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ABSTRACT. In this paper we show two results concerning sampling translation-
invariant subspaces of L2(R%) on unions of lattices. The first result shows that
the sampling transform on a union of lattices is a constant times an isometry if
and only if the sampling transform on each individual lattice is so. The second
result demonstrates that the sampling transforms of two unions of lattices on
two bands have orthogonal ranges if and only if, correspondingly, the sampling
transforms of each pair of lattices have orthogonal ranges. We then consider
sampling on shifted lattices.

1. INTRODUCTION

In this note we consider sampling translation-invariant subspaces on unions of
lattices in L?(R%). The translation-invariant subspaces have the form

Vi == {f € L*(RY) : supp(f) C E}
where F is a band, i.e. a measurable subset of finite measure. We normalize the
Fourier transform so that for f € L*(R%) N L2(R?),

f) = [ flaje =,

Define, for any y € RY, the translation operator T, f(z) = f(z — y). Note that
T,Vg = Vg for all y and all E. Since Vg is a reproducing kernel Hilbert space, we
have that, via the inverse Fourier transform,

(1) fy) = f, Tyver),

where 15 = yg, the indicator function of the set E. Let {41,..., A,} bed x d
invertible (real) matrices. Define the sampling transform of the samples A :=
{Ajz+Bj:j=1,...,n; 2 € Z} by

O4:Ve—EPPrP@Y): f— (f(Aiz+B), ..., f(Anz + Bn))

j=1
provided © 4 is bounded. A straightforward computation (see [I]) shows that © 4
is bounded if and only if for each j =1,...,n,

-1 d
D xe(A7H(E+ k) € Lo(TY),
kezd
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We say the samples {A;z + 3; : j = 1,...,n; z € Z¢} form a set of sampling for
the band £ if ©4 : Vg — @?:1 12(Z4) as defined above is bounded above and
below. The samples {A;z+3; :j=1,...,n; z € 7%} on the band E are tight if
|©afl|? = K| f||* for all f € V. The samples are an exact set of sampling for the
band E if the range of © 4 is all of @, I*(Z%).

If we oversample the space Vg, then the range of the sampling transform © 4
will have a nontrivial orthogonal complement in (?(Z4) @ --- @ [2(Z%). In several
applications, one wishes to know the range of the sampling transform. For example,
this information is useful for denoising applications (see [3]). Additionally, for
multiple-access communications, one also wishes to know the range of the sampling
transform (see [I]). We address this in Theorems 2, 3 and 4, by characterizing when
two sampling transforms have orthogonal ranges.

Definition 1. Suppose E and F are bands in R?. Let Ay,..., A, and By, ..., B, be
invertible d x d matrices, and let {$31,...,Bn,71,--., o} C R%. Let A := {A;2+0; :
z€Z% j=1,...,n} and B:={Bjz+;: 2 € Z% j=1,...,n} be such that the
sampling transforms © 4 and ©p are bounded on F and F, respectively. We say
the samples A and B are orthogonal on F and F' if © 4V is orthogonal to © gV
in @, I(2%); equivalently ©50 4 = 0.

We will use the following notation. If C' is an invertible matrix, denote C’ =
C*~!, where C* is the (conjugate) transpose. If f, g € L?(R?), define the C bracket
product to be

[f, 9] = Y f(E+Cm)g(€+Cm).
meZd
Let TI% denote the unit cube [0, 1] C R%. Finally, define

D ={feL*R?Y: feL>®R? and is compactly supported};
clearly D is a dense subspace of L?(R?).

2. UNSHIFTED LATTICES

We set out to prove the following two theorems, the main results of the paper,
which relate the behavior of sampling on a union of (unshifted) lattices to the
behavior of sampling on individual lattices.

Theorem 1. Let E be a band in R%, Ay, ..., A, be dxd matrices, and suppose that
the sampling transform © 4 is bounded on V. The samples {Ajz :j=1,...,n; Z}
are tight on E with constant K if and only if for each j the samples {A;z : z € Z%}
are tight on E, with constant K;. In this case, we have K; = |det A;|™! and
K = Z;.l:l K;.

