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ABSTRACT. Let A be a non-unital and o-unital simple C*-algebra. We show
that if M(A)/A is simple, then M(A)/A is purely infinite. We also show that
M(A)/A is simple if and only if A has a continuous scale provided that A is
not isomorphic to K, the compact operators.

INTRODUCTION

Let I be the C*-algebra of all compact operators on an infinite-dimensional
separable Hilbert space H and B(H) the C*-algebra of all bounded operators on
H. 1t is well known that K is a non-unital simple C*-algebra and K is the only
closed ideal of B(H). Consequently the Calkin algebra, B(H)/K is simple. It is
also known that the multiplier algebra M (K) of K is isomorphic to B(H).

Let A be a non-unital and o-unital simple C*-algebra. The ideal structure of
M(A)/A was first studied by G. A. Elliott. He showed in [Ell] that for a non-unital
matroid C*-algebra A, M(A)/A is simple if and only if A is finite. It was later
proved in [Lnl] that, for a non-unital separable simple C*-algebra A 2 K, M(A)/A
is simple if and only if A has a continuous scale (see Definition [[T)). Furthermore,
it is proved (in [Lnl]) that if A 2 K is a non-unital and o-unital simple C*-algebra
with a continuous scale, then M (A)/A is always simple. In this short note we first
show that in fact the converse also holds: if A 2 K is a non-unital and o-unital
simple C*-algebra such that M (A)/A is simple, then A has a continuous scale. The
renewed interests in the corona algebras M (A)/A are related to the classification
of nuclear C*-algebras and the study of essential extensions by simple C*-algebras
(see for example, [Ln2] and [Lnd]).

S. Zhang showed (in [Zh1]) that if A has real rank zero and M(A)/A is simple,
then M(A)/A is a purely infinite simple C*-algebra. Seemingly M(A)/A is infi-
nite whenever A is simple. Recently M. Rgrdam ([Ro3]) showed that there exist
separable nuclear simple C*-algebras that are infinite but not purely infinite. Such
non-unital simple C*-algebras can have continuous scales (see ZI]below). The main
purpose of this note is to prove that M (A)/A is always a purely infinite simple C*-
algebra if it is simple. Thus if A 2 K and has a continuous scale, then M (A)/A
is in fact a purely infinite simple C*-algebra even though A may be infinite but
not purely infinite. It was proved by S. Zhang (see |[Zh2]) that every purely infinite
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simple C*-algebra has real rank zero. Therefore, M (A)/A has real rank zero if A
has a continuous scale regardless of whether A contains any projections or not. An
immediate consequence is that, for any non-unital separable simple C*-algebra A,
M(A)/A always contains infinite projections and every projection is infinite.

1. PRELIMINARIES

Definition 1.1. Let A be a C*-algebra and a,b € A be two positive elements. We

write a < b if there is # € A such that z*z = a and z2* € bAD.
We write a < b if there is a sequence of elements r,, € A such that v} br, — a as

n—>oo.Ifazb,thenagb.Ifagb,thenagbandazb.Ifagbandbgc,
then a < ¢. Also, if a <bandb < ¢, then a <e If p,q € A are projections, then

P < q (or p < gq) if and only if there is v € A such that v*v = p and vv* < q.
For more details about these two relations, readers are referred to [Cul], [Cu2],
[Cu3| and [RoI].

Definition 1.2. Let ¢ > 0. We define a function f. € Cy((0, 1]) as follows:

1, if t > ¢;
fe(t) =192t —€/2) ife/2<t<cg
0 it0o<t<e/2.

Lemma 1.3. Let A be a C*-algebra and a,b,c,d € A be four positive elements in
A. Suppose that a < c, b < d and ed = de = 0. Then
a+b < c+d.

Proof. Suppose that x1,z9 € A such that ziz1 = a, x12]7 € cAc, 529 = b and
xoxy € dAd. Since c¢d = de = 0, we have xjze = x5z; = 0. Let 2 = z1 + z2,
c1 = z12] and cg = x9z5. Then

2"z = (x1+22)" (21 + x2) = x21 + T5x2 = a+b and
zz2" = ma] + v1xy + xex] + xoxy = 1 + di + (w125 + z227).
For any € > 0, there exists § > 0 such that
I fs(|zTD)lt] = =1l <e/@2lle2ll +2) and |[[fs(|z2])|2] — |23 <&/ 2[lza] +2).

Write 21 = |zf|u1, 22 = |xd|us, 2] = us|zi| and a3 = wug|zl| in A” and put
e = |xf| + |z3|. Note that f5(e) = fs(|z3]) + fs(|x5]). We estimate that

| fs(e)(z125) fo(e) — zra5]| < e.

