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CONSECUTIVE CANCELLATIONS IN BETTI NUMBERS

IRENA PEEVA

(Communicated by Michael Stillman)

Abstract. Let I be a homogeneous ideal in a polynomial ring over a field. By
Macaulay’s Theorem, there exists a lexicographic ideal L with the same Hilbert
function as I. We prove that the graded Betti numbers of I are obtained from
those of L by a sequence of consecutive cancellations.

Throughout the paper, S = k[x1, . . . , xn] is a polynomial ring over a field k, and
I is a homogeneous ideal in S.

First, we recall the definition of a lexicographic ideal. A monomial ideal M is
called lexicographic if for every j ∈ N the space Mj is spanned by the first dim(Mj)
monomials in the lexicographic order. By Macaulay’s Theorem [Ma], there exists a
lexicographic ideal L with the same Hilbert function as I. Throughout the paper
we denote this ideal by L. It was proved by Bigatti, Hulett, and Pardue that the
graded Betti numbers βi,j(S/L) are greater than or equal to the corresponding
graded Betti numbers βi,j(S/I) (all graded Betti numbers are taken over S).

The Hilbert function can be computed from the graded Betti numbers as follows
(cf. [Ei]):

∞∑
j=0

dimk(S/I)j tj =

∑∞
j=0

∑n
i=0 (−1)iβi,j(S/I) tj

(1− t)n

‖
∞∑
j=0

dimk(S/L)j tj =

∑∞
j=0

∑n
i=0 (−1)iβi,j(S/L) tj

(1− t)n .

These equalities imply that the graded Betti numbers βi,j(S/I) and βi,j(S/L) are
related, as described below.

Given a sequence of numbers {ci,j}, we obtain a new sequence by a cancellation
as follows: fix a j, and choose i and i′ so that one of the numbers is odd and the
other is even; then replace ci,j by ci,j − 1, and replace ci′,j by ci′,j − 1. We have
a consecutive cancellation when i′ = i + 1. If we need to be specific, we call it a
consecutive (i, j)-cancellation. The term “consecutive” is justified by the fact that
we consider cancellations in Betti numbers of consecutive homological degrees.
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The equalities above imply that the graded Betti numbers βi,j(S/I) are related
to the graded Betti numbers βi,j(S/L) by a sequence of cancellations. This was
observed and applied by Evans-Richert [ER], Geramita-Harima-Shin (several pa-
pers), and Richert [Ri] in order to study the possible Betti diagrams of ideals with
a fixed Hilbert function. We provide a more precise result:

Theorem 1.1. Let I be a graded ideal and L be the lexicographic ideal with the
same Hilbert function. The graded Betti numbers βi,j(S/I) can be obtained from
the graded Betti numbers βi,j(S/L) by a sequence of consecutive cancellations.

Proof. We can assume that the field k is infinite, since extending the ground field
is a faithfully flat functor.

Hartshorne [Ha] proved that the Hilbert scheme parametrizing all subschemes of
Pn−1 with a fixed Hilbert polynomial is connected. Modifications of his proof were
introduced and used by Pardue and Reeves. We will use Pardue’s proof [Pa] of
the fact that I and L are connected by a sequence of deformations of the following
three types:

(1) generic change of coordinates;
(2) deformation between an ideal and an initial ideal;
(3) polarization and then factoring out generic hyperplane sections; more pre-

cisely, applying σ′L defined in [Pa, Section 4].
Clearly, the graded Betti numbers are preserved under (1). It is well known, cf.

[Pa, Corollary 15], that (3) preserves the graded Betti numbers as well.
It remains to consider (2). Let T be a homogeneous ideal and T ′ be an initial

ideal. By [Ba], we can choose a vector w = (w1, . . . , wn) with strictly positive
integer coordinates, such that T ′ is the initial ideal of T with respect to the weight
order induced by the weight vector w; cf. [Ei, Theorem 15.16]. Let T̃ be the
homogenization of T in the polynomial ring S̃ = S[t]; here S̃ is graded by deg(xi) =
wi for 1 ≤ i ≤ n and deg(t) = 1. Then t and t− 1 are regular elements on S̃/T̃ ; cf.
[Ei, Theorem 15.17]. Denote by F̃ a graded minimal free resolution of S̃/T̃ over S̃.
Then F̃⊗ S̃/t is a minimal free resolution of S/T ′ = S̃/T̃ ⊗ S̃/t. Thus, the graded
Betti numbers of S/T ′ and S̃/T̃ coincide. On the other hand, F̃ ⊗ S̃/(t − 1) is a
non-minimal graded free resolution of S/T = S̃/T̃ ⊗ S̃/(t− 1). Therefore,

F̃⊗ S̃/(t− 1) ∼= F⊕G ,

where F is a minimal graded free resolution of S/T and G is a trivial complex; cf.
[Ei, Theorem 20.2]. The triviality of the complex G implies that the graded Betti
numbers of S/T are obtained from those of S̃/T̃ by consecutive cancellations. �

Remark. Consider a flat family over k[t] of quotients of S whose fiber over 0 is S/J
and whose fiber over α ∈ k \ 0 is S/J ′. The argument in the proof of Theorem 1.1
shows that the graded Betti numbers βi,j(S/J ′) can be obtained from the graded
Betti numbers βi,j(S/J) by a sequence of consecutive cancellations. We also remark
that Theorem 1.1 can be generalized and holds for modules.

