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ABSTRACT. For a locally compact group G and 1 < p < o0, let A,(G) be the
Figa-Talamanca-Herz algebra and let PM,(G) be its dual Banach space. For
a Banach Ap(G)-module X of PMp(G), we denote the norm closure of the
subspace of the elements in X* with compact support by A, x (G). We prove
that an element u of X* is in A, x (G) if and only if for any e > 0, there exists
a compact subset K of G such that |(u, f)| < € for all f € X with ||f|| <1
and supp (f) C G ~ K. In particular, we have that an element b of Wy(G)
is in Ap(G) if and only if for any € > 0, there exists a compact subset K of
G such that |(u, f)| < € for all f € L} (G ~ K) with | f|| < 1. If Ap x(G)
has an orthogonal complement A} +(G) in X*, we characterize A7 x(G) by
the following condition: v € X* 1s in AS X(G) if and only if for any e>0
and any compact subset K of G, there ex1sts some f € X with [|f|| <1 and
supp (f) € G ~ K such that |(u, f)| > ||u|| — €. Some results of Flory (1971)
and Miao (1999) can be obtained from our main theorems by taking p = 2 and
X as some C*-subalgebras of PM,(G).

1. INTRODUCTION AND PRELIMINARIES

For any locally compact group G equipped with a fixed left Haar measure A,
let LP(G), 1 < p < o0, be the usual Lebesgue spaces on G with norm || - ||,. If
1< p< oo and % + % =1, let A,(G) be the Figa-Talamanca-Herz algebra, i.e., the
space of continuous functions u that can be represented as

w=Y" fixg with f; € LY(G),g; € LP(G), and Y _ | fillgllgill, < oo,

n=1 n=1

where § € LP(G) is defined by g(z) = g(z™!), z € G. The norm of u is defined by

(o]
ulla, ) = inf > [l fillgllgill,
n=1
where the infimum is taken over all the representations of u above. It is known that
Ap(G) is a subspace of Cy(G) and, equipped with the norm |- || 4, (c) above and the
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3672 TIANXUAN MIAO

pointwise multiplication, is a regular Tauberian algebra whose Gelfand spectrum is
G. Furthermore, the algebra A, (G) has a bounded approximate identity if and only
if the group G is amenable (see Herz [§], Theorem 6). For p = 2, A,(G) = A(G),
the Fourier algebra of G (see Eymard []).

Each element f of L'(G) defines a bounded functional on A,(G) by

(fsu) Z/G f(z)u(x) dx.

It follows that L'(G) can be considered as a subspace of A,(G)*. By definition,
PF,(G) and PM,(G) are the closures of L!(G) in A,(G)* with respect to the norm
and weak* topologies of A,(G)*. Asin Herz [8], PM,(G) is the smallest ultraweakly
closed subspace of CONV,,(G) containing the left translations, where CONV,(G) is
the subspace of the bounded linear operators on LP(G) that commute with the right
translations. Then the dual of A,(G) is PM,(G), and PF,(G)* is a Banach algebra
such that A,(G) is dense in the associated w*-topology. We denote PF,(G)* by
Wp(G) as in [12]. For the properties of PM,(G) and PF,(G), see Pier [12]. Let
C*(G) be the group C*-algebra. Then its dual space is the Fourier-Stieltjes algebra
B(G). If p = 2, W,(G) is a closed subalgebra of B(G), PFy(G) = C;(G) is
the reduced group C*-algebra and PM,(G) = VN(G) is the group von Neumann
algebra.

It is from the general theory of group representations that the Fourier-Stieltjes
algebra B(G) has a Lebesgue-type decomposition B(G) = A(G) @ B*(G) as a
direct sum of A(G) and a subspace B*(G) of B(G) (see Arsac [2]). A Lebesgue-
type description of A(G) and B*(G) was given by Flory [5] and [6] for amenable
G. In Miao [I0], analogous characterizations of A(G) and B*(G) were established
by viewing B(G) as the dual of C*(G), the group C*-algebra. Kaniuth, Lau and
Schlichting [9] generalized these results to a general representation of G. Similar
problems such as when an element v € B(G) is in A(G) are also considered by
Akemann and Walter [I] and Granirer [7].

