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CONVERGENCE ESTIMATES OF GALERKIN-WAVELET
SOLUTIONS TO A CAUCHY PROBLEM FOR A CLASS
OF PERIODIC PSEUDODIFFERENTIAL EQUATIONS

NGUYEN MINH CHUONG AND BUI KIEN CUONG

(Communicated by David R. Larson)

Abstract. A class of Cauchy problems for interesting complicated periodic
pseudodifferential equations is considered. By the Galerkin-wavelet method
and with weak solutions one can find sufficient conditions to establish conver-
gence estimates of weak Galerkin-wavelet solutions to a Cauchy problem for
this class of equations.

1. Introduction

The theory of pseudodifferential operators has been extremely intensively de-
veloping. This is so, not only because it is a very general theory including many
theories, especially because it is of great interest and difficulty, but also because
it is an extremely powerful tool for studying linear and nonlinear problems (see
[3], [5]–[7], [11], [12], [16], [19], [21], [22] and references therein). Wavelet theory
is growing very rapidly as well (see [1]–[4], [8]–[15], [17], [18], [20] and references
therein). Wavelet approximation methods, however, for even only pseudodifferen-
tial operators (not a Cauchy problem) are investigated in a very few works [2], [10],
[13], [14], [18].

In this paper we study approximately a Cauchy problem for a class of interesting
complicated pseudodifferential equations as follows:

∂u

∂t
= −µAu(x, t)−

∫ t

0

a(t− τ)Au(x, τ)dτ + b(x, t),(1.1)

u(x, 0) = u0(x)(1.2)

where x ∈ J n = Rn/Zn, µ > 0, A = σ(D) is a pseudodifferential operator, defined
by

σ(D)u(x) =
∑
ξ∈Zn

e2πixξσ(ξ)ũ(ξ), u ∈ C∞(Zn),

with symbol σ(ξ) belonging to S2m(Zn), i.e. σ ∈ C∞(Zn) satisfying

|∆ασ(ξ)| ≤ Cα(1 + |ξ|)2m−|α| for all ξ ∈ Zn and for all multi-indexes α,
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and ∆ is the difference operator, which is defined by ∆ := (τ1−1, τ2−1, ..., τn−1)T ,
where τjf(x) := f(x+ ej), ej = (δj,l)nl=1 is the jth coordinate vector.

Here it is assumed also that σ ∈ C∞(Rn\{0}) and σ(tξ) = t2mσ(ξ), t > 0, σ(0) =
1. Moreover

(1.3) σ(ξ) ≥ c
(
1 + |ξ|2

)m
, |ξ| ≥ R > 0.

The functions a(t), b(x, t) are given. Note that when µ = 0, under some assumptions
on a(t) the type of equation (1.1) may be changed.

To establish some convergence estimates for this complicated problem, in order to
overcome the difficulties, let us use the Galerkin-wavelet method and weak solutions
and approximative weak solutions, with the very effective tools: the Fourier and
Laplace transforms.

2. Notation and preliminaries

Let us recall here some usual notation, definitions and some basic facts.
For a function u(x) ∈ L2(J n), the discrete Fourier transform is defined by

F(u)(ξ) = ũ(ξ) :=
∫
Jn

e−2πixξu(x)dx =
∫

[0,1]n
e−2πixξu(x)dx, ξ ∈ Zn.

The discrete inverse Fourier transform is then u(x) :=
∑
ξ∈Zn

ũ(ξ)e2πixξ.

The Fourier transform of the function f ∈ L2(Rn) is

f̂(ξ) =
∫
Rn
e−2πixξf(x)dx, ξ ∈ Rn

with the inverse Fourier transform f(x) =
∫
Rn
e2πixξf̂(ξ)dξ, x ∈ Rn.

The Laplace transform of a function u(x) increasing less than an exponent is
L(u)(s) = ǔ(s) :=

∫∞
0
e−2πstu(t)dt, s ∈ C. Below will be listed some usual simple

properties of the Laplace transform,

(2.1) L(a ∗ u)(s) = L(a)(s).L(u)(s),

where

(a ∗ u)(t) =
∫ t

0

a(t− τ)u(τ)dτ,

L(u(k))(s) = −u(k−1)(0)− 2πsu(k−2)(0)− ...− (2πs)(k−1)u(0) + (2πs)kǔ(s),
(2.2)

∫ +∞

−∞
ǔ(s0 + iδ)v̌(s0 + iδ)dδ =

∫ +∞

0

e−4πs0tu(t)v(t)dt.(2.3)

We consider now the spaceHs(J n) (s ∈ R) of functions u ∈ D′(J n) (the L. Schwartz
space of distributions), such that 〈D〉su ∈ L2(J n) and the norm

(2.4) ‖u‖s = (
∑
ξ∈Zn

〈ξ〉2s|ũ(ξ)|2)1/2

is finite, where

(2.5) 〈ξ〉 =

{
1 if ξ = 0,
|ξ| if ξ 6= 0.
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The norm of u ∈ Hs(J n) is defined by (2.4).

