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Abstract. We consider tensors T = fg on the unit sphere Sn, where n ≥
3, g is the standard metric and f is a differentiable function on Sn. For
such tensors, we consider the problems of existence of a Riemannian metric
ḡ, conformal to g, such that Ric ḡ = T , and the existence of such a metric
that satisfies Ric ḡ − K̄ḡ/2 = T , where K̄ is the scalar curvature of ḡ. We
find the restrictions on the Ricci candidate for solvability, and we construct
the solutions ḡ when they exist. We show that these metrics are unique up
to homothety, and we characterize those defined on the whole sphere. As a
consequence of these results, we determine the tensors T that are rotationally
symmetric. Moreover, we obtain the well-known result that a tensor T = αg,
α > 0, has no solution ḡ on Sn if α 6= n− 1 and only metrics homothetic to g
admit (n− 1)g as a Ricci tensor. We also show that if α 6= −(n− 1)(n− 2)/2,
then equation Ric ḡ − K̄ḡ/2 = αg has no solution ḡ, conformal to g on Sn,
and only metrics homothetic to g are solutions to this equation when α =
−(n− 1)(n− 2)/2. Infinitely many C∞ solutions, globally defined on Sn, are
obtained for the equation

−ϕ∆gϕ+
n

2
|∇gϕ|2 −

n

2

(
λ+ ϕ2

)
= 0,

where λ ∈ R. The geometric interpretation of these solutions is given in terms

of existence of complete metrics, globally defined on Rn and conformal to the
Euclidean metric, for certain bounded scalar curvature functions that vanish
at infinity.

1. Introduction

Consider the following problems:

Given a symmetric tensor T , of order two, defined on a
manifold Mn, does there exist a Riemannian metric g
such that Ric g = T ?

(P1)

Find necessary and sufficient conditions on a symmetric
tensor T on a compact manifold so that one can find a
metric g to satisfy Ric g−K

2 g = T where K is the scalar
curvature of g.

(P2)
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3716 ROMILDO PINA AND KETI TENENBLAT

These are interesting problems, which are very difficult to treat in this generality.
Solving problem (P1) or (P2) is equivalent to studying a system of nonlinear second-
order partial differential equations, and (P2) can be found in the problem section
of the Seminar on Differential Geometry edited by S.T. Yau [19].

Our purpose in this paper is to study both problems on the sphere Sn, with
n ≥ 3, for tensors T = fg, where f is a differentiable function globally defined on
Sn and g is the canonical metric on the sphere. We want to find necessary and
sufficient conditions on T for the existence of metrics ḡ, conformal to the metric g,
which solve problems (P1) or (P2), i.e. we want to study the following systems: ḡ =

1
ϕ2
g,

Ric ḡ = fg;
(1)


ḡ =

1
ϕ2
g,

Ric ḡ − K̄

2
ḡ = fg.

(2)

In our main results, we determine all tensors T and the corresponding metrics ḡ
that solve these systems.

We observe that problem (1) is equivalent to obtaining all Einstein metrics on
Sn, n ≥ 3, that are also conformal to the canonical metric on the sphere. This
problem is related to a question of Brinkmann of 1925 [2]: When can an Einstein
space be mapped conformally on some Einstein space and in how many ways can it
be mapped? Kühnel [12] showed that the existence of a nonhomothetic conformal
diffeomorphism between two complete Einstein spaces implies that each space is
isometric to a standard sphere with a certain radius. Our results provide a partial
answer to the second part of Brinkmann’s question.

Different aspects of problem (P1) have been considered in previous articles. De-
Turck showed in [6] that, whenever n ≥ 3, problem (P1) admits a local solution
when the given tensor T is nonsingular. Results on the existence and uniqueness
of solutions to problem (P1), whenever Mn is a two-dimensional manifold, can be
found in [7] and [3]. For compact manifolds some nonexistence results can be found
in [9], [10].

J. Cao and DeTurck [4] studied the existence of global solutions on balls (in-
cluding Rn) and spheres for rotationally symmetric nonsingular tensors. For such
tensors on balls, they showed that problem (P1) has a unique local solution rota-
tionally symmetric, up to homothety, and they studied the question of existence of
complete metrics of this type. On the sphere Sn, they proved some nonexistence
results, and they obtained necessary conditions on a rotationally symmetric tensor
T for the existence of a metric g, on Sn, satisfying Ric g = T .

