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CONVERGENCE ESTIMATES OF GALERKIN-WAVELET
SOLUTIONS TO A CAUCHY PROBLEM FOR A CLASS
OF PERIODIC PSEUDODIFFERENTIAL EQUATIONS

NGUYEN MINH CHUONG AND BUI KIEN CUONG

(Communicated by David R. Larson)

ABSTRACT. A class of Cauchy problems for interesting complicated periodic
pseudodifferential equations is considered. By the Galerkin-wavelet method
and with weak solutions one can find sufficient conditions to establish conver-
gence estimates of weak Galerkin-wavelet solutions to a Cauchy problem for
this class of equations.

1. INTRODUCTION

The theory of pseudodifferential operators has been extremely intensively de-
veloping. This is so, not only because it is a very general theory including many
theories, especially because it is of great interest and difficulty, but also because
it is an extremely powerful tool for studying linear and nonlinear problems (see
B, Bl-[, [, [12], [16], [19], [21], [22] and references therein). Wavelet theory
is growing very rapidly as well (see [1]-[4], [8]-[15], [I7], [I8], [20] and references
therein). Wavelet approximation methods, however, for even only pseudodifferen-
tial operators (not a Cauchy problem) are investigated in a very few works [2], [10],
[13), [14], [18].

In this paper we study approximately a Cauchy problem for a class of interesting
complicated pseudodifferential equations as follows:

t
(1.1) % = —pAu(z,t) — / a(t — 1) Au(x, 7)dr + b(z, t),
0
(1.2) u(z,0) = up(x)
where z € J" =R"/Z", u > 0, A = o(D) is a pseudodifferential operator, defined

by
o(Dyu(x) = ) "o (€)ul6),u € C=(Z"),
gezn
with symbol o(£) belonging to S?™(Z"), i.e. o € C°°(Z") satisfying

|A%G(£)] < Col1 + [€))2™ 1o for all € € Z™ and for all multi-indexes a,
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and A is the difference operator, which is defined by A := (11 —1,75—1, ..., 7, — 1)T,
where 7; f(z) := f(z +€’),ed = (§;;)1, is the jth coordinate vector.

Here it is assumed also that o € C°°(R™\ {0}) and o (¢£) = t*"a(£),t > 0,0(0) =
1. Moreover

(1.3) a(§) = e(1+[¢*)™, ¢ = R > 0.

The functions a(t), b(z, t) are given. Note that when p = 0, under some assumptions
on a(t) the type of equation (LI)) may be changed.

To establish some convergence estimates for this complicated problem, in order to
overcome the difficulties, let us use the Galerkin-wavelet method and weak solutions
and approximative weak solutions, with the very effective tools: the Fourier and
Laplace transforms.

2. NOTATION AND PRELIMINARIES

Let us recall here some usual notation, definitions and some basic facts.
For a function u(z) € La(J"), the discrete Fourier transform is defined by

Fu)(€) =a(€) := / e Mty (z)dr = /[0 " e 2miely(z)dx, € € 2.

The discrete inverse Fourier transform is then u(x) := Z a(&)e? s,
gezn
The Fourier transform of the function f € Ly(R™) is

for = [ oo g e BY

with the inverse Fourier transform f(x) = / 2 f()dE, x e R™.

]R'r
The Laplace transform of a function u(z) increasing less than an exponent is

L(u)(s) = u(s) == [~ e ?™u(t)dt, s € C. Below will be listed some usual simple

properties of the Laplace transform,

(2.1) L(a+u)(s) = L(a)(s)-L(u)(s),

where

(axu)(t) = /0 a(t — T)u(r)dr,

(2.2)
Lu®)(s) = —u*D(0) — 27su*=2(0) — ... — (27s) = Du(0) 4 (27s)*u(s),
+oo o0 _
(2.3) /_ (50 + i0)5(s0 + 13)d6 = /0 =m0ty (1) o (D) dt.

We consider now the space H*(J™) (s € R) of functions v € D'(J™) (the L. Schwartz
space of distributions), such that (D)*u € La(J"™) and the norm

(2.4) lulls = (D (©*a(€)1*)*
5627}
is finite, where

it =0,
= <5>{|§| it &£
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The norm of v € H*(J™) is defined by (Z4).