Definition 1. Let L2(Hq,s0 ) (q ≥ 0, s0 > 0) be the space of all functions u(x, t), x ∈
J n, t ≥ 0, satisfying the following conditions: for each 0 ≤ α ≤ q,

i) u(x, t) ∈ Hα(J n) ∀t ∈ [0,+∞) .
ii) The following series converges:

(2.6)
∑
ξ∈Zn
〈ξ〉2α

∫ ∞
0

e−4πs0t|ũ(ξ, t)|2dt.

The norm of the function u ∈ L2(Hq,s0 ) is defined by

(2.7) ‖u‖L2(Hq,s0 ) =
( ∑
ξ∈Zn
〈ξ〉2q

∫ ∞
0

e−4πs0t|ũ(ξ, t)|2dt
)1/2

.

The following lemmas are needed in the sequel.

Lemma 1. If u ∈ L2(H0,s0), then

(2.8) L(ũ(ξ, .))(s) = F(ǔ(., s))(ξ).

Lemma 2. If u ∈ L2(Hq,s0), q ≥ 2m and v ∈ L2(H0,s0), then∫ +∞

−∞
‖v(., s0 + iδ)‖2dδ =

∫ ∞
0

e−4πs0t‖v(., t)‖2dt,(2.9) ∫ +∞

−∞
(Aǔ, v̌)(s0 + iδ)dδ =

∫ ∞
0

e−4πs0t(Au, v)dt.(2.10)

Proof. It is obvious that∫ +∞

−∞
‖v̌(., s0 + iδ)‖2dδ =

∫ +∞

−∞

∑
ξ∈Zn

|ˇ̃v(ξ, s0 + iδ)|2dδ =
∑
ξ∈Zn

∫ +∞

−∞
|ˇ̃v(ξ, s0 + iδ)|2dδ

=
∑
ξ∈Zn

∫ ∞
0

e−4πs0t|ṽ(ξ, t)|2dt =

∫ ∞
0

e−4πs0t‖ṽ(., t)‖2dt,

that is, we obtain (2.9).
Similarly we prove (2.10), taking into account that we can integrate an infinite

sum in the integration of two sides of the equality

(Aǔ, v̌)(s0 + iδ) =
∑
ξ∈Zn

σ(ξ)ˇ̃u(ξ, s0 + iδ)ˇ̃v(ξ, s0 + iδ).

�

Lemma 3. Under assumption (1.3) we have

(2.11) (Au, u) ≥ c‖u‖2m, ∀u ∈ H2m(J n)

where c is independent of u ∈ H2m(J n).

Proof. From (1.3) and the fact that σ(0) = 1, it follows that there exists a number
c > 0 independent of ξ such that σ(ξ) ≥ c〈ξ〉2m, ξ ∈ Zn. The definition of A then
gives (2.11). �

Next we introduce some notation and definitions on wavelets.
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Definition 2. A multiresolution approximation (M.R.A.) of L2(Rn) is, by defini-
tion, an increasing sequence Vj , j ∈ Z, of closed linear subspaces of L2(Rn) with
the following properties:

... ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ ... ⊂ Vn ⊂ ...;⋂
j∈Z

Vj = {0},
⋃
j∈Z

Vj = L2(Rn);

for all f ∈ L2(Rn) and all j ∈ Z,

f(x) ∈ Vj ⇔ f(2x) ∈ Vj+1;

for all f ∈ L2(Rn) and k ∈ Zn,

f(x) ∈ V0 ⇔ f(x− k) ∈ V0.

There exists a function, which is called a scaling function (S.F.) φ(x) ∈ V0, such
that the sequence {φ(x− k), k ∈ Zn} is a Riesz basic of V0.