Let X be a Banach A,(G)-module of PM,(G) (see the definition below). The
main purpose of this paper is to give the same descriptions for the norm closed
subspace A, x(G) containing all elements in X* with compact support and its
orthogonal complement A7 +(G) in X* if there is any. This generalizes the main
results in Miao [10] to an arbitrary p. If we take p = 2 and X = C§(G), the
C*-subalgebras of the group von Neumann algebra VN (G) generated by the point
measures 0;, ¢ € G, then Flory’s theorem in [5] can be derived from our main
theorems.

For a Banach space X, let X* be the conjugate Banach space of X. For x € X
and f € X*, the value of f at z, f(x), is sometimes denoted by (f,z) or (z, f)
in duality. For a subset E of G, let 1g denote the characteristic function of F.
If w is a function on G, the support of G in the usual sense, i.e., the closure of
{z € G : u(x) # 0} is denoted by suppg u.

For a € A,(G) and f € PMy(G), then af € PM,(G) is defined by (af,u) =
(f,au) for u € Ap(G). We call a closed subspace X of PM,(G) a Banach A,(G)-
module if af € X for a € Ay(G) and f € X. Similarly, we can define a Banach
A(G)-module of B(G)*.
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The following definition is due to Herz [g].

Definition 1.1. Let f € PM,(G) (B(G)*, respectively). The support of f is
the subset supp (f) of G defined by = ¢ supp(f) if and only if there exists a
neighborhood U of z in G such that (u, f) = 0 for all u € A,(G) (A(G), respectively)
with suppgu C U.

Remarks 1.2. (a) As in Herz [8] (page 101), for any f in PM,(G) or B(G)*, we
have that supp f is the smallest closed subset £ C G such that f1Jg, where Jg
is the set of u € A,(G) whose support suppg u is compact and disjoint from E by
the existence of suitable partitions of unity (see Eymard [4], page 222).

(b) Let f € PM,(G) and u € A,(G) (f € B(G)* and u € A(G), respectively). If
suppe u, denoted by K, is compact and supp f C G ~ K, then (uf,a) = (f,ua) =0
for all a € A,(G) (B(G), respectively) since suppe ua is compact and disjoint from
supp f. Thus, uf =0 as an element of PM,(G) (B(G)*, respectively).

(c) If f € B(G)* such that f =0 on A(G), then supp f = 0.

The following proposition is about the relation between the “support” of a func-
tion f in L*(G) and supp f defined above if f is considered as either in PM,(G)
or B(G)*.

Proposition 1.3. Let E be a closed subset of G and f € L*(G). Then f(x) =0 a.e.
on G ~ E if and only if supp f C E, where f is considered either as an element of
PM,(G) or B(G)*.

Proof. This follows from the regularity of A,(G). O

Definition 1.4. Let X be a Banach A,(G)-module of PM,(G) (A(G)-module of
B(G)*, respectively). We say that the support of an element u € X* is contained
in a compact subset K of G if (u, f) = 0 for all f € X with supp(f) C G ~ K.
In this case, we denote suppu C K. Let Ay, x(G) denote the closed subspace of
X* generated by all elements in X* whose supports are contained in some compact
subset.

Remarks 1.5. (a). Let v € Ap(G) and suppcu C K for some compact subset K
of G. If ux denotes the restriction of w onto X, then suppux C K by definition.
Hence, A,(G) C A, x(G); that is, the restriction of an element in A,(G) to X
belongs to A, x (G). Furthermore, if w € X*, then uw € X* is defined by (uw, f) =
(wyuf) for f € X and supp (uvw) C K. In fact, if f € X with supp(f) C G ~ K,
then uf = 0 as an element of X (see Remarks 1.2 (b)). Thus, (vw, f) = (w,uf) = 0.

