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TWO ESTIMATES FOR CURVES IN THE PLANE

DANIEL M. OBERLIN

(Communicated by Andreas Seeger)

ABSTRACT. We obtain a Fourier transform estimate and an L3/2(R2) — L3(R?)
convolution estimate for certain measures on a class of convex curves in the
plane.

§1. INTRODUCTION

This is the third in a series of papers concerned with estimates for operators
associated with measures on a certain class of curves in the plane. The curves are
just graphs I' = {(x,(j)(x)) ca < x < b} where ¢ (a) = 0 for j = 0,1,2 and
#" >0, ) > 0 on (a,b). Our previous results deal with the affine arclength
measure ¢ (z)'/3dz on T. They are

Theorem 1 ([7]). Writing A for affine arclength on T', there is the estimate

1A% Xl 32y < 1242 |IxElls/2
for any measurable E C R2.

Theorem 2 ([B]). If1 <p < 2 and ;1)+ 3—1(1 =1, there is a constant C' = C(p) such
that the estimate

1

b ~ 1
([ 1Fto)lre ®dt)” <o) 17l
holds.

(Shortly after [8] appeared, it was pointed out to the author that Theorem 2 is a
consequence of Theorem 2 in Sjolin’s paper [9].) Part of the novelty of Theorems 1
and 2 is that the estimates they provide are uniform over the class of curves under
consideration. In particular, the constant C(p) in Theorem 2 is independent of ¢.
Convolution and Fourier restriction estimates like those in Theorems 1 and 2 are
well known when the associated curves have nonvanishing curvature. Drury ([3])
pointed out that the damping factor ¢ (x)'/? could compensate for flatness in such
estimates. But his and subsequent results (see, e.g., [1]) gave bounds depending
on certain ancillary constants. The (quite simple) proofs of Theorems 1 and 2
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3196 DANIEL M. OBERLIN

have no such dependence. The shortcoming of Theorem 1 is that it holds only for
characteristic functions xg: a more natural estimate would be

(1) 1N % Fllzaee) < C 1 flloraqeey

for nonnegative and measurable functions f on R? and for some absolute constant
C. We have been unable to prove or disprove such an estimate. Our next result is
a weaker substitute.

Theorem 3. With ¢ as above, write w(x) for the function ﬁ((?; and v for the

measure on T' given by dv = w(x)/3dx. Then there is an absolute constant C' such
that the estimate

v+ flls@e) < C 1l Lsr2we)
holds for nonnegative measurable functions f on R2.

(One can check that Theorem 3 is weaker than (1) by verifying, as we do in the
proof of Theorem 4, that the inequality w(z) < 2¢”(z) follows from the hypotheses

on ¢.)

There is also a related Fourier transform estimate.

Theorem 4. There is an absolute constant C such that the following holds: with
¢ and w as above, with [c,d] C [a,b), and with {, n € R, we have the inequality

d
‘ / ei(<x+n¢<x>)w(x)1/2da, <
c

If ¢ = 0, then the change of variable t = ¢(x)!/? shows the conclusion of Theorem
4 to follow trivially from Van der Corput’s lemma applied to [ ¢’ dt. On the other
hand, a stronger estimate

d
‘/ ei(C$+7]¢($))w(l‘)l/2+isd$} < |(7;|(16;)27

with C(s) growing, say, polynomially in |s| (which we have been unable to obtain)
would yield a proof of Theorem 3 different from the one we present. Results like
Theorem 3, but for nondegenerate curves and without a uniform constant, date
back at least to [5]. Fourier transform estimates such as that of Theorem 4, but
for nondegenerate curves, are easy consequences of Van der Corput’s lemma. The

remainder of this note is organized as follows: §2 contains the proof of Theorem 3,
and §3 contains the proof of Theorem 4.

§2. PROOF OF THEOREM 3

Theorem 3 is proved by adapting the method of Drury and Guo in [4]. The proof
requires an elementary lemma.

Lemma 1. With ¢ and |a,b) as above, suppose h > 0 and x,  — h € [a,b). Then

¢ (@)¢/(z — h) _5
o) (e — W2 (§(@) — D)
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Proof of Lemma 1. Since ¢(a) = ¢'(a) = 0 it follows, for example, that ¢(z) =
ff(m —t)¢” (t)dt. Thus the conclusion of Lemma 1 is equivalent to the inequality

h/: ¢ (t)dt /:_h ¢ (t)dt

x x—h x
< 5(/a (x — )¢ (t)dt)"* (/a (@ —h—t)¢" (t)dt) " /H o (t)dt.