An M.R.A. of L2(Rn) is said to be r-regular (r ∈ N) if the function φ is r-regular,
that is, for each m ∈ N there exists cm such that for all multi-indexes α, |α| ≤ r,
the following condition holds:

|Dαφ(x)| ≤ cm(1 + |x|)−m.
Let us denote

φjk(x) = 2nj/2φ(2jx− k), k ∈ Zn.
Obviously

Vj = span{φjk(x), k ∈ Zn}.
The notation [u](x) stands for the periodization operator of a function u(x), that

is, [u](x) =
∑
k∈Zn u(x+ k). Denote

φkj (x) := [φjk](x) = 2
nj
2

∑
l∈Zn

φ(2j(x+ l)− k).

Similarly let us define an M.R.A. of L2(J n) as follows:

[Vj ] := span{φkj (x), k ∈ Znj}, j ≥ 0,

where Znj = Zn/2jZn. It is easy to check that

[V0] ⊂ [V1] ⊂ ... ⊂ [Vn] ⊂ ...,
⋃
j≥0

[Vj ] = L2(J n).

Furthermore, if
(φjk , φjl) = δkl, k, l ∈ Zn,

then
(φjk, φ

j
l ) = δkl, k, l ∈ Znj ,

and dim[Vj ] = 2nj.
For each j ≥ 0, let Pj : L2(J n) → [Vj ] be the orthogonal projection of L2(J n)

on [Vj ], which has the property

Theorem 1 ([14]). Let −r − 1 ≤ s ≤ r,−r ≤ q ≤ r + 1 and s ≤ q. Then

(2.12) ‖u− Pju‖s ≤ c2j(s−q)‖u‖q
for all u ∈ Hq(J n), where c is a constant independent of j and u.
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By denoting h = 2−j and Vh = [Vj ], we can write (2.12) as follows:

(2.13) ‖u− Pju‖s ≤ chq−s‖u‖q.

3. Convergence estimates of solutions

Definition 3. A C1-mapping u in t, u : [0,∞)→ H2m(J n) satisfying

(
∂u

∂t
, v) = −µ(Au, v)−

∫ t

0

a(t− τ)(Au(τ), v)dτ + (b, v),(3.1)

(u(x, 0), v) = (u0, v), ∀v ∈ L2(J n)(3.2)

is called a weak solution of problem (1.1)-(1.2).

Definition 4. A C1-mapping uh in t, uh : [0,∞)→ Vh satisfying

(
∂uh
∂t

, v) = −µ(Auh, v)−
∫ t

0

a(t− τ)(Au(τ), v)dτ + (b, v),(3.3)

(uh(x, 0), v) = (u0h, v), ∀v ∈ Vh,(3.4)

where u0h := Ru0 is a linear approximation of u0 in Vh, is called a weak Galerkin-
wavelet solution of problem (1.1)-(1.2).

The following theorem asserts the stability of the weak solution of problem (1.1)−
(1.2).

Theorem 2. Let u(x, t) ∈ L2(H2m,s0) be a weak solution of problem (1.1)-(1.2)
with b = 0. Assume, moreover, that there exists a number s0 > 0 such that

(3.5) µ+Reǎ(s0 + iδ) ≥ 0, ∀δ ∈ R.

Then

‖u‖2L2(H0,s0 ) ≤
1

4πs0
‖u0‖2.

Proof. In (3.1), choosing v = u, multiplying two sides with e−4πs0t and integrating
in t from 0 to +∞ we obtain∫ +∞

0

e−4πs0t(
∂u

∂t
, u)dt =− µ

∫ ∞
0

e−4πs0t(Au, u)dt

−
∫ ∞

0

e−4πs0t

(∫ t

0

a(t− τ)Au(τ)dτ, u
)
dt.

(3.6)

By means of (∂u∂t , u) = 1
2
d
dt‖u(., t)‖2 and using integration by parts, the left side of

(3.6) gives∫ +∞

0

e−4πs0t(
∂u

∂t
, u)dt = −1

2
‖u0‖2 + 2πs0

∫ ∞
0

e−4πs0t‖u(., t)‖2dt.
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Using formulas (2.1), (2.10) and the fact that the left side is real, we have

− µ
∫ ∞

0

e−4πs0t(Au, u)dt−
∫ ∞

0

e−4πs0t

(∫ t

0

a(t− τ)Au(τ)dτ, u
)
dt

= −µ
∫ +∞

−∞
(Aǔ, ǔ)(s0 + iδ)dδ −

∫ +∞

−∞
ǎ(so + iδ)(Aǔ, ǔ)(s0 + iδ)dδ

= −
∫ +∞

−∞

(
µ+ ǎ(s0 + iδ)

)
(Aǔ, ǔ)(s0 + iδ)dδ

= −
∫ +∞

−∞

(
µ+Reǎ(s0 + iδ)

)
(Aǔ, ǔ)(s0 + iδ)dδ.