Definition 1. Let Ly(H?%) (¢ > 0, sp > 0) be the space of all functions u(z, t),z €
J™ t > 0, satisfying the following conditions: for each 0 < a < g,

i) wu(z,t) € H*(J"™) ¥Vt € [0, +00) .
ii) The following series converges:

(26) S [ et o
gezn 0
The norm of the function u € Lo(H?%°) is defined by
oo R 1/2
27) Jullagrneny = (3 (€87 [ et o)
gean 0

The following lemmas are needed in the sequel.
Lemma 1. If u € Ly(HY%), then
(2.8) L(u(s, ) (s) = F(al(., s))(&)-
Lemma 2. If u € Lay(H%%),q > 2m and v € Lo(H®*°), then

+o0 o0
(29) [ tsarig)Pas = [ et o)Pat

oo 0

—+oo oo
(2.10) / (A, ) (s + 16)dd :/ e Aot (A, v)dt.
0

— 00

Proof. 1t is obvious that

+oo +oo . +oo .
[ Thetsaria= [T esriofa= 3 [ i s +iPas

— o0 §€Z7l 56Z7l -
=> / e~ G (E, 1) [2dt = / e~ o005, )|[dt,
eezn V0 0

that is, we obtain (2:9).
Similarly we prove (ZI0), taking into account that we can integrate an infinite
sum in the integration of two sides of the equality

(Aii,0)(s0 +6) = Y o (&)i(€, so + i6)D(E, 50 + i0).

cezrn

Lemma 3. Under assumption ([L3) we have
(2.11) (Au,u) > cllull?,, Yu € H2™(J™)
where ¢ is independent of u € H*™(J™).

Proof. From (L3) and the fact that o(0) = 1, it follows that there exists a number
¢ > 0 independent of ¢ such that o(&) > ¢(€)?™ & € Z™. The definition of A then

gives (ZII). O

Next we introduce some notation and definitions on wavelets.
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Definition 2. A multiresolution approximation (M.R.A.) of Ly(R"™) is, by defini-
tion, an increasing sequence Vj,j € Z, of closed linear subspaces of Ly(R™) with
the following properties:

..cVicWwwcWc..cV,C..;
Vi ={0}, UVi = La(R™);
JEL JEZ
for all f € Lo(R™) and all j € Z,
f(z) €V < f(22) € Vi,
for all f € Ly(R™) and k € Z™,
flx) eVp & flx—k) e V.

There exists a function, which is called a scaling function (S.F.) ¢(z) € Vp, such
that the sequence {¢p(x — k), k € Z™} is a Riesz basic of V.

An M.R.A. of Ly(R™) is said to be r-regular (r € N) if the function ¢ is r-regular,
that is, for each m € N there exists ¢, such that for all multi-indexes «, |a| < 7,
the following condition holds:

|D%G(x)] < em (14 [a])~™.
Let us denote
bjk(x) = 2M/2p(2x — k), k € Z".
Obviously
Vj =span{¢;i(z),k € Z"}.
The notation [u](z) stands for the periodization operator of a function u(zx), that
is, [u](x) = >, czn u(z + k). Denote

(@) = [ol(@) =27 Y (27 (2 + 1) — k).

lezn
Similarly let us define an M.R.A. of La(J™) as follows:

[Vj] = span{¢} (x), k € Z"},j > 0,
where Z" = 7" /2J7". Tt is easy to check that

Volc Vil C...C[Vh] C ..oy Uil = La(Tm).