Note that fs(e) € (¢ + d)A(c + d). Hence fs(e)(z123) fs(e) € (¢ + d)A(c + d) for all
§ > 0. It follows that x123 € (¢ + d)A(c+ d). Exactly the same argument shows
that zoz7 € (¢ + d)A(c+ d). Hence

zz" € (c+ d)A(c + d).
U

Lemma 1.4. Let A be a o-unital C*-algebra and {e,} be an approximate identity
such that

€nt1€n = €peny1 =€n, N =12, ...
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Then, for any 1 > 6 > 0 and integers ng < n1 < ng < n,
fs(en — eng)(€ny — €ny) = (Eny — €ny).
In particular,
(ény — €ny) < fs(en — €ng)-

Proof. Suppose that a,b € A are positive elements with 0 < a,b < 1 such that
ab = ba = b. Then f.(a)b = b if 0 < ¢ < 1. This follows from the fact that we
may assume that a and b are functions on a compact subset of the plane since a
commutes with b. We have

(en — eno)(enz - 6711) = €nCny — €ntny; — €nyCny T Engln,
=€n, —€n; — Eng T Eny = Eny, — En,.

Thus the lemma follows. O

2. SIMPLE C*-ALGEBRAS WITH CONTINUOUS SCALES

Definition 2.1. Let A 2 K be a non-unital and o-unital simple C*-algebra. Let
{en} be an approximate identity for A such that e, 11, = epeny1 = en,n=1,2,....
We say A has a continuous scale if for any nonzero element a € A, there exists an
integer ng > 0 such that

em —en S a for m > n > ng.

It is proved in [LZ] that in a purely infinite simple C*-algebra A, a < b for any
two nonzero positive elements in A. It follows that every non-unital but o-unital
purely infinite simple C*-algebra has a continuous scale.

The following proposition was known in the case that A is an AF-algebra. It
justifies the terminology “continuous scale”.

Suppose that A is a non-unital and o-unital simple C*-algebra with real rank
zero, stable rank one and weakly unperforated K((A). Fix any nonzero projection
e € A. Denote by T the set of those quasi-traces 7 on A such that 7(e) = 1. Note
that T is a (weak *-) compact convex set. Let a € M(A);. Define a(7) = 7(a) for
7 € T. Then a is a lower semi-continuous affine function on 7. If a € A, then a is
continuous.

Proposition 2.2. Let A be a non-unital but o-unital simple C*-algebra with real
rank zero, stable rank one and weakly unperforated Ko(A). Let 1 be the identity of
M(A). Then A has a continuous scale if and only if 1(t) = 7(1) for 7 € T is a
continuous function on T.

Proof. Suppose that
T ={7:7(e) = 1,7 quasi-traces defined on A}.

Let {e,} be an approximate identity consisting of projections.

Suppose that A has a continuous scale. For any € > 0, it is known (see Lemma
3.5.7 in [Ln3] for example) that there exists a projection pg € A such that 7(py) < €
for all 7 € T. Since A has a continuous scale, there exists N > 0 such that

(em —en) Spo for all m>n>N.
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This implies that 7(e,, — e,) < € for all 7 € T whenever m > n > N. This implies
that ¢, converges to 1 uniformly on T. Therefore 1 is continuous on 7.

Now suppose that 1 is continuous. For any a € A, since A has real rank zero,
there is a nonzero projection gy € aAa. Let d = inf{r(qo) : 7 € T}. Since A is
simple and T is compact, we see that d > 0. Since 1 is continuous, there is N > 0
such that

T(em —en) <d for all 7€T and for m >n > N.

It follows from II12.2 and IIT 2.3 in [BH] that e, — e, < go < a. Therefore A has a
continuous scale. [l

To see more simple C*-algebras with continuous scales, we offer the following.

Proposition 2.3. For any separable simple C*-algebra A 2 IC there exists a non-
unital hereditary C*-subalgebra B C A such that B has a continuous scale.