It should be noted that there are many examples where the existence of possible
consecutive cancellations does not imply the existence of an ideal for which those
cancellations are realized.

In order to apply the theorem, we study when a consecutive cancellation in
βi,j(S/L) is possible. For a monomial m, we set max(m) = max{p |xp divides m}.
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Proposition 1.2. Let L be a lexicographic ideal. If a consecutive (i, j)-cancellation
in the sequence βi,j(S/L) is possible, then the following two conditions are satisfied:

(1) L has a minimal monomial generator m of degree j− i+ 1 with max(m) ≥ i.
(2) L has a minimal monomial generator m′ of degree j−i with max(m′) ≥ i+1.

Proof. The minimal free graded resolution of S/L is provided by a construction of
Eliahou and Kervaire [EK]. The resolution has basis
(1.3){

(m; t1, . . . , ti) |m ∈ G(L), 1 ≤ t1 < · · · < ti < max(m) natural numbers
}
,

where G(L) denotes the set of the canonical minimal monomial generators of L.
The element (m; t1, . . . , ti) has homological degree i + 1 and an internal degree
i+ deg(m).

Thus, the first condition is equivalent to βi,j(S/L) 6= 0, and the second condition
is equivalent to βi+1,j(S/L) 6= 0. �

Corollaries 1.4 and 1.5 below are two immediate applications of Theorem 1.1.
The next corollary is on classes of Hilbert functions, such that all ideals with a

fixed such Hilbert function have the same graded Betti numbers. An example of this
type was discovered by Richert [Ri, Example 3.1]; his example is just a concrete ideal
L satisfying Corollary 1.4. Other examples were obtained by Geramita, Harima,
and Shin [GHS1, GHS2].

Corollary 1.4. Let L be a lexicographic ideal. Suppose that L does not have two
minimal monomial generators in consecutive degrees. If J is a homogeneous ideal
with the same Hilbert function as L, then J has the same graded Betti numbers as
L.

Proof. By Proposition 1.2, it follows that no consecutive cancellation can be per-
formed on the sequence of the graded Betti numbers of S/L. Apply Theorem 1.1.

�

For some classes of ideals, we provide a lower bound on the total Betti numbers
in the spirit of the Buchsbaum-Eisenbud-Horrocks Conjecture.

Corollary 1.5. Let L be a lexicographic ideal. Suppose that L has a minimal
monomial generator m with max(m) = n and such that L has no minimal monomial
generators in degrees deg(m)− 1 and deg(m) + 1. Then

βp(S/J) ≥
(
n− 1
p− 1

)
for p ≥ 1,

for every homogeneous ideal J with the same Hilbert function as L.

Proof. Since L has no minimal monomial generators in degrees deg(m) − 1 and
deg(m) + 1, it follows from Proposition 1.2 that, for each i, no consecutive cancel-
lation can involve βi,i+deg(m)−1(S/L). By Theorem 1.1, it follows that

βi(S/J) ≥ βi,i+deg(m)−1(S/J) = βi,i+deg(m)−1(S/L).

Furthermore, since L has a minimal monomial generator m with max(m) = n,
we conclude that for each i we have the inequality βi,i+deg(m)−1(S/L) ≥

(
n−1
i−1

)
by

(1.3). �
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Example 1.6. Take

L =
(
x2

1, x1x2, x1x
3
3, x1x

2
3x4, x1x

2
3x5,

any monomial generators of degree ≥ 6 so that L is lexicographic
)
.

The monomial m = x1x
2
3x5 satisfies the condition in Corollary 1.4. Therefore,

for every homogeneous ideal J with the same Hilbert function as L we have that
βp(S/J) ≥

(
4
p−1

)
for p ≥ 1. In fact, one can derive a better bound using Theorem 1.1

as follows.
Set W =

(
x2

1, x1x2, x1x
3
3, x1x

2
3x4, x1x

2
3x5

)
. The Betti diagram of S/W is the

following:
total: 1 5 10 10 5 1

0 : 1 − − − − −
1 : − 2 1 − − −
2 : − − − − − −
3 : − 3 9 10 5 1

No consecutive cancellations are possible. So by Theorem 1.1 it follows that for
every homogeneous ideal J with the same Hilbert function as L we have that
βp(S/J) ≥

(
5
p

)
for p ≥ 0. �

Example 1.7. Consider the ideal I = (xan, P ) , such that
(1) P is a set of homogeneous polynomials;
(2) xa−2+q

n is a basis for the space (S/P )a−2+q for q = 0, 1.
We have that βp(S/I) ≥

(
n−1
p−1

)
for p ≥ 1.

Proof. We will show that Corollary 1.5 can be applied to the lexicographic ideal L
with the same Hilbert function as I. Since xa−2

n is a basis for (S/P )a−2, it follows
that it is a basis for (S/L)a−2 as well. Similarly, xa−1

n is a basis for (S/L)a−1.
Therefore, L has no minimal monomial generator in degree a − 1. Furthermore,
xan is a minimal monomial generator of L in degree a. Clearly, L has no minimal
monomial generators in degree a+ 1. So Corollary 1.5 can be applied. �
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