It is therefore enough to establish the two inequalities

h(/:h ¢”(t)dt)2

@) <o [ @ nora) ([

@ =a(f @-osom ([

With no loss of generality, assume ¢”(x — h) = 1. Since ¢” is increasing, it follows
that h < [, ¢"(t)dt. Since

—h

(x — h— )¢ (t)dt) / C
x—h

z—h

(@ —h— )¢ (t)dt)""” / zh " (t)dt.

x—h T
/ (z— h— )¢ (V)dt < / (z — )¢ ()dt,

inequality (2) will follow from
z—h 9 r—h
(4) ( / ¢ (t)dt)” <2 / (x —h —t)¢" (t)dt.

To see this, let € = f;ih ¢ (t)dt. Since ¢"(t) < ¢"(x—h)=1ifa <t <z — h, the
RHS of (4) is minimized when ¢ (t) = X[z—h—e,0—p) ON [a,© — h]. This minimum is
€2/2, and so (4) holds. Now, if a < z — 2h, (3) will follow from the inequalities

h/z2h St < (/m(x B t)gf)"(t)dt)lm(/xh(x —h— t)gi)’/(t)dt)l/z

and
x—h T x—h
h / o (8)dt < 2 / (x — 1)6" (1)dt) 2 / (x — h— )¢ (t)dt) /2.

—2h

The first of these is clear since both of x — ¢t and x — t — h exceed h on [a,z — 2h].
For the second, note that

h? < 2/ (x —t)¢" (t)dt < 2/ (z —t)¢" (t)dt
r—h a
since ¢ is nondecreasing and ¢”(x — h) = 1. Thus the desired inequality follows

from (4). A slight modification handles the case © — 2h < a and completes the
proof of the lemma. O
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As previously mentioned, the proof of Theorem 3 is an adaptation of the method
of []. For f > 0 we need to estimate

3
) s Fltse = [+ [ TI(7(e =ty = 006)w2(0) )attadtads dy
j=1

where the ¢; integrals are over [a,b) and the x and y integrals are over R. The
change of variables z; = x — t; leads to

/.../ﬁ(f(xj,y—qb(x—xj))wl/?»(x—xj)) dx dy dxidxodzs
j=1

where the z; integrals and the y integral are over R and the z integral is over
N; (zj + [a,b)). The idea of [4] is to fix temporarily the x; and obtain an estimate
of the zy integral. Accordingly, we let g;(2) = f(x;, ) and consider

5(91792793)=//f[(gj(y—¢(fc—xj))wl/ (x — )) dz dy.

The desired estimate is

c ||91||L3/2(]R)||92HL3/2(]R)H93HL3/2(R)
(22 — x3) (23 — 1) (21 — 22)[1/3

Combining (6) with the following estimate of Christ ([2], Proposition 2.2),

|h1(21)ho(22)hs(23)]
dzidxad
///| (z2 — x3) (x5 — 1) (21 — 22)|'/3 T10220L3

< C [[hllgsrzmyllhall Loz ) Pl L3/2 r)

(6) S(91,92,93) <

shows that (5) is bounded by C || f[|3,,, (r2y- Inequality (6) follows from an inter-
polation based on the three estimates (7.1), (7.2), and (7.3), where (7.1) is

3

//gly oz — 1) H(g]y ¢x—x))w1/2(x—xj))dxdy

< Clgllee@llgzllmllgslle @)
- |z2 — 3]

and (7.2) and (7.3) are analogous. To see (7.1) note that

//li[(gj(y—¢(x—xj))w1/ (x—z; )) dz dy

= //92 (y — oz — x2)) g3 (y — ¢z — x3))
' ¢'(x — 22)¢' (x — x3)
Pz — 22)12p(x — 23)V/2|¢/ (x — 22) — ¢/ (x — x3)]
¢ (x — a2) — ¢’ (2 — a3)|dx dy
< S lgellr@lgslle: @

|z2 — 23]
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by Lemma 1 and the fact that the Jacobian determinant for the one-to-one mapping
(z,y) — (y— ¢(x — x2),y — ¢(x — x3)) has absolute value |¢/(z — z2) — ¢/ (z — z3)|.
§3. PROOF OF THEOREM 4
We begin with a pair of lemmas.