Furthermore, if
(Pjks Dj1) = 0wty ki, L € Z7,
then o
(¢4, 9]) = On1, ky L € 2,
and dim[V;] = 2™,
For each j > 0, let P; : Ly(J™) — [V;] be the orthogonal projection of La(J™)
on [V;], which has the property
Theorem 1 ([14]). Let —r —1<s<r,—r<qg<r+1and s<gq. Then
(2.12) Ju— Pyulls < 2960 Ju]],

for allw € HI(J™), where ¢ is a constant independent of j and u.
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By denoting h =277 and V}, = [V}], we can write (ZIZ) as follows:

(2.13) l[u = Pjulls < ch®*|ullq-

3. CONVERGENCE ESTIMATES OF SOLUTIONS

Definition 3. A C'-mapping v in t, u : [0,00) — H?>™(J") satisfying

B (G = ntau) - [ ale=n)(Au).odr + bo)
(32) (u(m, O)a ’U) = (UO; ’U),V’U € LQ(jn)

is called a weak solution of problem (LI)-(L2).

Definition 4. A C'-mapping uy, in t, uy, : [0,00) — V}, satisfying

(3.3) (%, v) = —pu(Aup,v) — /0 a(t — 7)(Au(r),v)dT + (b, v),
(3.4) (up(z,0),v) = (uon,v), Vo € V4,

where ugp, := Rug is a linear approximation of ug in V4, is called a weak Galerkin-
wavelet solution of problem (IL1)-(T2).

The following theorem asserts the stability of the weak solution of problem (1.1)—

(1.2).

Theorem 2. Let u(x,t) € Lo(H?*™%) be a weak solution of problem ([LT))-(T2)
with b = 0. Assume, moreover, that there exists a number so > 0 such that

(3.5) u~+ Rea(so + 1) > 0,V6 € R.
Then
<

1
2 2
”u”LQ(HOvSO) = 77—80||U0|| :

Proof. In (3), choosing v = u, multiplying two sides with e=#7** and integrating
in t from 0 to +00 we obtain

Foo ou >
/ 67471'80t(_7 u)dt — M/ ef47i'sot(Au7 u)dt
o ot 0

_ /O h e_4m°t< /O alt — 1) du(r)dr, u)dt.

lu(.,)||?> and using integration by parts, the left side of

(3.6)

By means of (%—:,u) =14

B4) gives

—+o00 a 1 [e%e]
/ 674”0t(8—1;,u)dt = —§||u0||2 + 27rso/ 674”0t||u(.,t)||2dt.
0 0
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Using formulas (2.1)), (ZI0) and the fact that the left side is real, we have

00 00 t
- u/ e~ 4TSt ( Ay, u)dt —/ e47r50t</ a(t — 7)Au(T)dr, u> dt
0 0 0

+o0 +oo
— / (Ait, 1) (50 + i6)d5 — / a0 + i6) (At, 1) (s0 + i6)dS
(3.7) . e
= —/ (1 + a(so +146)) (A, w)(so + i6)dd

—0o0

=— / - (1 + Rea(so + i0)) (A, @) (so + i8)do.

—0o0

Therefore, if the condition (3.5]) is satisfied, then the right side of (B:f)) is nonposi-
tive, which implies

< 4 2 1 2
27rso/ eI (., £)|2dt < Sfuol®.
0

To estimate the Galerkin-wavelet solution, we need the following lemma.
Let us consider the equation

(3.8) Au(z) = f(=),
where A is the pseudodifferential operator introduced in Section 1.

Lemma 4. Let u be the weak solution of equation [B8) and up be the Galerkin-
wavelet solution of this equation, that is, (Aup,v) = (f,v),Yv € Vj,. Then if u €
HI(J™) (¢ > 2m), then

1@ —Tnllm < chT2"|[all,,
where ¢ is a constant independent of u and h.

Proof. The assumption gives (A(H —Up), v) = 0,Yv € V},. So it is easy to see that
Lemma [3 yields

(3.9)

[3VAL
< 3" o(&)1F (@ — 1) O] F (@ = v)(©)
[3VAL
<Y OPMF @ —un) (| F @ - v)(9)]
2
< ( S (2 F (- m)@)ﬁ) 2 ( S (2 Fm v><§>|2) 2
gezn ¢ezn

< "7 = T [T = V|,

Vv € Vj,, where ¢’ is a constant independent of u and h.
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We obtain thus ||& — up||m < ¢||@ — v||m, Vv € V},. Since v is arbitrary in V3, we
get ||t — upllm < ¢ in‘ﬁ |z — v||m. The desired estimate is followed immediately by
veVy

Theorem [ O

Corollary 1. Let w: [0,00) — Vj, be a Ct-mapping satisfying

Aw du ,
(3.10) <A—8tj ,v) < 55 > i=0,1
('9 U

for allv € Vi, with u, a weak solution of problem ([LI))-(2). If 55 € HUJ"™) (4=
0,1; g > 2m) uniformly in t € [0,00), then

& (u—w

oy O
(3.11) 2Oy < oo 2, o1,

where C' is a constant independent of u, h.