(b). Let X = PF,(G). Then X* = W,(G) and A4,(G) C A, x(G) as above.
Conversely, let u € A, x(G) and suppu C K for some compact subset K of G.
Then suppgu C K. In fact, for every compact subset E of G ~ K, we have
1g € LY(G). By Proposition 1.3, supplp C E C G ~ K. Hence (u, 1g) = 0. Since
FE is an arbitrary compact subset of G ~ K and u is continuous, we have © = 0 on
G ~ K. Hence suppgu C K and u € A,(G). Therefore, A,(G) = A, x(G).

(c). Let X be the A(G)-module of B(G)* consisting of all f € B(G)* such that
f=0on A(G). Then it is clear that Ay x(G) = {0}.

2. MAIN RESULTS

The motivation of the following theorem is from the main results in Miao [10]
where the case of p = 2 and X = C(G) or C*(G) are considered. The technique
of the proof is also an improvement of the proof for the main theorem in Miao [I0].
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Theorem 2.1. Let X be a Banach A,(G)-module of PM,(G) (A(G)-module of
B(GQ)*, respectively) and uw € X*. Then u € A, x(G) if and only if for any € > 0,
there exists a compact subset K of G such that |(u, f)| < € for oall f € X with
Il <1 and supp (f) C G ~ K (condition (4)).

Proof. We prove the theorem for the case of an A,(G)-module of PM,(G) only.
The proof for the other case is simply a modification of this proof. Let u € 4, x (G)
and € > 0. Then there exists a v € X* such that ||u — v|| < € and suppv C K for
some compact subset K of G. For any f € X with ||f|| < 1 and supp (f) C G ~ K,
we have (v, f) = 0. Hence,

[(u, )| = [(u—v, /)] < Jlu—2v] <e.

Conversely, let u € X* satisfy the condition (A) and € > 0. We assume that
[lu|| = 1 without loss of generality. If u ¢ A, x(G), then it follows from the Hahn-
Banach theorem that there exists F' € X** such that |[F|| =1, (F,u) =7 > 0 and
(F,a) = 0 for all a € Ay x(G). By applying the Goldstine theorem, we obtain a
net f, in X such that ||f,]| <1 and f, — F in the o(X**, X*)-topology. Hence

<fouu> - <F7U'> =1

We assume that (fq,u) is real and that (f,,u) > n — € for all o without loss of
generality. Let K be a compact subset of G satisfying the condition (A). We can
choose an open subset U of G such that K C U, and the closure of U is compact
since G is a locally compact group. Then there is an ax € A,(G) such that ax =1
on U and suppg (ax) is compact (see Pier [12]). Since X is a Banach A,(G)-
module and ax € A,(G), we have ax fo € X for all a. For every w € X*, since
agw € A, x(G) by Remarks 1.5 (a), we have

(ar fo,w) = (fa,axw) — (F,agw) = 0.

Thus, ax fo — 0 weakly in X. Then there exist positive numbers (1, B2, ..., On
and aq, ag,...,a, such that >0 B; =1 and || Y., Biak fa,|| < €. Let

= Bifai—ax Y Bifo
=1 =1

Then f satisfies the following conditions:
(1) [[FI < T+e
(ii) [(f,u)| > n — 2e since (31", Bifa,,u) >n — € by assumption and

()l >n—e—[(u, Y Biax fa)l =1 —e—Jul | Y Biax fa,

i=1 i=1

(iii) supp (f) is contained in G ~ K. In fact, let ¢ G ~ K. Then © € U. For
any a € Ap(G) with suppg a C U, since aax = a, we have

)

<Cl,f> = <aa2ﬁifoc,: - aKZﬁifa,¢> =0.
i=1 i=1

Hence = ¢ supp f. Thus, |(f,u)| = |<ﬁ,u)| IfIl < e(1 +¢€) by (A) and (i). Tt
follows from (ii) that n < 2¢ + €(1 + €). Since € is arbitrary, n = 0. This is a
contradiction. O
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Remark 2.2. Let Y be a norm dense subspace of X such that af € Y for a € A,(G)
and f € Y. It is obvious from the proof of the theorem that the condition “for all
f € X7 can be replaced by “for all f € Y.

