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ABSTRACT. Suppose that H is a finite dimensional discrete quantum group
and K is a Hilbert space. This paper shows that if there exists an action
v of H on L(K) so that L(K) is a modular algebra and the inner product
on K is H-invariant, then there is a unique C*-representation 6 of H on K
supplemented by the 5. The commutant of § (H) in L(K) is exactly the H-
invariant subalgebra of L(K). As an application, a new proof of the classical
Schur-Weyl duality theory of type A is given.

1. PRELIMINARIES

This paper presents a duality theory between a finite dimensional discrete quan-
tum group and its fix-point subalgebra of an operator algebra L(K) where K is a
Hilbert space.

As we have known, if G is a finite group with a unit e and A is the algebra of
functions from G to C with pointwise operation, then A can be made into a Hopf
algebra if we define comultiplication, counit and antipode by

AN (s)=Ff(st), e(f)=Ffle), (SHBH=F().
where f € A and s,t € G. We have A(4) C A® A if we identify A ® A with
functions on G x G. However this is no longer possible if G is infinite since the
range of A is no longer in A ® A. This leads to the concept of a multiplier Hopf
algebra [3], which is the generalized notion of a Hopf algebra such that the above
example, with an infinite group, is exactly a multiplier Hopf algebra.

A discrete quantum group [4], which was studied first as duals of compact quan-
tum matrix groups, is a multiplier Hopf *-algebra (A, A) where the algebra A is a
direct sum of full matrix algebras over C with the natural involution. This paper
proves that if H is a finite dimensional discrete quantum group and L(K) is an H-
modular algebra where K is a Hilbert space with an H-invariant inner product and
L(K) is the algebra of linear bounded operators, then there is a duality between H
and its fix-point subalgebra of L(K).

In fact, this duality property has its inherent physics meaning. Suppose that G
is a finite group. The G-spin models can provide the simplest examples of lattice
field theories exhibiting quantum symmetry. In general, the G-spin models with an
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Abelian group G, are known to have a symmetry group G X é, where G denotes
the Pontryagin dual of G (the group of characters of G). If G is non-Abelian, the
Pontryagin dual G loses its meaning and the models have a symmetry of a double
algebra D(G) [14], which is an algebra defined as the crossed product of C(G) and
CG with the adjoint action of the latter on the former ([2], [5]). In detail, letting
F be the field algebra of a G-spin model [14], there is a natural action of D(G) on
F so that F becomes a D(G)-modular algebra. Then the C*-algebra A, which is a
D(G)-invariant subalgebra of F, is obtained. When an irreducible representation,
associated to a D(G)-invariant state, = of F is given, there emerges a realization
of D(G) so that D(G) and 7 (A) are exactly the commutants of each other. It is
easy to see that the double algebra D(G) of G is a discrete quantum group, and
this example fits into the scheme.

Besides the duality theory in G-spin models, there are many duality results; for
example, the Schur-Weyl duality between the symmetric group and the general
linear group ([6], [15]), the Jimbo-Schur-Weyl duality between the quantum group
of type A and Hecke ([[7], [8]), and so on, fit into this scheme. As an application
of the duality theorem, not using the highest weight representation of the general
linear group anymore, we give a new proof of the classical Schur-Weyl duality of
type A. Notice that the discrete quantum group in this paper is finite dimensional.
As to the infinite dimensional case, it is under consideration now.

All algebras in this paper will be *-algebras over the complex field C. For general
results on Hopf algebras one can refer to the books of Abe [I] and Sweedler [13].
We shall use their notation; so we shall use m, A, and S for the multiplication,
the comultiplication, the counit and the antipode respectively. Also we shall adopt
the summation convention, which is standard in Hopf algebra theory:

(1.1) Aa) =) aq) @agp)
(a)

and so on. The formula mo (id ® S) o A (a) =& (a) 1 can be written, for example,
as

(1.2) Za(l)S(a(g)) =e(a)l.
(a)

2. CONSTRUCTION OF A C*-ALGEBRA RELATED TO A FINITE DIMENSIONAL
DISCRETE QUANTUM GROUP

Let us recall the definition of a discrete quantum group.

Definition 2.1 ([3], [4]). A discrete quantum group is a pair (A, A) where A
is a direct sum of full matrix algebras with the natural *-structure and A is a
comultiplication on A making A into a multiplier Hopf *-algebra.