Lemma 2. Suppose ¢ is a real-valued continuously differentiable function on a
closed interval I such that ¢ and v’ are of constant sign on I. Then

‘/e"“ du‘ < 5sup ‘/w‘ J is a subinterval of I with length < E |}
I

This is Lemma 1 in [6]. The change of variable u = a(z) yields the next lemma.

Lemma 3. With ¢ as in Lemma 2, suppose that « is a twice continuously dif-
ferentiable function on I such that o/ and o/’ — pa” are of constant sign on I.

Then
‘/ w(’”)w dm‘ < 5sup ‘/ w‘ az) —ax0)|<1}

Theorem 4 is the estimate

C
Cer ¢(a:) 1/2
® | [ etermmeoter i < g

If ¢ and n have the same sign, then one can apply an easy argument based on the
change of variable ¢t = d)(m)l/ 2. So we will assume that ¢ and 1 have opposite signs.
Furthermore, it is sufficient to establish (8) under the additional hypothesis that
if a(z) = Cz + ngp(x), then o is of constant sign on [¢,d]. Of course we intend to

apply Lemma 3 with ¢ = w!/? = ¢41)/2a and so we need to check that o/v)' — o’ is

of constant sign. Now
o 12 / / o 12
Oé,’ll)/ _ ’lZ)Oé,/ — (C + n¢/)¢¢ ¢3/22(¢ ) _ ¢(f/2 (n¢//) — ((;;;/)2 + <¢¢ ¢3/22(¢ ) )

Since

d@ = [ @-000 a
<([[w-vrom an) ([ o0 ) = VEot) 2o,

the fact that ¢ and n have opposite signs shows that o1’ —a’ has constant sign.
To apply Lemma 2 we assume that [zg,z1] C [c,d] and that |n(¢(z1) — ¢(x0)) +
C(x1 — xo)| = € < 1, and we will then establish the inequality

2
¥ . e < e

Assume without loss of generality that n > 0, and assume for the moment that

rs S
(10) ¢ = "

on [zg,x1]. (This inequality or its opposite must hold on [zg,z1] because the sign
of o/ is constant on [c,d].) Then

n(¢(x1) — (o)) = —C(x1 — x0) + €
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and so

¢ _ n(¢(x1) — plxo)) — €
n n(z1 — o) '
(1

Thus (since ¢’ is increasing) (10) holds on [x¢, 1] if and only if

¢/(J)0) > ¢($1) - ¢($0) _ € ,
z1 — T n(x1 — o)
which is equivalent to
€ i
2 ¢(x1) — d(x0) — ¢ (w0)(x1 — 20) = / (z1 — )¢ (¢) dt.
If, instead of (10), we assume
of <t
n
on [zg, 1], then it follows similarly that
€ i
£ > o) = dlan) = zo)or —20) = [ (4= a0)o 1) .
Since ¢” is nondecreasing, f;ol (x1 — )" (t) dt < f;ol (t —z0)¢" (t) dt, and therefore

k2l /2 (l/2 1
(/x (z1 — )" (t) dt) < BRE < 2

0

Thus (9) will follow from

(11) /: ¢(;()f32 dz < 2(/:1@1 —1)¢"(¢) dt)l/z.

0

For z € (a,b) consider

¢ () — &' (20)
(J2 (@ — t)g(t)dt) 2

A computation shows that

inf

ra<lzy<T

d <(¢'<x> - ¢'<xo>)2>

dxzg f;o (z —t)¢" (t)dt

has the same sign as ffo ¢"(t)((x — o) — 2(z — ¢t))d¢, which is nonnegative since
¢" is positive and nondecreasing. Thus the infimum above is realized when x¢ = a,
and therefore

. ¢'(x) —¢'(x0) _ (=)
(12) inf { (f;o(a: B t)¢”(t)dt)1/2 ra<xo < x} = o(@)/?
On the other hand, for fixed zq,

d(f[* " 12 ¢'(z) = ¢'(20)
Z(] @-v¢ @) = __
e </x ) 2(f (@ = o vyt /
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Thus, by (12),

[

0 0

1 1/2

(z— )¢ (t)dt)

This is (11), and so the proof of Theorem 4 is complete.
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