Theorem 2. Let E and F be bands in R%, Ay,..., A, and Bi,...,B, be d x
d invertible matrices, and suppose that © 4 and Op are bounded on Vg and Vg,
respectively. The samples {Ajz:j=1,...,n;2 € Z%} and {Bjz:j=1,...,n;z €
7%} are orthogonal on the bands E and F if and only if for j=1,...,r,
(2) > xe(A5(E+D) - Y xr(Bj(E+q) =0ae. &

peL? qE€Zd

Equivalently, the samples above are orthogonal if and only if the samples {A;z : z €
7% and {Bjz : z € Z} are orthogonal on the bands E and F for each j =1,...,r
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As in [4], let P be a countable index set, let Cj, be a d x d invertible matrix for
each p € P, and define the following:
A= ]z
pEP
and for a € A,
Paz{pEP:C;aEZd}.

Note that if o = C}, z for some z € 74\ {0}, then pg € P,; if @ = 0, then P, = P.
Let {g, : p € P} C L*(R?). The collection {Tc,kgp : p € P, k € Z%} is said to be
Bessel if there exists a constant M < oo such that for all f € L2(R9),

Do W Tengn)® < M f]%

PEP kezd

The collection {Tc,kgp : p € P, k € Z%} satisfies the local boundedness condition
if for every f € D,

in=Y 3y / e+ Oy et Oy ) e < o

pEP keZd

Lemma 1. Suppose that the sets G := {Tc,kgp : p € P, k € 7%} and H :=
{Tc,khy : p € P, k € Z%} are both Bessel and both satisfy the local boundedness
condition L(f) < oo for all f € D, as defined above. Define the operator

Qg LPRY) = LXRY) : f = Y Y (f, Tongp) To,khp.
PEP keZd

The operator Qg ,c commutes with the translation operators Ty for all y € R? if
and only if for all o € A\ {0},

Z | det Cp|_1§p(f)ﬁp(§ +a)=0a.e. &

PEPa

In this case, Qp g is a Fourier multiplier with symbol

s(§) == Z | det Cp|_1gp(€)i1p(§)a

pEP

ie., Quaf(€) = s€)f(©).
Proof. For f € D, define the continuous function
wy ((E) = <QH,GTzfa Txf>

If Qp ¢ commutes with all T, for z € R?, then clearly wy(zx) is constant for all
f € D. Conversely, if w¢(x) is constant for all f € D, then (T_,Qu cT.f, f) =
(Qmcf, f), whence by the polarization identity, T_,Qg.¢Ty = Qm¢, and thus
Qu,cTy =T:Q5,c.

By [4] Proposition 2.4], wy(z) coincides pointwise with the almost periodic func-

tion
-~ 2mi-x
Y ip(ee :
a€EA
where

wpe)= | FEOFE+a) Y [detCol g (E)hn(€ + )it

PEPa
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By [4l Lemma 2.5] and the proof of Theorem 2.1 in [4], ws(x) is constant for all
f € D if and only if for all & € A\ {0},

Z | det Cp|7lmhp(f +a)=0ae. &
PEPq

It is well known that if Qp ¢ commutes with T, for all y € R? then it is a
Fourier multiplier. Evaluating wy(z) at « = 0 yields

wi(0) = [ FEOTE) X et Ol 580y ()€ = (. )

pEP

Therefore, the symbol of Qp ¢ is s(§) as above. O

Lemma 2. Suppose {gp}per C Vi, and let G be as in Lemmall. Define ©g by
Oc : L*(RY) — 2(Z* x P) : f — ({f.Tc,k9p)) kp)-

We have ||©cg||* = K||g||* for all g € Vi if and only if for all o € A,

(3) Z | et Cp|71§p(£)§p(£ +a) = Kba,oxs(§) ae. &,
PE€Pa

where 64,0 is the Kronecker delta.

