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A CHARACTERIZATION
OF AN ORDER IDEAL IN RIESZ SPACES

S. ALPAY, E. YU. EMEL’YANOV, AND Z. ERCAN

(Communicated by Joseph A. Ball)

Abstract. In this paper we give a characterization of order ideals in Riesz
spaces.

Recall that an ordered vector space E is a vector space with a partial order
satisfying

x ≤ y =⇒ αx+ z ≤ αy + z

for all z ∈ E and 0 ≤ α ∈ R. A partially ordered vector space E is called a Riesz
space if sup{x, y} exists for each x, y ∈ E. If E is a Riesz space, then for each x ∈ E
we write

x+ = sup{x, 0}, x− = sup{−x, 0} and |x| = sup{x,−x}.

Definition 1. A vector subspace F of a Riesz space E is said to be an order ideal
whenever |x| ≤ |y| and y ∈ F imply x ∈ F .

In the Nakano terminology an order ideal was called a semi-normal subspace. In
the Soviet literature it was called normal sublineal. Although the order ideal theory
plays a central role in Riesz spaces theory, to the best of our knowledge, there
is no characterization of order ideal in direct terms without use of inequalities.
For further details about order ideals we refer to [1], [2] and [3]. We present a
characterization of an order ideal as follows:

Theorem 2. Let F be a vector subspace of a Riesz space E. Then the following
conditions are equivalent:

i. |x+ y| − |y| ∈ F for each x ∈ F and y ∈ E.
ii. |x+ y| − |x− y| ∈ F for each x ∈ F and y ∈ E.
iii. F is an order ideal.

Proof. i =⇒ ii: Let x ∈ F and y ∈ E be given. Then clearly

|x+ y| − |x− y| = (|x+ y| − |y|)− (|x+ (−y)| − | − y|) ∈ F.
ii =⇒ iii: Let x ∈ F . Since

x+ =
1
2

(|x+ x+| − |x− x+|) ∈ F,
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F is a Riesz subspace. Let x ∈ E be given with |x| ∈ F . Then

x = (x+ − x−) =
1
2

(||x| + x| − ||x| − x|) ∈ F.

So, it is enough to show that x ∈ F whenever 0 ≤ x ≤ y for some y ∈ F . Let
x ∈ E, y ∈ F with 0 ≤ x ≤ y. Since |y + (−x)| − |y − (−x)| ∈ F we have

x = −1
2

(y − x− (y + x)) = −1
2

(|y + (−x)| − |y − (−x)|) ∈ F.

Hence F is an ideal.
iii=⇒ i: Let x ∈ F and y ∈ E. Then from the inequality

||x+ y| − |y|| ≤ |x|,
we immediately have |x+ y| − |y| ∈ F . �

As an application of the above theorem we can reprove that the algebraic sum
of two order ideals of a Riesz space is also an order ideal, as follows: Let E be a
Riesz space, and let I, J be order ideals of E. Then I + J is also an order ideal.
Let a ∈ I, b ∈ J and x ∈ E. Then

|(a+ b)− x| − |x| = |a+ (b− x)| − |b − x|+ |b− x| − |x| ∈ I + J.

So, from the previous theorem, I + J is an order ideal.

Remark. The theorem above motivates the following generalization of the notions
of Riesz subspace and order ideal: Let E be a Riesz space, and let X and Y be
vector subspaces of E. We call X an order ideal with respect to Y if

|x+ y| − |y| ∈ X for all x ∈ X, y ∈ Y.
Then X is a Riesz subspace of E if and only if it is an ideal with respect to {0},
and X is an order ideal if and only if it is an ideal with respect to E.
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