Theorem 2.3. Let u € W,(G). Then u € Ay,(G) if and only if for any € > 0, there
exists a compact subset K of G such that |(u, f)| < € for all f € L}(G ~ K) with
171l <1 (condition (A*)).

Proof. Let X = PF,(G) in Theorem 2.1. Then X* = W,(G) and A4, x(G) =
Ap(G) (see Remarks 1.5 (b)). The necessary condition of this theorem is proved in
Proposition 6.1 of Miao [10].

Conversely, let u satisfy (A*). For any € > 0, there exists a compact subset K
of G such that |(u, f)| < € for all f € L'(G ~ K) with ||f|| < 1. Since G is locally
compact, there is an open subset U of G such that KX C U and its closure U is
compact. For any f € LY(G) with supp f C G ~ U and || f]| < 1, it follows from
Proposition 1.3 that f = 0 a.e. on U. Thus, f € L'(G ~ K). Hence |{u, f)| < € by
(A*). If we apply Theorem 2.1 (see Remark 2.2), we have u € A,(G). O

Remark 2.4. If G is amenable, then W, (G) is the multiplier algebra of A,(G) as in
Miao [I0]. Our Theorem 2.3 generalizes Corollary 6.2 in Miao [10]. When p = 2,
we have that W, (G) = B,(G), the dual space of the reduced C*-algebra C(G).
We obtain the characterization of A(G) within B,(G) as in Miao [10].

Theorem 2.5. Let X be a Banach Ap(G)-module of PMy(G) (A(G)-module of
B(G)*, respectively). If Ap x(G) has an orthogonal complement A3 +(G) in X*
and u € X*, then u is an element of A;X(G) if and only if for any € > 0 and any
compact subset K of G, there exists some f € X with || f]| <1 and supp (f) C G ~
K such that [{u, f)| > ||u|| — € (condition (AA)).

Proof. Again, we prove the case of an A,(G)-module of PM,(G) only. Suppose
that v € X* satisfies (AA). Then u = uc + us with ||u|| = |Juc|l + |lus| for
some u. € Ay x(G) and us € A7 +(G) by assumption. For any € > 0, there exists a
compact subset K of G such that |(u., f)| < e for any f € X with supp (f) C G ~ K
by Theorem 2.1. There exists an f € X with || f|| <1 and supp (f) C G ~ K such
that |[(u, f)| > |lu|]| — € by applying (AA). Hence,

sl = [(us, £) = [(u = ue, /)l = [{u, ) = (ue, )] = [Jull — 2e.
Since [[ul| = [[uc|| + |lus|| and € is arbitrary, [|uc|| = 0. So u = is in A7 «(G).
Conversely, let u € A5 (G) and [luf| = 1. Then u ¢ Ay x(G). For any € > 0 and
compact subset K of G, by following the proof of Theorem 2.1 with n = 1, we have
an f € X with || f|| < 1+ € such that supp (f) C G ~ K and |{f,u)| > 1 —2¢, which
are (i), (ii) and (iii) in the proof of Theorem 2.1. Hence, (AA) is satisfied. O

Remark 2.6. Again as in Remark 2.2, if Y is a norm dense subspace of X such that
af €Y for a € A,(G) and f € Y, then the condition “there exists some f € X”
in the theorem can be replaced by “there exists some f € Y. We do not know if
A, (G) has an orthogonal complement in W, (G) or not.