Remark 1. Under the assumption of Section 1, the condition (310) always holds,
because we have

d —(Aw,v) =

p (Au,v),v € V.

dt
Theorem 3. Let u(x,t) € Lo(H?50) be a solution of BI)-B2) and un(z,t) a

solution of BA)-BA). If B3 is satisfied and ZT e HY(J") (=0,1; ¢ > 2m)

uniformly in t € [0, 00), then
[lu — uh||2L2(Ho,s0) < C{ |lwo — uo,h||2+h2(‘1—2m) [||Uo||§

s [T e+ 15HEa |

Proof. With w defined by [B310), from @II), (33) it follows that for every v € V,
we obtain

(3.12)

O(u —w)

(H5 o) = —ptduo) = [ alt =) Aur), e + 00) - (G

o)
—u(Au,v) — /0 a(t — 7)(Au(r),v)dT + p(Aup,v)

t ou ow
+/0 a(t — 7)(Aun(r), v)dr + ( ath v) = (o)

a(t — 1) (A(uh —u)(7),v)dr + (W, v)
(A(

O(up — w)
—a )

= p(A(up — u),v) +/0
= (A —u)0)+ [

a(t — 7)(A(up, — w)(1),v)dr + (
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Choosing v = uj — w, multiplying two sides of the last equality with e=47%* and
integrating in ¢t from 0 to +o0, we get

OO — 8(’(1, — w)
drsot (Y\® — &) _
/0 ¢ ( o7 un w)dt
= u/ e o (Aup — w),up — w)dt + / e—4ws0t(w
’ 0

5 , Up — w)dt

n /OOO e—4msot /Ot a(t — 1) (A(up — w)(7), up — w)drdt
+oo
= / (1 + Rea(so + i0)) (A(up — w)(so + 16), (un — w) (s, + i6))dé

—00
[e.e] 8 _
+/ 6_4”0’5(7(% w),uh — w)dt.
0 ot
In view of (B:H) the first term in the last equality is nonnegative, and we thus have

(3.13) / emtmsot (D Z0) e g/ emtmsot (FUZ0) oy ay,

0 1d
By integrating by parts, and using the equality (8_1;’u) = §£||u||2, it is easy to
see that the left side of ([BI3) equals
1 oo
(3.14) —§||u0h —wol|® + 27rso/ e~ 4TSt |y, — w)||?dt,
0

where wy = w(x,0). In view of the Cauchy inequality and the inequality ab <

1
4—a2 +¢eb?,a,b > 0 for € = msg, the right side of (I3) is estimated by
€

1 oo a _ oo
(315) /0 et 2 2y 4 g, /0 e~ 1m0, — o2l

From B13), (3:14), B13) it follows that

T amsot 2 1 2
e lup — wl|"dt < [[won — wol|
0

271'80
(3.16) e 5t — w)
4 e 47rsot|| ||2dt.
47253 |, ot
Corollary (I) yields
(3.17) luon — w||* < 2|luon — uol* + 20/12(‘7*2’")||u0||37
(318) 67471'5015” a(u — w) ||2dt < Ch2(q72m) e—4msot ” %”26#
ot ot 1
0 0

By using again Corollary [l and the inequality (a + b)? < 2a% + 2b2, we get
(319) ||7.L - uh”%Q(HO’SO) S Ch2(¢]72m) ||u||i2(H0150) + 2||uh - w||%2(HO7SO).

The desired estimate in the theorem now follows from (ZI6), (B17), (3IX) and
B19). O
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