Proof. Note that, as defined in Lemma [[] Qg ¢ = ©50¢, and hence ||O¢gg|* =

<QG,Gga g> .
Suppose (@) holds. Then, by Lemmal[ll Q¢ ¢ is a Fourier multiplier, with symbol

5(€) = > [det Gyl gp()* = Kxm(©)-
pEP
Thus,
10c9l* = (Qc.c9.9) = (s(€)(€), §(€)) = (Kg,9) = K| g||>
Conversely, suppose ||©gg||? = K||g||? for all g € V. Then, by the above com-
putation, it follows that (Q¢.¢g,9) = (Kg,g), whence by the polarization identity,
Q¢ is a Fourier multiplier with symbol s(§) = K a.e. . It now follows that (3]

holds. (]
We wish to apply Lemmas [ and 2 to Theorems M and 2 Let A := {A;z + 3; :
j=1,...,n; z € Z%}, where A; is an invertible matrix for each j, and let £ be a

band such that © 4 is bounded on Vg. By (), the sampling transform © 4 above
can be written in terms of the collection

(4) {Ta,-Tp, b j=1,...,n; z € 2}
as follows:

(f(Alz + 61)7 ) f(AnZ + 671)) = (<fa TAlzTﬁle>v SRR <f7 TAnzTﬁnwE>)~

Hence, questions of tightness and orthogonality of sampling can be stated in terms
of the collection (). In order to apply the lemmas, we need to verify that (@)
satisfies the local boundedness condition.

Lemma 3. Let A, E be as above. If the sampling transform © 4 is bounded on Vg,
then for oll f € D, we have

=y / e Al aet 45| s(©)Pds < o

Jj=1mez?
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Proof. Let Q = ||f|loo- Since © 4 is bounded on Vg, then the cardinality of the set
{méZd:f—i-A;-meE}
is essentially bounded in £. Let this bound be R. Clearly, we have

< Z|detAj|*1/ QR d¢ < .
j=1 E

O

The following lemma is a variation of a lemma in []; it will be needed for
Theorem

Lemma 4. Let G be as in Lemmad; let Dy be a d x d invertible matriz for each
p € P, and suppose H := {Tp rhy, :p€ P, k € 7%} is Bessel and satisfies the local
boundedness condition. Define Qu ¢ analogous to Lemma:

Que: LXRY) — L*(RY): f— Z Z (fsTe,kgp)To,khyp.
pEP keZd

For all f,g € D,
(s 1.0) Z|detCD|/Hd 41y (Ch8)n, G, (D} ) de.

Proof. We have via the Fourier transform,

Quafig) =Y > (f:Tokgp)(To,khp, 9)

pEP keZd

~Y Y [ f@emer e [ ey )i

PEP keZd
Each of the above integrals can be written as follows, by variable substitutions:

SO g, (€)ds = [ det Gy ! / F(G&)e*™ ™ g (Cre) de

3 Jdet Gy~ / F(CL(E +m))em G, (CI(E + m))de

mezZd
= | det c,,|—1/nd[f, dploy (Cr€)e*™ 4 dg.

The interchanging of the sum and integral is valid since f,g € D. Therefore, we
have

(5) <QH,Gf7g> =
) S ) / [f. gploy (C)e*™ 4 de / [y, ] (D' w)e ™27
peP |det Cpr| nezd 4 1 Ipity, p - Dy ., D

where the sum over k is really the inner product of the Fourier coeflicients of the
two functions

[f:8p)ey(Ch€)  and (B, 3 by (Djw).
Thus, the sum (@) is

Z |detC D £, dpley (Co&) [y, 8] by (Dy€)dE. 0

p| Id
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Proof of Theorem 1. Let P = {1,...,n}, C; = A;, and g; = ¢ for j =1,...,n.
Thus, A = Uj_, ALZ% and for o € A, Py = {j € {1,...,n} : Aja € Z?} as above.
Note that if o = A z for some z € Z%\ {0}, then jo € P,. By Equation [l and
Lemmas 2] and Bl we have that

l©afl? = KIlf]?
if and only if
> ldet A xs(€)xp(§ + a) = Kdaoxs(S)