Proof. Let {e,} be an approximate identity for A such that e,11€, = €néni1 = en,
n = 1,2,.... Let Iy be as in Lemma 2.1 in [Lnl] and I be the closure of Ij. It
follows from Lemma 2.4 in [Lnl] that I is a closed ideal containing A properly.
In particular, there is a nonzero positive element b € Iy that is not in A. In fact,
by the proof of Lemma 2.4 in [Lnl], one may write b = > -, b, with each b, €
(ent1 — €n)A(ent1 —€n). Let by = > 7 bog, and by = > 7 bogi1. Then one of
them is not in A, say by ¢ A. For any a € A \ {0}, there exists ng such that

m
Z bor, S a for all m > ng.

k‘=no

Put b = > ;2 ,(1/k)bak. One checks that h € A. Define B = hAh. Clearly B is
not unital. Let g, € Cy((0,1]) such that g, = f., for some decreasing sequence of
{en} with 0 < e,41 < €,/2 < 1/2n. Define d,, = g, (h). It follows that d,,11d,, =
dpt1dy = dn, n =1,2.... Moreover, for each m > n,

I(n,m)

Ay —dn < bk
k=n
for some I(n, m) > m > n. It follows that B has a continuous scale. (]

It was proved in [Ln1] that, for a non-unital separable simple C*-algebra A % K,
M(A)/Ais asimple C*-algebra if and only if A has a continuous scale. Furthermore,
M(A)/A is always simple if A 2 K is a non-unital and o-unital simple C*-algebra
with a continuous scale. The following theorem shows that the converse also holds
for the non-separable case. Furthermore, the second part of the theorem shows that
the definition of continuous scale can be strengthened slightly.

Theorem 2.4. Let A 2% K be a non-unital and o-unital simple C*-algebra. Then
M(A)/A is simple if and only if A has a continuous scale.

Moreover, if A has a continuous scale, then for any approximate identity {e,}
With ent16n = enent1 = ey, (for allm) and any a € Ay with 0 < a < 1, there exists
an integer ng such that

em —€n < a

for all m > n > ny.
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Proof. By 2.8 in [Lnl], we may assume that M(A)/A is simple. Let {e,} be an
approximate identity such that e,yie, = epent1 = en. Fix a nonzero element
a € Ay. Tt follows from p. 67 in [AS] that there exists an element b € aAa such
that sp(b) = [0,1]. Thus one obtains a sequence of mutually orthogonal nonzero
elements {b,} C aAa. For each n, there are n mutually orthogonal nonzero elements
c%l), . %n in b, Ab,,. Since A is simple, by Lemma 2.3 in [LnT], there are nonzero
positive elements 0 < d%o),dg), ...,dSZ” < 1 and w%o),ws), veey Wy (n) € A such that
(wgf))*wgf) =dY and w%i)(wgf))* =d¥, i=0,1,2..nd0 ¢ cn)Acnz) for i =

1,2,...,n and d%o) € (ean, — €2n—1)A(ean — e2n—1). Define

c= i d©.
n=1

It is easy to verify that ¢ € M(A)\A. Since M(A)/A is simple, by 3.3.6 in [Ln3|
there are 21, ..., &, € M(A)/A such that

Z rim(c)z; = 1.
j=1

Thus there are 21, 29, ..., zm € M(A) such that

m
1- Zz:czz €A
=1

Moreover,
1-— Zz —emt1)e(l —emy1)z; € A

Let 1/4 > ¢ > 0. Choose 0 < 0 < /4. There exists N (> m) such that

[(ex — en) = (ex — en)?[D 251 = emyr)e(l = emi1) 2] (ex — en)/?| < 5/2
=1
and

(e = en)*[D_ 25 (emm) — emt1)e(emap) — em+1)75)(er — en)
=1

1/2

m
PORAl Zz]* (1 = emi1)e(l — emy1)zj)(ex — en) 2| < 6/2
Jj=1

for all kK > N and some m(k) > k. Hence

m
l(ex —en)* > 25 (em@i) = emt1)c(emr) — em1) 7] (ex —en)/? = (ex —en)[| < 6.
j=1
It follows from 2.2 in [Ro2] that
felew —en) < (ex — en)?1D_ 25 (empr) — ems1)c(em@p) — ems1)25)(ex — en)/?
j=1

for all k. It follows from [[4] that for any I > N + 1,

et —ent1 < fe(erp1 —en).
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On the other hand,
N m(k)+1
(em(k) - em+1)c(em(k) —emt1) < Z d;o)
j=m

and by L3
m m  m(k)+1 ) m(k)+1 m )
Zz}(em(k) — emy1)c(emk) — em+1)2j < Z( Z d;z)) = (Z d;z))
j=1 i=1 j=m j=m =1

N m(k)+1 N N
< Y b<b<a
j=1

It follows that N
eg—en+1 < a

for all [ > N. Thus A has a continuous scale, and the last part of the theorem
follows. O

3. INFINITENESS OF M(A)/A

The following lemma significantly simplifies the proof of [3:2], and it will also be
used in [Lnd].