(3.7)

Therefore, if the condition (3.5) is satisfied, then the right side of (3.6) is nonposi-
tive, which implies

2πs0

∫ ∞
0

e−4πs0t‖u(., t)‖2dt ≤ 1
2
‖u0‖2.

�

To estimate the Galerkin-wavelet solution, we need the following lemma.
Let us consider the equation

(3.8) Au(x) = f(x),

where A is the pseudodifferential operator introduced in Section 1.

Lemma 4. Let u be the weak solution of equation (3.8) and uh be the Galerkin-
wavelet solution of this equation, that is, (Auh, v) = (f, v), ∀v ∈ Vh. Then if u ∈
Hq(J n) (q ≥ 2m), then

‖u− uh‖m ≤ chq−2m‖u‖q,

where c is a constant independent of u and h.

Proof. The assumption gives
(
A(u − uh), v

)
= 0, ∀v ∈ Vh. So it is easy to see that

Lemma 3 yields

c′‖u− uh‖2m ≤
(
A(u− uh), u− uh

)
=
(
A(u − uh), u− v

)
=
∑
ξ∈Zn

σ(ξ)F(u − uh)(ξ)F(u − v)(ξ)

≤
∑
ξ∈Zn

|σ(ξ)||F(u − uh)(ξ)||F(u − v)(ξ)|

≤ c′′
∑
ξ∈Zn
〈ξ〉2m|F(u− uh)(ξ)||F(u − v)(ξ)|

≤ c′′
( ∑
ξ∈Zn
〈ξ〉2m|F(u− uh)(ξ)|2

) 1
2
( ∑
ξ∈Zn
〈ξ〉2m|F(u− v)(ξ)|2

) 1
2

≤ c′′‖u− uh‖m‖u− v‖m,

(3.9)

∀v ∈ Vh, where c′′ is a constant independent of u and h.
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We obtain thus ‖u− uh‖m ≤ c‖u− v‖m, ∀v ∈ Vh. Since v is arbitrary in Vh, we
get ‖u− uh‖m ≤ c inf

v∈Vh
‖u− v‖m. The desired estimate is followed immediately by

Theorem 1. �

Corollary 1. Let w : [0,∞)→ Vh be a C1-mapping satisfying

(3.10)
(
A
∂jw

∂tj
, v

)
=
(
A
∂ju

∂tj
, v

)
, j = 0, 1

for all v ∈ Vh, with u, a weak solution of problem (1.1)-(1.2). If
∂ju

∂tj
∈ Hq(J n) (j =

0, 1; q ≥ 2m) uniformly in t ∈ [0,∞), then

(3.11) ‖∂
j(u − w)
∂tj

‖m ≤ Chq−2m‖∂
ju

∂tj
‖q, j = 0, 1,

where C is a constant independent of u, h.

Remark 1. Under the assumption of Section 1, the condition (3.10) always holds,
because we have

d

dt
(Aw, v) =

d

dt
(Au, v), v ∈ Vh.

Theorem 3. Let u(x, t) ∈ L2(Hq,s0) be a solution of (3.1)-(3.2) and uh(x, t) a

solution of (3.3)-(3.4). If (3.5) is satisfied and
∂ju

∂tj
∈ Hq(J n) (j = 0, 1; q ≥ 2m)

uniformly in t ∈ [0,∞), then

‖u− uh‖2L2(H0,s0 ) ≤ C
{
‖u0 − u0,h‖2+h2(q−2m)

[
‖uo‖2q

+
∫ ∞

0

e−4πs0t(‖u‖2q + ‖∂u
∂t
‖2q)dt

]}
.