JEPa

for all a € A.
It follows that for z € Z¢\ {0} and for each j € {1,...,n},

Xe(@)xe(E+ Ajz) =0ae. &

Therefore, for each j,

Z xe(Aj(+m)) <lae. &
mezZd
Since the sum is bounded above by 1, for all f € Vg N D,
104, f11* = | det A;| 71| f]1?
(see [5] and [1]). O
Proof of Theorem 2. In [, we show that (@) is sufficient for © 4V 1 ©pVp; thus
we wish to show that it is necessary. Let £y C E and Fy C F 1E)e any measurable

bounded sets. Define g9 € Vg and fo € Vr by §o = x&, and fo = xr,- Suppose
©4VE L ©5Ver; by Lemma [ we have

>l det Aijl_l/Hd[XanXE]A; (A50)xr, xRy (BjE) = 0.
=1

Therefore, for each j =1,...,7,

| bxmooxelag (). xn o (B;) = .

However, expanding the above integrand yields

/H S w5 Y xn(BE+a) =0

pEZ4 qeZe

The result now follows since Ey and Fy were arbitrary measurable bounded subsets.
O

3. SHIFTED LATTICES

We begin with the following remark. Both Theorems 1 and 2 are no longer valid
if the lattices are allowed to be shifted. As a trivial example for Theorem 1, consider
the canonical bandlimited function space V|_1/2,1/2] and the lattices 2Z and 2Z + 1;
individually, neither one forms a set of sampling, but together they form an exact
set of sampling. An example corresponding to Theorem 2 is as follows.
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Example 1. Let £ = [0,1], F = [-1,0], and define the following sampling trans-
forms on Vg and Vg, respectively:

On:Ve = 1(Z)®I(Z): f— (f(n), f(n+1/2)),

Op: Ve = P(Z) & 1*(Z) : g — (9(n +1/2),9(n)).
Define © 4, and Op,, for j = 1,2, to be the first and second coordinates of © 4 and
Op, respectively. It is clear that © A VE = C) B, VF = ZQ(Z). However, we claim
that the ranges of ©® 4 and ©p are orthogonal;

Define a unitary operator U : Vg — Vg : f(§) — f(f + 1). By the polarization
identity, it suffices to show that

(©af,08Uf)=0
for all f € Vg. Note that
(©af,0Uf) =(0a,f,05Uf) +(0a,f,05Uf).
Note also that

wmmz/jﬁ@fmﬁm

1
— / eQﬂ'igcfA(g)e—Qﬂ'ixEdg
0

via the variable substitution £ — & — 1.
Therefore, we have that

1 1
(04, f,05Uf) =3 /0 f(&ye?mnede - /O e2miln+1/2) f(g)e2miln1/2t dg

neEZ

1 1
= F(€)e—2ming ge . _emi€ f(£)o—2ming g
S [ fgemsa. [ e ige-smmag

neZ

= <f(f)v —emgf(ﬁ))L?[o,u-

Likewise,

1 . T -
(Oa,f,0p,Uf) = Z/O f(f)e—Qm(n-H/Q)fdf ,/0 e2min f(£)e—2ming g¢

neEZ

1 1
— —mig £ —2ming Je ¢ —2ming g
> [ emei@emniae [ e

nez
= (e F(€), () 20,1y
Therefore,
(©af,08Uf) = (f(), =™ f(&)) + (T f(€), f(£)) = 0.
Let m denote Lebesgue measure on R?.

Corollary 1. The samples {Ajz+ 3 :j=1,...,n; z € Z} are tight on the band
E if and only if for each o € A\ {0}, either

1. m(EN(E+a)) =0, or

2. Y ep, | det Aj|tem2mibie = 0,
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Proof. Let P and Cj be as in the proof of Theorem [T} let g; = Tj3,9 k. The samples
{Ajz+ B :j =1,...,n; z € Z4} are tight on the band E if and only if (@) in
Lemma [2 is satisfied. Note that the condition for o = 0 is automatically satisfied,
with K = 377 | |det A;|~!. For a # 0, we must have

D 5(9gi(€+a) = |det Aj| 71X By p(£)e 2 EE N g (£ + )

JEPa JEPa
= 37 [det Ay e Ty p(E)xp(E + a)
JEPa
from which the statement follows. O

An immediate corollary of Lemma 2 regarding orthogonality is as follows.

