m_
N ) b ;M?ﬂ;%xﬁv(z 1-4)

where y € R. If y =n/2—1, A,, ;5 is the Laplace-Beltrami operator with respect
to the Poincaré metric on B,,. For general v, it can be shown that

n—2

(12) A {(det /(@) T u(w(@) | = (det ! (@) "F (Ayu) (¥())

for every u € C?(B,) and for every ¢ € .#(B,). Here .#(B,) is the group
of those Mdbius transformations that leave the unit ball B,, invariant, and v’ (x)
is the Jacobian matrix of ¢ € .#(B,). This is the reason why we call A, the
invariant Laplacians. Actually, from a harmonic analysis perspective, the operators
A can be considered as the Casimir operators with respect to the following unitary
representation of the Lorentz group SO(n, 1) on L?(By, ji,):

f(971 : CL'),

n—2-2y
T

(1.3) (T7(9)f) () = {det (¢~")'(2)}
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3260 CONGWEN LIU AND LIZHONG PENG

where (1, is the weighted measure on B, given by du,(z) = (1 — |z|?) 727 2dx.
The details of these matters will be included in a forthcoming paper by the present

authors [14].

These operators also appear in a natural way when we transplant the Weinstein
equation
(1.4) Lifu] u  k Ou 0

. u| = —t+— ==

F - 83:? Ty Oy,
J

(considered in the upper half-space R = {(z1,- -+ ,zp) : ©, > 0}) to the unit ball,

via a standard Mdobius transformation (see [12] B]). More precisely, we have
(1.5) (Ayu)(y) = o+ en|" " Logy (Jo + en " Pu(y ()

for all u € C%(B,,), where e, is the last coordinate vector, Ly = 22 L, and where
the Mobius transformation ¢ : R} — B, x +— y is defined by

2£Ei

_ -1
IEEENE

=1, ,n—1 =
(Z bl ;n )) yn |x+en|2

Yi

The complex-ball counterparts of these operators, the Laplacians

. 02 0 _ 0
B =100 = ) S0 — 25 0 D s +8 Y 5 —ad),
L J J J J

4,9

have been considered by many authors; see, e.g., [8, [I, [5]. Among other important
results, it was proved by Graham in [J] that, despite the fact that the Dirichlet
problem for Ag g is solvable for arbitrary continuous boundary data, in order that
the solution is infinitely differentiable up to the boundary it is necessary and suf-
ficient that the C*° data be the boundary value of a pluriharmonic function (the
real part of a holomorphic function). In particular, his proof in fact showed a
striking phenomenon (Corollary 1.5 in [9]) that if an M-harmonic function u (i.e.,
Agou = 0) is n-times continuously differentiable up to the boundary, then v must
be pluriharmonic. The statement and the proof of this theorem can also be found
in Theorem 6.8.12 in [LI]. Recently this phenomenon in the polydisc setting was in-
vestigated by S-Y. Li and E. Simon, and it was proved that any harmonic functions
in Bergman-type metrics in the polydisc that are continuous up to the boundary
must be harmonic in each complex variable.

In this paper we will deal with the analogous question in the context of the
unit ball of R™ and for the Laplacians A, . Interestingly, the boundary regularity
in the Dirichlet problem for A, depends on the value of the parameter v, and we
characterize the global smooth solutions of A,u = 0 as either polynomials of degree
at most 2y + 2 — n or polyharmonic functions of degree v + 1. Here we recall that
a function u € C?*(Q) is called polyharmonic of finite degree k in the open set
Q C R" if AFu(z) = 0 for all x € Q. Here A is the Euclidean Laplacian in R™
given by > j 0%/ 8:6?, and AF is defined inductively for integers k > 0 by A? = id,

Al = A, AF = AART,
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More precisely, our main result states:

Theorem 1.1. Let f € C°(S™" 1), f # 0. Then the solution u to the Dirichlet
problem

(16) u=f on S"1

{Avu =0 in By,

is in C>(B,,) if and only if one of the following occurs:

(H1) ~ is a nonnegative integer;
(H2) the data f has a finite spherical harmonic expansion

N

F=Y Y YieH,
k=0

and y+1—n/2— N is a nonnegative integer. Here N is the greatest index
k such that Yy is not identically zero on S™ ', and Hy is the space of
spherical harmonics of degree k.

Moreover, in the case when (H1) is fulfilled, the solution u is polyharmonic of

degree v+ 1 in By, whereas when (H2) is fulfilled, the solution is a polynomial of
degree at most 2y 4+ 2 — n.