The discrete quantum group was studied first as a dual of a compact quantum
matrix group [I2]. It is clear that if G is a finite group, the group algebra CG and
the double algebra D(G) of G are both discrete quantum groups.

In this paper, let H be a finite dimensional discrete quantum group. One can
suppose that H = > .; ®A, where [ is a finite index set and A, are full matrix
algebras. There is a unique C*-norm in H so that it becomes a C*-algebra. Also
[4] is a general involutive Hopf algebra (i.e. H is a Hopf algebra and S? = id) since
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it has a unit 1 and a unique element z (call it an integral) satisfying z = z* = 22,
e(z) =1and Vh € H,
(2.1) hz=zh=¢(h)z.

Without loss of generality, one can suppose that

(2.2) Az) =) u, ®v,

acl
where u, € A_ . Then
Lemma 2.1. v, =5 (u’).
Proof. Using Proposition 4.3 of [4], the lemma is clear. O

Definition 2.2. Suppose that A is an algebra. We call A an H-modular algebra
if there is a linear action v of H on A so that

(2.3) Wa)(FG) = Y aw)(F)y(ew)(G),
(@

(2.4) 7(ab) (G) = ~(a) (v (b)(G)),
and that
(2.5) v (a) (G*) =~ (S(a™)) (G)* (conjugate property)

where a,b € H, A (a) = E(a) agy ®agy and F,G € A.
In the following, suppose that K is a Hilbert space and L(K), the algebra of all

linear bounded operators, is an H-modular algebra. Also, by v, (a € A) we denote
the mapping v (a) .
Proposition 2.2. Set
(2.6) A={TeL(K):v. (T)=T}.
Then A is a nonzero *-algebra.
Proof. Since S (2*) = z, and VT € L(K),
V= (T7) =7 (T)",

then A is closed under the *-operation. Now it suffices to prove that A is an algebra.
Indeed, VF,G € L(K),

Yz (V2 (F) 72 (G)) = 272(1)2(F)72(2)Z(G)
(%)

S e (zwe (2@)) 1= (F)=(G)
(=)

= 7:(F)7:(G).
This implies that Vv, (F), v, (G) € A, v, (F) 7. (G) € A. Therefore A is an algebra.
O

Remark 2.1. It is easy to see that
(2.7) A={T € L(K) : %(T) =e(a)T Va € H}.
In other words, A is an H-invariant subalgebra of L(K).

Theorem 2.3. A is a C*-algebra.
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The proof involves several steps, which are of interest in their own right.

Lemma 2.4 ([I0]). Suppose that A is a C*-algebra with a unit 1. If there exists a
positive linear map P : A — A satisfying P(1) =1 and for Va,by,bs € A,

(2.8) P (P(b1)aP(b2)) = P(b1)P(a)P(b1) (bi-modular property),

then P is a projection of norm 1 from A onto P(A) := B. (Such a projection is
often called a conditional expectation from A onto B.)

Lemma 2.5. 7y, is a conditional expectation.

Proof. 1) The map ~, : L(K) — A is positive. Indeed VG € L(K),

1(GG) = ) 7y ()12, (G7) (by (2.3))
®)

D, (G, (G7) (by (2.2)

acl

= 7.6 (15(:)(@) " by 25))

acl

= Z'Yua (G) (’Yuu (G))* by (Lemma 2.1).

acl

Since the sum of positive elements is also a positive element, v,(GG*) is a positive
operator and thus +, is a positive linear map.
2) (bi-modular property) VG1, G2, Gs € L(K),

Y2(7:(G1)G27:(Gs)) = 272(1) (’Yz(Gl))’YZ(z) (G2) Vz(3) (7:(G3))
(2)

- ZVZ(l)Z(Gl)'YZ(Q) (G2)7z(3)z(G3)
(2)

= ZE (=) V2(G1)Vz(2) (G2) V2 (a2 (G3)
(2)

= D (G0 (o)) (C2)V20)2(C3)
(2)

= ZPYZ(GI)PYZ(U (G2)72(2)Z(G3)
(2)

= Y (G o) (G2)1:(Gs)
(2)

= 72(G1)7:(G2)7:(Gs).
Thus 7, is a conditional expectation since 7, (1) = 1 is clear. By Lemma 2.4, v, is
a projection of norm one from L(K) onto A. O

Now we give the proof of Theorem 2.3.