Lemma 3.1. Let A be a o-unital C*-algebra and D C M(A) be a separable C*-
algebra. Then A admits an approzimate identity {e,} satisfying the following:

Ent1€n = €n = €neny1 and lim |le,d —de,|| =0 for d € D.
n—oo

Proof. Fix a strictly positive element a € A with 0 < a < 1. Then {f;/,(a)} forms
an approximate identity for A.
Let

J J
C= {Zazfl/m :0< a; < ].,ZO&Z‘ = 1}
i=1 i=1

It follows from the proof of 3.12.14 in [P] (see also 3.12.15 in [P] and [AP]) that
there exists a sequence of elements {a,} C C such that {a,} forms an approximate
identity for A and

lim |lapz — za,| =0
n—oo
for all x € M(A).

Let {d,,} C D be a dense subset of the unit ball of D. Note for each n, a,, = g, (a)
for some g, € Cy((0,1]) with 0 < g, < 1. Furthermore, g,(t) = 0if 0 < ¢t < t,, for
some t, > 0 and g,(t) > 0if t > t,, n =1,2,.... Since {a,} forms an approximate
identity, g, (t) — 1 for t € (0, 1], when n — oo.

Define e; = a1. Choose a,, such that

lan,e1 —e1| < 1/8 and ||an,di — dian,|| < 1/4, i =1,2.
We may assume that ¢,, < t;/2 and
Gny (£) > 1 —1/8 for t > t1/2.

Find hy € Co((0, 1]) with 0 < g, < hg < 1 such that
(1) ho(t) = 1if t > t1,
(2) [[h2 = gn, |l < 1/8 and
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(3) ha(t) = 0if 0 < t < .
Put e3 = ha(a). Then ese; = ejes = 3. Also
lead; — diea|l < |[(e2 = any)di|| + |lan,di — dian, || + [|di(e2 — an, )|
<1/841/4+1/8=1/2, i=1,2.
Choose a,, such that
llanse2 — eal| < 1/4%  and  ||an,di — dian,|| < 1/4%, i=1,2,3.

Find hg € Cy((0,1]) with 0 < g,, < hz <1 such that
(1) hg(t) =1 if t > tp,,
(2) Ihs — gug| < 1/42 and
(3") hy(t) = 0if 0 < t < ty,.
Put es = h3(a).
Then eses = ese3 = ex and
llesds — dies|| < [[(e3 — any)dill + [|an,di — dian, || + [|di(an, — es)||

<1/43+1/4% +1/43 =1/4, i=1,2,3.
By induction, we obtain a sequence of positive elements {ej} such that

1> ek > an,,ert16r = epepr1 = e, and  |lend; — dien|| < 1/27,

i=1,2,..,nand n = 1,2,.... Since a,, = gi(a), and t,, — 0, we see that {e,} is
an approximate identity for A. Since {dj} is dense in the unit ball of D, we conclude
that

lim |le,d — dey| =0 for d € D.
n—oo

O

Theorem 3.2. Let A be a non-unital and o-unital simple C*-algebra. Suppose that
A has a continuous scale. Then M(A)/A is a purely infinite simple C*-algebra.

Proof. Fix a nonzero positive element z € M(A)/A with0 <z <1.Leta € M(A)4
with 0 < a < 1 such that 7(a) = z, where 7 : M(A) — M(A)/A is the quotient
map. Let {e,} be an approximate identity such that

€nt1€n = €pepy1 =€, and lim |le,a —ae,|| =0
n—oo

(by B). By Theorem[2.4], for any nonzero element d € A, there exists an integer
n(d) > 0 such that

em — €n < d for all m >n > n(d).
Without loss of generality, by passing to a subsequence, we may assume that
l[(en+1 — en)l/Qa — a(ent1 — en)1/2|| <1/2"
for all n. Set

an = (ent1 — en)1/2[(en+1 - en)l/za —a(ent1 — en)l/z]-
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Then a,, € A and ||a,|| < 1/2". Thus Y~  a, € A. Therefore (with ey = 0)

G_Z(en+1_en)1/2a(en+1_en)1/2 = Z[(enJrl _en)a_(enJrl_en)l/Qa(enJrl_en)l/z]
n=0 n=0

(o]
= Zan € A.
n=0

Let b= "% (en+1 — en)2alent1 — €,)'/2. Therefore m(b) = 7(a) = x. Define

o0
by = Z(€4k+1 — ear)aleanr — ear)'?
k=1
and
o0
by = Z(€4k+3 — eant2)?aleanss — eaps2)'/?.
k=1

Then by,be € M(A) and b1by = baby = 0. Put ¢, = (ep41 — ek)l/Qa(ek_H — ek)l/Q.
It is important to note that

CkCl/ = Cg/Cl = 0

if k =4n and k' = 4m with n # m, or k = 4n + 2 and k¥’ = 4m + 2 with n # m.
(This follows from the fact that e,i1€, = €néni1 = ep.)