2. PRELIMINARIES

A number of hypergeometric functions will appear throughout. We use the
classical notation oF} (a, b; ¢; z) to denote

ey = N (@ (D) 2
2F1 (Cl, b, C; ) = k;) 7(0)]6 %l

with ¢ #0,—1,—2,---, and where (a)g =1, (a)x = a(a+1)---(a+k—1) for k > 1.
We refer to [6] for the theory of these functions.

Although the following formula is probably well known, we were unable to locate
a proof in the literature. Thus we have included a proof.

Lemma 2.1. For x € B,, and A\ € C, we have

do(¢) n n o o9
2.1 7:F()\,/\—— 1; —; ),
(2.1) /SW1 R 5 Tl ||
where o is the surface measure on S™"~! normalized so that o(S™1) = 1.
Proof. Without loss of generality, we assume that © = —|z|e;. In the spherical
coordinates,

¢j =sinfy---sinfj_jcosf;, 1<j<n-—1,

(n =sinfy -+ -sinf,_osinf,_ 1,
where 0; are subject to the conditions

0<0;<m, 1<j<n—2; 0<0,-1<2m,
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the integral in (2.10) is equal to

/ do(Q) _ Iy / sin"2 6, y
somt (L=2w-C+ 2% — Var(25h) Jo (14 2Jzfcos by + [22)*

2

T
- (A, A—gﬂ; g; |x|2>,

where we have used the formula ([15], p. 55)
(2.2)

1 L\  Th+3) /7r (sint)?0—1
2% )= VaT(b) Jo (1+2zcost+ 22)e
(Reb>0, |z <1). O

1
oF (a, a—b+ 5; b+

The following simple fact explains why polyharmonicity is involved in our result.
Proposition 2.2. If Ayu =0, then A,_1(Au) =0.
Proof. A straightforward computation yields that

0 4 2
Ay1(Bu) = AAu) + Y ay (7= m A + T Ay
1 J
J

1—|z277 1= z277
and the proposition follows immediately. O

Remark 1. This proposition implies, in particular, that if v is a nonnegative integer,
any solution of A,u = 0 is polyharmonic of degree v+ 1 in B,,. As an immediate
consequence, we would like to mention a well-known fact: in even dimension, ev-
ery harmonic function in the Poincaré metric on B,, (or hyperbolically harmonic
function) is polyharmonic of degree n/2.

From now on, for z € R"™ we shall always write z = r2’ with r = |z| and |z/| = 1.

Theorem 2.3. Let u be a C? function in By, satisfying Ayu = 0. Then
(2.3) u(@) =Y &) ()]l ur (),
k=0

where CIJZ s the hypergeometric function given by
P(2) = oF2 (—7, k+g—1_7; k+g; z),

ur € Hy, and where the series converges uniformly and absolutely on compact sets
in B,.

Proof. The proof of the theorem is much like that of Theorem 2.1 in [1], and we
will only sketch it.

For each 0 < 7 < 1 the L?-decomposition in spherical harmonics of u,.(¢) = u(r()
gives that

wr) =3 [ uen) (ot

where Zj(-,n) is the zonal harmonic of degree k with pole at 1. Let ¢ € S"~! and
k € Z* be fixed, and for 0 < r < 1, let

£0) = [ ulrnZilc.miotn).
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In polar coordinates, the operator A, has the form

- (1 _ r2)2+2w g rnfl 2 ﬁ 9 (1 _ 7“2)2
Ay = drn=t Or \ (1 —r2)27 or +’Y<2 ! 'y) (1=r)+ 4r? s,

where s is the Laplacian on S"~!. Since A,u = 0, the above expression gives

(1-72)2 9 ((1 rnl 8_f,§> N 2y(n — 2 — 2v)r? f;f

=3 or —r2)2y or 1— 72

=— Lsu(rn) Zi(¢,m)do(n) = —/ u(rn)ZLs Zx (¢, n)do(n)
gn-1 gnt1

=k(k+n—2)fs,
where in the second equality we have used that Zs is a selfadjoint operator and in
the last that ZsYy, = —k(k +n — 2)Y}, for Y, € Hy, (see [16] p. 70]).
Let f,g (r) = r¥¢(r?). Then ¢ satisfies
n n n
z(l—z)go"(z)—l—{k:—l—a - (k+§ —27)z}¢/(z)+’y<k+§ -1 —’y) o(z) =0.