Proof. In order to prove that A is a C*-algebra, it suffices to prove A is closed under
the operator norm topology. Indeed, suppose that 3z, € A: lim, o x, = z, i.e.
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x € A, the norm closure of A in L(K). Since 7, is a bounded projection,

z = lim z,

n—oo

= lim v, (xn)
n—oo

= 7 ( lim xn)

= 7 ().
That is to say, x = 7. () € A, and A is completed under the C*-norm. Therefore
A is a C*-algebra. O

3. THE DUALITY BETWEEN A AND H
This section will build a duality between A and H on the Hilbert space K.

Proposition 3.1. Suppose that the inner-product (,) on K is H-invariant, i.e.,
there is a vector Q € K of norm one so that Va € H, T € L(K),

(3.1) (7 (T)Q) =c(a) (Q,TQ).

Then there exists a unique C*-homomorphism 0 : H — L(K) with the following
two properties: Ya € H, T € L(K),

(3:2) Ya (T) =) 0 (a) T (Sacz),
(a)
(3.3) 0(a)Q2=¢e(a)ld
Proof. 1) We first construct a C*-homomorphism 6 : H — L(K). Since H is invo-
lutive, i.e. S? =id, by [9], for all h € H,

(3.4) > S(h)hay =Y heyS(ha) = (h) 1,
(1) ()

where 1 denotes the unit of H. Then VP, T € L(K) and a € H,
(P,7(T)Q) = (2, P (7(T)))

(3.5) = Y (22 (@@) P (a0, (19))
(a)

- % <Q’P* (7“<1>6(a<2>)(T)Q))

= %e(smmﬂ) (P (0, (1)) (e=c05)
= (z):((z,ma@))(P*vam(T))Q) (by (3.1))
= (E; (Q,vs<a(3)>(P*)75(a(2)>a(l)(T)Q> (by (2.3))

= 3 (2 (i (P)) A5t0mpac (1NQ) (b (25)
@

= D (o) (9 <7ag2> (P))* vl(T)Q) (by (3.4))
(@)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3542 LINING JIANG, MAOZHENG GUO, AND MIN QIAN

= > (Q (VE(%)% (P)) * TQ)

(@)
(2, (va+ (P))" TQ)
(Ya- (P)Q,TQ),

(3.6)

where for x € C, T means the complex conjugate of x. We therefore have
(3.7) (P, 7u(T)9) = (70 (P)Q2, TQ)

and have v, (T)Q = 0 if TQ = 0. Thus Va € H the linear map

(3.8) 0(a) : TQ — 7, (T)Q

is well defined since L(K)Q2 = K. By (3.6), it is easy to see that 6(a*) = 0(a)*.
Now to see that 6 : H — L(K) is a C*-homomorphism, it suffices to see that 0 (a)
is continuous. Indeed, suppose that T}, T € L(K) with T,,Q — TQ. VP € L(K),

lim (PQ,~v, (T,)Q) = lim (y,. (P)Q,T,Q)

= (’Ya* (P) QvTQ)
(PS,7, (T)9).

By the principle of uniform boundedness, limy,, oo Yo (T0) @ = 7o (T) Q. Thus 0 (a)
is continuous.

2) The representation § : H — L(K) has properties (3.2) and (3.3). Indeed,
(3.3) is clear. As to (3.2), VT,G € L(K),

> 0a@)T(S(a))(GQ) = > 0(a@)TYs(aw) (G (by (3.8))
(a) (a)

- Z'yau)(T'YS(a@))(G))Q (by (3.8))
(a)

= Z'Yau) (T)P)/(l(z)s(a@))(G)Q (by (23))
(a)

= Z'Yau) (T)P)/E(a(z))l(G)Q
(a)

= Z 7‘1(1>5(a(2))(T>(GQ)
(a)
= Y (T)(GRQ).

Thus Va € H, T' € L(K), 3,0 (a@)) TO (Sag)) =74 (T).
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3) (Uniqueness) If there exists another C*-homomorphism 6’ : H — L(K) with
properties (3.2) and (3.3), then VT € L(K),

0(a)(TQ) = 7 (T)Q

= Y 0 (aq)) TO (Sa@)) Q

(@)

= Z 9/ (a(l)) TE(S(CL(Q)))Q

(a)
= Z 91 (Cl(l)) TE(CL(Q))Q
(@)
= Z 9 a(g) a(l) (TQ)
(a)
= 0'(a)(TQ).
This means Va € H, 6'(a) = 6(a). Thus 6’ =  and we complete the proof. O

Using the mapping 6, we can build our main result, which states that there is a
duality between H and A.