3. THE CASE OF p =2

We assume p = 2. The Fourier-Stieltjes algebra B(G) is the dual Banach space
of the group C*-algebra C*(G), and C*(G) is a Banach A(G)-module of B(G)*.
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In this section we will apply our main theorems from section 2 to obtain and to
generalize some of the early results in Flory [5] and Miao [I0]. As in Miao [10],
there is a subspace B*(G) of B(G) such that B(G) = A(G) @ B*(G) as a direct
sum of A(G) and B*(G). If we take X = C*(G) in Theorem 2.1 and Theorem 2.5
together with Proposition 1.3, Remark 2.2 and Remark 2.6, we obtain the following
theorem in Miao [10].

Theorem 3.1 (Miao). Let uw € B(G). Then

(i) uw € A(G) if and only if for any € > 0, there exists a compact subset K of G
such that |(u, f)| < € for all f € LY(G ~ K) with ||f|| < 1;

(ii) w € B*(G) if and only if for any € > 0 and compact subset K of G, there
exists f € LY(G ~ K) with ||f|| <1 such that |{u, f)| > |Ju|| — €.

Let X = Cj(G) be the C*-algebra generated by the point measures 6, in VN(G)
for x € G. Then Cj(G) is a Banach A(G)-module of VN(G), and C5(G)* is a
closed subspace of B(G4), where G4 is the group G equipped with the discrete
topology. We denote the closed subalgebra of C;(G)* generated by the elements
with compact support in the normal sense by Aj¢(G). Then As;.(G) is a closed
subspace of B(G4). Note that As .(G) is also two-sided translation invariant under
the action of G. Hence, by Théoréme 3.18 in Arsac [2], there is a subspace As s(G)
of C5(G)* such that

C3(G)" = As5..(G) @ As 5(G).

In the following, we show that the support of an element either in C3(G) or in
C3(G)* defined in section 1 and the support of the element in the usual sense are
the same.

Proposition 3.2. (i) If f = Y., a;0,, € VN(G) for nonzero ai,as,...,ay
and x1,%a,...,x, i G, then supp f = {x1,x2,...,2,}, where supp f is defined in
Definition 1.1.

(i) As,0(G) = A2 x(G), where X = C3(G) and Az x(G) is as in Definition 1.4.

Proof. (i) This follows from the regularity of 4,(G).

(i) Let u € As,.(G). Suppose the support of u is contained in a compact subset
K,ie., u(x) =0if z ¢ K. Take an open set U such that K C U and its closure U
is compact. Extend u to an element, denoted by u*, of VN(G)*. By the Goldstine
theorem, there is a net {a,} is A(G) such that a, — u* in the o(VN(G)*,VN(G))
topology. Take a € A(G) with a =1 on K and a =0 on G ~ U (see Eymard [4],
Lemme 3.2). For every f € C;(G) with supp f C G ~ U, since au = u, we have

(f,aa0) = (af,aa) — (af,u") = (af,u) = (f, u).
On the other hand, since suppg (aaq) C U, we have (f,aaq) = 0 for all o (see
Remarks 1.2). So (f,u) = 0. Therefore suppu C U. Thus, u € As x(G) and
As o(G) C Az x(G). Conversely, let u € Ay x(G) and suppu C K for some compact
subset K of G. For every x € G ~ K, we have ¢,, € X and suppd, = {z} C G~ K
by (i). So (dz,u) = u(z) = 0 by definition. Hence suppg C K and u € A;(G).
Therefore, As5.(G) = A2, x(G). O

If we apply Theorem 2.1, Theorem 2.5 and Proposition 3.2 with X = C5(G) and
the norm dense subspace of X consisting of all linear combinations of §, (z € G),
we have the following result.
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Theorem 3.3. Let u € C5(G)*. Then

(i) u € As5,.(G) if and only if for any € > 0, there exists a compact subset K of
G such that |(u, f)| < € for all f € (1(G ~ K) with finite support and || f|| < 1, i.e.,
condition (A).

(i) u € As5,5(GQ) if and only if for any € > 0 and compact subset K of G there
exists an f € (*(G ~ K) with finite support and || f|| < 1 such that |{u, f)| > ||ul|—¢,
i.e., condition (AN).