But this is just a hypergeometric equation, and the only solutions smooth at 0 are
multiples of oF) (—7v, k+n/2 —1—; k4+n/2; z). Hence,

n n
fe(r) = Cul(Q)rk o1 (—% kg —1-vk+3; 7“2> ,

for some constant Cy({). This expression, together with the definition of f,g, gives

that for each fixed 0 < r < 1, the function ¢ — f,g is a spherical harmonic of degree
k, and consequently, that there exists uy € Hy so that C(¢) = ur(¢). Thus,

u(@) =) ()| uk(2").
k=0

Since u is regular, each term in the above expansion satisfies an adequate estimate
on compact sets of B,, that assures the absolute and uniform convergence of the

series (Z3)). O
Let us look in detail at the solvability of the Dirichlet problem (@) for A,.

Theorem 2.4. The Dirichlet problem ([L6) has a solution for all f € C(S™1) if
and only if v > —1/2. In this case the solution is unique and is given by

(2.9 u@ = [ P Qf(do(Q) = Py [f]()
with
(-l TE 4T +)
29 P = e T 9 T TN 2)
or, alternatively, by
B

if f =%, Y& is the spherical harmonic expansion of f.
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Proof. Suppose that the Dirichlet problem (ILE) has a solution for all f € C'(S™71).
Take Y, € Hy, Yy #Z 0, and let u be a solution to the Dirichlet problem. By Theorem
23,

u(r¢) = Z (I);.’(TQ)rjuj(C),
J
and hence
YA n n.oo2) .k
u(rQ)Yx(¢)do(C) = oF1 (—% kg —l-mktgir ) 7" (ug, V).
Snfl
Since the left-hand side has limit ||Y,||3, it follows that
i _ noq_. n.o2
ALH%2F1<77]€+2 1 Vak+2ar)

exists and is not zero. From [6] we know that if Re(c—a—b) < 0, the hypergeometric
function oF} (a, b; ¢; z) has a limit at 1 only if a or b is a nonpositive integer. Taking
k large enough it follows that we must have v > —1/2.

Again by Theorem 2.3,

Bt Q) = [ uln)Zic o),

where Zy(-,n) is the zonal harmonic of degree k with pole at 7. Letting r — 1 we
see that @) (1)uy, = Y}, which shows unicity and establishes formula ().

To show formula (Z4]), one can argue as follows. By direct differentiation, one
first shows that A,P,[f] = 0. It is also clear that for any n € S"~! and any
neighborhood V of 5 in S™~1,

lim P+ (rn,¢)do(¢) = 0.
r=lJgn-n\v

By Lemma [Z1] and the formula

(2.7) oF (a, b c; 2) = (1 —2) P 5F (c—a, c—b; ¢; 2),
one can show that

_ ooy 2g(ef?)
@8 [ P QdolQ) = e o1 (<00 5~ 1= 55 ) = S

for all z € B. It then follows that lim,_.¢ P (z,-) = 6, weakly as measures, where §.

is the Dirac mass at ¢. Therefore, for f € C(S™ 1) the integral P,[f] is continuous

on B, and solves the Dirichlet problem (L.§). O
3. PROOF OF THEOREM [

We start with two simple examples to illustrate the flavor of our result.

Example 1. Let n =3 and f = 1. We have

3
B) P = S (< g - i)

2 2

o ) et ¢ el ) il

2
||

)

where in the last equality we have used the formula ([I5], p. 39)

1 3
(142172 — (1 —2)' 727 = 22(1 — 2a) oI (a, a+ 37 3 22) .
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Thus, it is easy to see that P,[f] is C2T[27] up to the boundary if and only if 1+ 27
is a nonnegative integer, where [a] denotes the greatest integer that does not exceed
a. If this is the case, it is clear that the solution is a polynomial of degree 2y — 1.

Example 2. Let n = 2. Define f(¢1,(2) = (3. Of course f € C>°(S"~1). Note

that
O R A
0) = — in“ 60d6
P’Y[f](xla ) o 0 (1 - 2(E1 cos 6 4 x%)1+,y sin
1 —.132 2
= %zﬂ (1=v,2—-7;2; ),

where we have used the formulas [Z2)) and (7). For any nonnegative integer m,

dm
g A1 (1=, 2= 27)

1 =Ym2=9)m
(m+1)! 2b1

(m+1—y,m+2—ym+2;r),

and the hypergeometric function in the right-hand side behaves like (1 —r)?7=1=m
near r = 1, whenever v is not a nonnegative integer and m > 2y — 1. Hence we
cannot expect P,[f] to be C?*+27] up to the boundary if 7 is not a nonnegative

integer.