In [15], we considered special symmetric tensors T on Rn, n ≥ 3, and we studied
the problem of finding metrics ḡ conformal to the pseudo-Euclidean metric such
that Ric ḡ = T .

With respect to problem (P2), we observe that if gij is the Lorentzian metric on a
four-dimensional manifold, then it reduces to the Einstein field equation. DeTurck
[8] considered the Cauchy problem for this equation and provided a substantial
discussion for nonsingular tensors T , in several physical situations. Whenever the
tensor T represents vector fields such as electromagnetic field, perfect fluid, pure
radiation or vacuum (T = 0), then the equation has been studied by several authors
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(see [11]). When the metric g is conformal to Minkowski space-time, then the solu-
tions in the vacuum case are necessarily flat, and they were not all known explicitly,
until recently (see [11] and [16]). In the remaining cases, all solutions conformal
to the Minkowski metric are known. We refer to [14] for the pure radiation or the
null electromagnetic field, to [5] and [17] for the non-null electromagnetic field and
finally to [17] and [1] if T is a perfect fluid. As far as we know, very little is known
on problem (P2), besides the cases mentioned above. In [16], we considered prob-
lem (P2) for special symmetric tensors on Rn, with n ≥ 3, and we characterized
all such tensors for the existence of metrics ḡ, conformal to the pseudo-Euclidean
metric g, such that Ric ḡ− K̄

2 ḡ = T . All solutions ḡ were given explicitly (including
the vacuum case T = 0), and it was also shown that there are no complete metrics
ḡ conformal and nonhomothetic to g.

In what follows, we state our main results in this paper. The proofs will be given
in the next section. In Theorem 1.1, we determine all metrics ḡ satisfying problem
(1). Moreover, we prove that such metrics are globally defined on Sn, whenever the
tensor T is positive definite. In Theorem 1.2, we determine all metrics ḡ satisfying
problem (2), and we prove that these metrics are globally defined on Sn, whenever
the tensor T is negative definite. We then obtain some consequences of these results.

Theorem 1.1. Let (Sn, g), n ≥ 3, be the unit sphere with the usual metric. Then

there exists ḡ =
1
ϕ2
g such that Ric ḡ = fg, if and only if, for all y ∈ Sn ⊂ Rn+1,

ϕ(y) = a+ c+ (a− c)yn+1 +
n∑
i=1

biyi, f(y) =
−(n− 1)

ϕ2
λ,(3)

where a, c, bi are real numbers and λ =
∑
i b

2
i − 4ac. Any such metric ḡ is unique

up to homothety.
If λ < 0, then ḡ is a metric on Sn that is isometric to g.
If λ = 0, then a+ c 6= 0, ḡ has one point of singularity on Sn and Ric ḡ = 0.
If λ > 0, then ḡ has an (n− 1)-dimensional sphere of singularity points on Sn.

Theorem 1.2. Let (Sn, g), n ≥ 3, be the unit sphere with the usual metric. Then

there exists ḡ =
1
ϕ2
g such that Ric ḡ − K̄

2
ḡ = fg, if and only if, for all y ∈ Sn ⊂

Rn+1,

ϕ(y) = a+ c+ (a− c)yn+1 +
n∑
i=1

biyi, f(y) =
(n− 1)(n− 2)

2ϕ2
λ,(4)

where a, c, bi are real numbers and λ =
∑
i b

2
i − 4ac. Any such metric ḡ is unique

up to homothety.
If λ < 0, then ḡ is a metric on Sn that is isometric to g.
If λ = 0, then a+c 6= 0, ḡ has one point of singularity on Sn and Ric ḡ− K̄

2 ḡ = 0.
If λ > 0, then ḡ has an (n− 1)-dimensional sphere of singularity points on Sn.