Question. Let C(G) be the space of bounded continuous functions on G. Is it
true that As .(G) N C(G) = A(G)?

Let M A(G) be the space of pointwise multipliers of A(G) equipped with the
multiplier norm ||u(|as = sup {||Juv|| ae) : v € A(G), ||v||ae) < 1}, i.e., the space of
all continuous functions u on G such that the pointwise multiplication uwv € A(G)
for every v € A(G) and in this way u : A(G) — A(G) is a bounded operator on
A(G). Tt is obvious that A(G) € MA(G) and |Julla < |lullaq) if w € A(G) (see
De Canniere and Haagerup [3] and Miao [L1]).

Lemma 3.4. For every ¢ € MA(G), the pointwise multiplication ¢u for u €
C3(G)* defines a multiplier from C5(G)* to C;(G)*. Furthermore, the multiplier
norm || - s on A(G) and the multiplier norm || - ||cz(a) on C5(G)* are the same.

Proof. For every u € C3(G)*, let & be an extension of u onto VN (G) with ||@]| =
lu||. By Goldstine’s theorem, there exists a net a, in A(G) such that [jas|| < |lu|
and a, — @ in the o(VN(G)*, VN(G)) topology. Hence we have ¢a, — o¢u
in the o(VN(G)*,VN(G)) topology since ¢V N(G) C VN(G). Thus, for every
f € C;(G), we have

(Paa, f) = (ou, [),
which implies that ¢u € C5(G)* and

[full < lpaall < lI¢llallac] < ¢l arllul-

Hence [|§] oz (a) < ||@lla- 1t is obvious that [[¢][ar < [[¢llc;(q) since, for any element
in A(G), the two norms on A(G) and on C§(G) are the same. O

We say that G is weakly amenable if there is a bounded net {uq} in A(G) with
respect to the multiplier norm such that ||uqaa —all 4(q) — 0 for every a € A(G). If
G is amenable, then G is weakly amenable. The free group F, on two generators is
weakly amenable but not amenable (see De Canniere and Haagerup [3] and Miao

[TT]).
Theorem 3.5. Let G be weakly amenable. Then As .(G) N C(G) = A(G).

Proof. Tt is trivial that A(G) C As.(G) N C(G). Let u € A5.(G) N C(G). Then
u € B(G) (see Eymard []). Let {an} be a net in A(G) and C' > 0 be such that
llaallar < C for all a and |laqa — allag) — 0 for all a € A(G). For any e > 0,
there exists a ug € As(G) such that suppgux = K is compact and ||jux —u| < e.
Choose vg € A(G) such that vxg =1 on K. Thus,

laaur —uk| = [[(@avr —vi)ukl < llaavi — vi||lur| — 0
since v € A(G). Hence, we have

laau—ull < [lagu—aaux||+/laaurx —ur|+|lux —ul < Cetllaavi vl [luxl/+e,
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where |laqu — agur| < |laall lu — uk| < Ce by Lemma 3.4. Choose a such
that |laavkx — vk | < €. Hence ||aqu — u|| < Ce + €(||lu]| + €) + ¢, where |Juk| <
lur — ul| + Jull < €+ ||ul]. Since aqu € A(G) and € is arbitrary, u € A(G). O

It is clear that if As.(G) N C(G) = A(G), then A;55(G) N C(G) = B*(G). We

obtain the following result immediately from Theorem 3.3 and Theorem 3.5.

Corollary 3.6. Let G be weakly amenable and let uw € B(G). Then

(i) u € A(Q) if and only if for any € > 0, there exists a compact subset K of G
such that |(u, )| < € for all f € {*(G ~ K) with finite support and | f|| < 1, i.e.,
condition (A).

(ii) u € B*(Q) if and only if for any e > 0 and compact subset K of G there exists
an f € (1(G ~ K) with finite support and || f|| < 1 such that |(u, f)| > ||ul| —¢, i.e.,
condition (AN).

Remark. This generalizes Flory’s theorem in [5] and [6] (see Pier [12], page 210).
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