We now turn to the proof of Theorem [L.1]

Proof of Theorem [[1l Supposing that the solution u is even in C2+(27] (By), let us
show that either (H1) or (H2) occurs.
We write the spherical harmonic expansion

(3.2) f= ZYk; Y, € Hi.

k=0

Theorem 224 shows that the solution u is given by

e Y (2
(33) ure) = Y- G 0)
k=0 K
Define for each k the function
o7 2
(3.4 ) = [ atrOTRo() = et I,

Since u is C?T2] up to the boundary, by differentiation under the integral sign,
Qr is C*tRY up to r = 1.
On the other hand, we claim that: if either

(a) there are infinitely many Y} in (8:2) that are not identically zero on S™~1,
and < is not a nonnegative integer;

or
(b) f= Zszo Y%, and neither v nor v+ 1 —n/2 — N is a nonnegative integer,

then Qj, is not C2+27] at » = 1. This contradiction proves the “only if” part of the
theorem.
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We first treat the case (a). By the assumption, we can choose k so large that
k+mn/2—1—+v> 0 and Y is not identically zero on S~ !. Note that the m'®
derivative of Q is
(3.5)

o0

(m) (1) — MME E: Jilk+3—1—7 h@j+k—m+1mrwwﬂn
; (k+3%); 3! ’

in which (—v); # 0 and (k‘ +n/2—1—7); # 0 for all j. The coefficients in this
series are of order 5 2727, as j — oo. Thus the behavior of Q,(cm)(r) at r=11is
like (1 —7)?YT1=™ whenever m > 2+ + 1. In particular, we conclude that Q is not
CPRI+2 gt = 1.

For the case (b), let us take k = N in (B.5). The assumption guarantees that
(—7); #0and (N +n/2—1—+); # 0 for all j. The remainder of the proof is just
the same as that in the case (a).

For the converse direction, we deal only with the case when (H1) is fulfilled. The
other one is even simpler. Recall that if f € C°°(S™~!) has the expansion (3.2),
then

(3.6) / [Ye(OPdo(¢) = O(k™N")  as k — oo, for each fixed N
S?L*l

(See [I6] p. 70, 3.1.5].) When ~ is a nonnegative integer, the functions @} (|z|?)
occurring in (ZE) reduce to polynomials of degree 2. More precisely,

(=i + 5 —1—19); |2

(k+5); j!

(3.7) @) (|2*) =
j=0
Note also that
(k+35-1-1),
(k+5);

Thus, for each fixed multi-index «, we have

(3.8) 0< <1, forallk>~+1-—n/2.

(3.9) sup

|z|<1

o
5o @00 < Car

where C, - is a positive constant depending only on o and «y. Together with the

fact that
1 Fk+Z2+yT1+7)

3.10 = 2 < CLEY
(3.10) S0 T+ Hr(A+29) —
for some constant C,, > 0, this gives

o~ (=)

3.11 sup (ki)‘ < Cy oK.

( ) ‘x‘<1 ax @’ky(l) o,y

If we set Py, (z) = |z|*Yx(2'), then Py is a solid harmonic of degree k. It was shown
in [16, p. 276, Appendix C] that

P 1/2
s a)| < aakeel ([ pana)
Snfl

(3.12) SUp |53

|z|<1
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Putting all this together, we conclude that each term in the series

e e Y 2
Z ;F<¢£3|é|))|x|kyk(m/)>
k=0 k
satisfies an adequate estimate on B,, that assures the absolute and uniform conver-
gence of the series. Therefore, u is indefinitely differentiable on B,,.

For the second assertion of the theorem, we first observe that in the case when
(H1) is fulfilled, this is an immediate consequence of Proposition When (H2)
is fulfilled, there are only finitely many nonzero terms in the series (2.6) and each
hypergeometric function ®) reduces to a polynomial of degree v +1—n/2 — k.
Hence, the k' term of the series (2.8) is a polynomial of degree 2y +2 —n — k in
2. This completes the proof. O

Our proof in fact shows

Corollary 3.1. If v > —1/2 is neither an integer nor a half-integer not less than
n/2—1, then one cannot expect C*t 29 yp to the boundary solutions of the Dirichlet
problem (ILB). Moreover, if u € C**12(B,,) satisfies Ayu = 0, then u is either a
polynomial of degree at most 2y +2 —n or a polyharmonic function of degree v+ 1.

Remark 2. A special case of our result is probably known. Let us consider the
boundary regularity for the Laplace-Beltrami operator on B,,. This corresponds
to the special case of our result when v = n/2 — 1, and one can conclude that, in
even dimension, the situation is much like the uniformly elliptic case: if the data is
C®, then the solution is C*° up to the boundary; whereas in odd dimension, if a
solution u is C™ up to the closure, then v must be a constant.
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