Corollary 2. The samples {Ajz + 85 1 j = 1,...,n; z € Z¢} and {B;z +; :
j=1,...,n; z € Z%} are orthogonal on the bands E and F if and only if for all
f €VeurND,

n

S ldet 438,17 [ (e O x gL () O flay (Bre)de =0,

j=1

A (better) complete characterization of determining orthogonality of shifted lat-
tices on bands E and F' is out of reach at this time. Note that in Lemma [0 C,
appears in both sequences. We wish to consider orthogonal samples with different
matrices; the techniques used to prove Lemmal[ll do not readily extend to this case.
We conclude, however, with the following two special cases: 1) B; = A;, and 2)
Aj:AandBj:B.

Lemma 5. Suppose G and H and Qg g are as in Lemmal Qg ¢ =0 if and only
if for all « € A,

(6) Z | det Cp|_1gp(€)i1p(§ +a)=0ae. &

PEPq
Proof. If (6) holds for all « € A\ {0}, then Qp ¢ is a Fourier multiplier; if the
equation also holds for o = 0, then the symbol of Q ¢ is 0. Conversely, if Qx,¢ =
0, then Qp ¢ commutes with all translation operators T,; hence, (6) holds for

a € A\ {0}. Moreover, since Q¢ = 0, then the equation must also hold for
a=0. g

Let A be as above; for ¢ € R?, define I, o := {j € Po :v; — Bj = q}.

Theorem 3. The samples A = {A;jz+f; : i = 1,...,n; z € Z%} and B :=
{Ajz+~;:j=1,...,n;z € 74} are orthogonal on the bands E and F, respectively,
if and only if for all o € A either

2. Yjer,.., | det Aj|"te i = 0, for all ¢ € R

In particular, m(ENF) = 0.

Proof. As above, let P, C}, and g; be as in Corollary[Z; let h; = T, ,¢r. The samples
A and B are orthogonal on E and F, respectively, if and only if ©50 4 = 0. Let
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G:={Takg; :j=1,....n; k€ Z and H := {Ta,h; : j =1,...,n; k € Z}.
Note that Q¢ = 0 if and only if ©564 = 0.
Applying Lemma [0 yields that for all o € A, we must have

S | det Ay 1T Ey g (€)e= 2T Ry (6 1) = 0.

JEPa
Clearly, if m(E N (F + «)) # 0, then the trigonometric polynomial

Z Z | det Ak|_16_2””’“"’6_27”‘1'E =0.
q=7;—0; k€lg,a

The converse follows directly. O
For ¢ € RY, define J, :={j € {1,...,n}: B™1y; — A718; = q}.

Theorem 4. The samples A := {Az+3;: j=1,...,n;z € Z} and B := {Bz+~; :
j=1,...,n;2 € Z} on the bands E and F, respectively, are orthogonal if and only
if for all m € Z2, either

1. m(A*EN(B*F +m)) =0, or
2. EjeJq e 27 B'm — 0 for all g € RY.
In particular, m(A*E N B*F) = 0.
Proof. The proof follows the proof of Theorem [B] with the following modification.

If C' is a d x d invertible matrix, then define the unitary dilation operator D¢ on
L?(R%) by Dcg(z) = /| det Clg(Cz). We have

Z Z (fs TarTp, o) (TeK Ty, ¥F, g)

7j=1 kEZd

= Z Z (Daf, DaTaxTp,vE)(DeTBiTH,vF, DY)
Jj=1kezd

=" S (Daf. TuDaTs, )T DET, br, Dpg)
j=1kezd

= (Qu.cDaf,Dgg)

where G := {TxDaTpYp : j = 1,...,n; k € 74} and H = {Tw DT\, Yr : j =
1,...,n; k € Z4}. It follows, since D4 and Dp are unitary, that the samples A and
B are orthogonal on the bands E and F' if and only if Q¢ = 0. Thus, we apply
Lemma Bl with A = Z¢, 9;j = DaTp;%p, and h; = DT, ,vr. The computations
are as in Theorem 3] O
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