Theorem 3.2. Assumptions and notation as in Proposition 3.1. Then,
(3.9) O(H) = A; O(H) = A,
where the prime denotes the commutant in L(K).

Proof. First,Va € H, P =~,(P) € A and G € L(K), since

0(a)P(GQ) = ~,(PG)Q (by (3.3))
= Z%(l) Vg (G)S2 (by (2.3))
- Ze(a(l))Pva@) (G (by (2.7))
()
= Z P'YE(a(l))a@) (G)Q
= P (G)R
= P0(a)(GQ),
we have 0(a)P = Pf (a) . This implies that §(H)A = A0 () and that
0(H) 2 A O(H)~ C A,

where the bar means the weak closure. On the other hand, supposing that P €
O(H), i.e. 8(a)P = PO (a) (Va € H), we have

Ya(P) = 29(61(1))139(5(@(2))) (by (3.2))

ZPG a(1 a(2 )

= 6(a)P.
Thus by (2.7), P € A and §(H)’ C A. Therefore §(H)' = A and §(H)~ = A’. Since
dimH < oo, 0(H)~ = 6(H), the second equality of Theorem 3.2 is clear. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3544 LINING JIANG, MAOZHENG GUO, AND MIN QIAN

Remark 3.1. Under the conditions in Proposition 3.1, A is a Von Neumann algebra
since A = 0(H)’. Also, from the above duality theorem, one can see that the irre-
ducible representations of A are in one-to-one correspondence with the irreducible
representations of §(H). However, for a given H-modular algebra L(K), one in gen-
eral could not get all irreducible representations of H in L(K). The next section,
which will get the classical Schur-Weyl duality of type A, can illustrate this point
as well.

Furthermore, assume that F is a C*-algebra and that there is a continuous action
v of H on F so that F becomes an H-module algebra.

Corollary 3.3. Suppose that m is an irreducible representation of F on a Hilbert
space K = (m(F)Q)~ with a vacuum vector Q giving rise to an H-invariant state
on K :VaeH, GeF,

(2,7 (70 (G) Q) = € (a) (2,7 (G) Q).

IfVa € H, 3\ > 0 so that |7, (T) Q| < AM|TQ| (T € L(K)), then there exists a
unique C*-homomorphism 0 : H — L(K) with the following properties: Ya € H,

FeF,
(3.10) T (1 (T)) = 29 aw) 7 (T) 6 (Sa)) ,
(3.11) 0(a)) = ()a)
and satisfies the equalities
OH) =m(A)~;  O(H) =m(A).
Proof. Since the representation = of F is irreducible, 7(F)~ = L(K). The proof is
similar to that of Theorem 3.2 and we omit it here. O

4. EXAMPLES RELATED TO THE SYMMETRIC GROUP

This section gives an application of Theorem 3.2. Let S,, be the symmetric
group on the set {1,2,---,m} and CS,, the group algebra of S,,,. Then CS,, is a

. . . * _ . . 1
finite discrete quantum group with ¢* = g~! and a unique integral z = ) gesm J-
There is a natural representation p of .S, on the linear space ((C")®m :for o € 5,
Vi, @iy @ - @ vy, € (CM*™,

p(o) (viy, ®viy, @ --- Ry, ) = Vig1y @ Vigepy @00 @ Vi

where 1 < i; <nand {vi,v2,--- , vy, } is a linear basis of C". One can induce an ac-
tion v of S, on End ((C")®m) implemented by p : foro € S,,, T € End (((C")®m>

=~ (EndC™)®™,

(4.1) ’yU:T—>p(U)oTop(a_1).

Such an action can be extended linearly to CS,,, and denoted by 7 too. Clearly un-
der the action v, End((C™)®™) is a CS,,-modular algebra. Denote v, (End(C")®™)
by A. By Theorem 3.2, A = (p(S,,))". On the other hand, let GL(n) be the gen-

eral linear group of order n, and let 7’ be the natural representation of the group
GL(n) on the space C". Clearly ' (GL(n)) is the set of all invertible operators in
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End (C™) and 7’ can be extended to a representation 7 of the group GL(n) on the
space (C™)®™: Vg € GL(n),

m(g) =7 (g7 (9)®@- @7 (9).