Let y1 = > ;i (eak+1 —e2x) and yo = >, (€2 — eax—1). Then yy, yo € M(A).
For each k, there is n(k) such that

€m+1 — €m < ¢, for m > n(k).
Thus, by induction, we can find a partition of {n(1),n(1)+1,n(1)+2,...} into finite
subsets N1, Na, ... (of consecutive integers) such that for each k = 1,2, ...,
Z (€2k+1 - €2k) 2 C4k-
neNg

Hence there is 2z € A such that

* * A
2Rk = E €2i4+1 — €24 and 2k2 € C4kAC4k, k= 1,2, ...
IeNy

Note that |zgx|]| < 1. Let z = Z;in(l) zi. We are ready to verify that the sum
converges in the strict topology and z € M (A). Moreover, one verifies that
¥z = Z (e2r+1 —€2r) and zz™ € b Ab;.
k>n(1)

It follows that

m(y1) < m(by).
The same argument shows that

m(y2) < 7(ba).
Since b1by = baby = 0, by [L3]

1=m(y1) +7(y2) < 7(br) +m(by) < 7(b) = .
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Now, for any y € (M(A)/A)+, y < 1. Thus
y <
It follows from [[LZ] that M (A)/A is purely infinite. d

Corollary 3.3. Let A % K be a non-unital and o-unital simple C*-algebra. Then
the following are equivalent:

(1) A has a continuous scale;

(2) M(A)/A is simple;

(3) M(A)/A is a purely infinite simple C*-algebra.

Lemma 3.4. Let A be a non-unital and o-unital C*-algebra and b € M(A)\A be
a positive element. Let B = bAb and C' = bM(B)b. Then C C M(A). Let 7 :
M(A) - M(A)/A and 7’ : M(B) — M(B)/B be the quotient maps, respectively.
Then w(C) = «'(C).

Proof. We view M(A) and M(B) as subalgebras of A”, the enveloping von-
Neumann algebra of A. For any x € C' and any ¢ > 0, there exists § > 0 such
that

lzfs(d) —z|| <e and | fs(b)z —=z| <e.
For any a € A with ||a|| < 1, we have
lax — afs(D)z|| <e and |za—zfs5(b)al < e.

Let afs(b) = u|fs(b)a*afs(b)|*/? be the polar decomposition in A”. Then we have
that u|fs(b)a*afs(b)|'/* € Aand |fs5(b)a*afs(b)|'/* € B. Thus |fs5(b)a*afs(b)|/*zx €
B C A. So afs(b)x € A. Therefore a* f5(b)z* € A and consequently zf5(b)a € A.
It follows that za,ax € A. This proves that C C M(A). Note that C N A = B and
CN B = B. Thus C/A = C/B. Therefore n(C) = 7'(C). d

Corollary 3.5. Let A be a non-unital separable simple C*-algebra. Then M(A)/A
contains an infinite projection, and any nonzero projection in M(A)/A is infinite.

Proof. Let Iy be as in Lemma 2.1 in [Lnl] and I be its closure. As in[23] there is
a nonzero positive element b € Iy \ A such that B = bAb has a continuous scale.
It follows from B.2lthat M (B)/B is a purely infinite simple C*-algebra. Note that
be M(B).Let 1/2>§ > 0 and «’ : M(B) — M(B)/B be the quotient map. Let
D = 7'(fs(b))(M(B)/B)x’'(f5(b)). Then there are projections ¢1 < g2 € D such
that g2 — ¢1 # 0, and there exists another element s € D such that

s*s=¢qs and ss* =q.

Let ¢1, ¢ and c3 in f5(b)M (B) fs such that 7'(¢1) = q1, 7' (c2) = ¢2 and 7/ (c3) = s.
It follows from B that m(c1) and mw(cz) are projections with m(cz) > m(c1) and
m(c2) — m(e1) # 0. Moreover,

m(es)*m(es) = w(ez) and  w(cz)w(es) = w(er).

Thus 7(c2) is an infinite projection.

We have shown that M(A)/A contains an infinite projection. Suppose that
p € M(A)/A is a nonzero projection. By replacing b by p, the above shows that
there is an infinite projection ¢ < p. It follows that p itself is infinite. O
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