(3.12)

Proof. With w defined by (3.10), from (3.1), (3.3) it follows that for every v ∈ Vh
we obtain

(∂(u− w)
∂t

, v
)

= −µ(Au, v)−
∫ t

0

a(t− τ)(Au(τ), v)dτ + (b, v)−
(∂w
∂t
, v
)

= −µ(Au, v)−
∫ t

0

a(t− τ)(Au(τ), v)dτ + µ(Auh, v)

+
∫ t

0

a(t− τ)(Auh(τ), v)dτ +
(∂uh
∂t

, v
)
−
(∂w
∂t
, v
)

= µ
(
A(uh − u), v) +

∫ t

0

a(t− τ)
(
A(uh − u)(τ), v)dτ +

(∂(uh − w)
∂t

, v
)

= µ
(
A(uh − w), v) +

∫ t

0

a(t− τ)
(
A(uh − w)(τ), v)dτ +

(∂(uh − w)
∂t

, v
)
.
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Choosing v = uh − w, multiplying two sides of the last equality with e−4πs0t and
integrating in t from 0 to +∞, we get∫ ∞

0

e−4πs0t
(∂(u− w)

∂t
, uh − w

)
dt

= µ

∫ ∞
0

e−4πs0t
(
A(uh − w), uh − w)dt +

∫ ∞
0

e−4πs0t
(∂(uh − w)

∂t
, uh − w

)
dt

+
∫ ∞

0

e−4πs0t

∫ t

0

a(t− τ)
(
A(uh − w)(τ), uh − w)dτdt

=
∫ +∞

−∞

(
µ+Reǎ(s0 + iδ)

)(
A(uh − w)̌(s0 + iδ), (uh − w)̌(so + iδ)

)
dδ

+
∫ ∞

0

e−4πs0t
(∂(uh − w)

∂t
, uh − w

)
dt.

In view of (3.5) the first term in the last equality is nonnegative, and we thus have

(3.13)
∫ ∞

0

e−4πs0t
(∂(uh − w)

∂t
, uh − w

)
dt ≤

∫ ∞
0

e−4πs0t
(∂(u− w)

∂t
, uh − w

)
dt.

By integrating by parts, and using the equality
(∂u
∂t
, u
)

=
1
2
d

dt
‖u‖2, it is easy to

see that the left side of (3.13) equals

(3.14) −1
2
‖u0h − w0‖2 + 2πs0

∫ ∞
0

e−4πs0t‖uh − w‖2dt,

where w0 = w(x, 0). In view of the Cauchy inequality and the inequality ab ≤
1
4ε
a2 + εb2, a, b ≥ 0 for ε = πs0, the right side of (3.13) is estimated by

(3.15)
1

4πs0

∫ ∞
0

e−4πs0t‖∂(u− w)
∂t

‖2dt+ πs0

∫ ∞
0

e−4πs0t‖uh − w‖2dt.

From (3.13), (3.14), (3.15) it follows that∫ ∞
0

e−4πs0t‖uh − w‖2dt ≤
1

2πs0
‖u0h − w0‖2

+
1

4π2s2
0

∫ ∞
0

e−4πs0t‖∂(u− w)
∂t

‖2dt.
(3.16)

Corollary (1) yields

‖u0h − w‖2 ≤ 2‖u0h − u0‖2 + 2Ch2(q−2m)‖u0‖2q,(3.17) ∫ ∞
0

e−4πs0t‖∂(u− w)
∂t

‖2dt ≤ Ch2(q−2m)

∫ ∞
0

e−4πs0t‖∂u
∂t
‖2qdt.(3.18)

By using again Corollary 1 and the inequality (a+ b)2 ≤ 2a2 + 2b2, we get

(3.19) ‖u− uh‖2L2(H0,s0 ) ≤ Ch2(q−2m)‖u‖2L2(H0,s0 ) + 2‖uh − w‖2L2(H0,s0 ).

The desired estimate in the theorem now follows from (3.16), (3.17), (3.18) and
(3.19). �
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[14] W. Dahmen, S. Prössdorf, R. Schneider, Wavelet approximation methods for pseudodiffiren-

tial equation I: Stability and convergence, Math. Zeist. Springer-Verlag, 215(1994), 583-620.
MR 95g:65148

[15] David L. Donoho, Nonlinear wavelet methods for recovery of signals, densities, and spectra
from indirect and noisy data, Proc. Sympos. Appl. Math. 47, AMS, Providence, RI, (1993).
MR 95k:62099

[16] Yu. V. Egorov, Nguyen Minh Chuong, On some semilinear boundary value problems for
singular integro-differential equations, Russian Math. Surveys, 53(1998), No 6, 1348-1349.
MR 2000j:35040

[17] Peter R. Massopust, Fractal functions, fractal surfaces, and wavelets, Academic Press, San
Diego, New York, Boston, London, Sydney, Tokyo, Toronto, 1994. MR 96b:28007

[18] Y. Meyer, Ondelettes et Opérators, I, II, Hermann, Paris, 1990, MR 93i:42002; MR 93i:42003
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