In this section we will prove A = m(GLn))”, the algebra generated by the set
{m(g) : g € GL(n)}. Namely, we will give a new proof of the well-known classical
Schur-Weyl duality of type A.

In the following, by o; (1 <i < m — 1) we mean the generator (i,7 + 1) of Sy,.
Vo € Sy, o can be decomposed as 0;,0;, - - - 0;

s*

Lemma 4.1. 7 (GLn))" C A.

Proof. Tt suffices to prove that VI' € End(C)", ~, (T®™) = T®™. First, since

o7t =0i, Yo, ®vg, ® - @ v, € (CM)O™

(3 m

Yo (TE™) (v, ® -+ @ wg,,) = p(03) o T®™ 0 p(03) (g, @ -~ @ vy, )
p(oi)oT®™ ('Uk1 @ @ Uk ® Uk © "'®’Ukm)

p (o) (T (vg,) @ QT (k) T (vg,) @ -+~ T (uy,,))
T (k) @ QT (vg,) T (vkpy,) ® - T (v,,)
T

®m(vk1®-~-®vk )

m

Thus V1 < i <m — 1, 7, (T®™) =T®™. So, for 0 = 04,04, -+ 0, € S,

v, (T®™) = 6o0T®" oo™}

= (04,04, 0:,) 0 T®™ 0 (03,04, - 03,)

(04,06, -+ 03,) 2 T®™ 0 (04, - - - 03,04,

s

(0i,0iy 03, ) (03, 0 T®*™ 0 05,) (04,_, +++ 04y 0%,)

= 7%
Therefore,
m 1 m
= (T) = 3 e (T
UES7n
= T9™
and 7 (GLn))" C A. O

Lemma 4.2. Suppose that T; € End (C™). Then

m Xm
V(T @T® - @Ty) = %Z Z (—1)m7i <ZTT>

D=1 \IC{1,2,+,m},|I|=i rel
Proof. Similar to the proof of Lemma 4.1, one can see Vo € S,,,

Yo (M1 @To®: - @Ty) =Toq) @To@) @ @ Th(m)
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and
1
'YZ(T1®T2®..-®Tm) = W Z v, (T1®T2®...®Tm)
0ESm
1
- m Z TU(1)®TU(2)®”'®TU(m)-
Co€Sm
Now by a tedious but very straightforward calculation, the result is clear. (I

Theorem 4.3. ©(GLn))" = A.

Proof. We need only to prove A C m(GLn))". To show this, it suffices to show
that VT; € End(C") (1<i<n), 1. (11 @Ta®---®@Tp) € m(GLn))".
By [11], VT € End(C™), T can be represented as

4
(4.2) T=> Qi
i=1

where t; € C and ; are positive operators. Namely, Q); are Hermitian elements
and o (Q;), the spectral sets of Q;, are contained in RT U {0}. Set S; = Q; + I

(1<i<4)andSs;= (— Zle ti) I. Then by the spectral mapping theorem [I1],
Si, Si +S; are all invertible positive elements since the sum of any two positive
operators is also a positive operators. Thus T can be decomposed as

5
(4.3) T = Z m;S;
=1

where m; € C and S, are all invertible positive elements (and necessary in GL(n)).
Based on this, set

5
k=1
where m;, € C and 5;, are invertible positive operators. Then

(4.5) DT @Tn= Y.  (my - m)S, @ ®S,.
1<1p, ;0 <5

Using Lemma 4.2, one can see that

(4.6) Y. (S1, ® - ® Sp,) € w(GL(n))" .

Thus

(4.7) Y (T1@T® - @Ty,) € (GL(n))".

Therefore 7 (GLn))" = A and we complete the proof. O

Remark 4.1. As a p(Sp) — A bimodule, (C")®"™ can be decomposed as
((Cn)®m = Z S, ®G,,
{A: 1 <n}

where A = (A1, A2, -+, Ag) is a partition of m, and S, is the irreducible S,,-module
corresponding to the Young diagram A, while G, is that of GL(n) with the highest
weight [)\1, )\2, s ,)\k] .
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