Cao and DeTurck [4] considered global solutions of the equation of prescribed
Ricci curvature with rotational symmetry on spheres. A symmetric covariant tensor
of rank two on Sn is called rotationally symmetric if it remains invariant under the
action of SO(n) on Sn that leaves the north and south poles of Sn fixed. They
provided a necessary condition for such a positive definite tensor to be the Ricci
tensor of a metric. The first part of our next result determines all such tensors and
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3718 ROMILDO PINA AND KETI TENENBLAT

the corresponding metrics in the class of metrics conformal to the standard metric
of Sn.

Corollary 1.3. Let (Sn, g), n ≥ 3, be the unit sphere and T 6= 0 a rotationally
symmetric tensor on Sn. Then there exists ḡ = 1

ϕ2 g such that

a) Ric ḡ = T if and only if T = f(y)g, y ∈ Sn ⊂ Rn+1, ϕ(y) = a + c +
(a − c)yn+1 and f(y) = (n − 1)4ac/ϕ2. Any such metric is unique up to
homothety.

b) Ric ḡ − K̄
2 ḡ = T if and only if T = f(y)g, y ∈ Sn ⊂ Rn+1, ϕ(y) =

a+ c+ (a− c)yn+1 and f(y) = −(n− 1)(n− 2)2ac/ϕ2. Any such metric is
unique up to homothety.

If ac > 0, then ḡ is a metric on Sn that is isometric to g.
If ac < 0, then ḡ has an (n− 1)-dimensional sphere of singularity points in Sn.

If T is a rotationally symmetric nonsingular tensor on a sphere or a ball, then
Cao and DeTurck [4] proved that the system Ric ḡ = T has rotationally symmetric
solutions in some neighborhood of the fixed point of the rotation group. They
proved that any such tensor T has at most one rotationally symmetric metric (up
to homothety) such that Ric ḡ = T . Moreover, they showed that despite the fact
that local existence is guaranteed for such tensors, existence may fail to hold in the
rotationally symmetric category on a domain (even a small ball) that is described
in advance. Therefore, it is interesting to point out that Corollary 1.3 a) provides
a two-parameter family of nonsingular rotationally symmetric tensors that admit
a unique (up to homothety) rotationally symmetric metric ḡ such that Ric ḡ = T ,
given by

T =
4ac(n− 1)

[a+ c+ (a− c)yn+1]2
g,

where ac 6= 0 and a 6= c. The metric is defined on Sn if ac > 0 and on the balls
Sn \{yn+1 = −(a+ c)/(a− c)} if ac < 0. This family can also be rewritten in terms
of rotationally symmetric tensors and metrics defined on Rn or on a region of Rn,
by using the stereographic projection.

Consider the usual sphere (Sn, g) and the tensor Tγ = γ(n−1)g with 0 < γ ∈ R.
Then T1 is the Ricci tensor of the metric g. In [9], it was shown that only the round
metrics on Sn admit T1 as a Ricci tensor, and if γ > 1, there are no metrics on Sn

whose Ricci tensor is Tγ . In [4] Cao and DeTurck showed that, if 0 < γ < 1 there
are no rotationally symmetric metrics on Sn, whose Ricci tensor is Tγ . Moreover,
using a result of Xu [18], they concluded that if γ > 0 and γ 6= 1, then the equation
Ric g = Tγ has no solution on Sn conformal to the Euclidean metric. We prove this
fact as a consequence of Theorem 1.1 in Corollary 1.4 a) below. We also obtain a
similar result for the system (2).

Corollary 1.4. Let (Sn, g), n ≥ 3, be the unit sphere and T = αg, α ∈ R \ {0}.
a) If α 6= n− 1, then equation Ric ḡ = αg has no solution ḡ, conformal to g,

on Sn. Among metrics pointwise conformal to g, only metrics homothetic
to g admit (n− 1)g as a Ricci tensor.

b) If α 6= −(n − 1)(n − 2)/2, then equation Ric ḡ − K̄ḡ/2 = αg has no
solution ḡ, conformal to g, on Sn. Among metrics pointwise conformal to
g, only metrics homothetic to g are solutions to this equation when α =
−(n− 1)(n− 2)/2.
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As a consequence of the proof of Theorem 1.1, we get explicit solutions, glob-
ally defined on Sn and Rn, for some nonlinear differential equations given in the
following result.

Corollary 1.5. For each λ ∈ R and n ≥ 3, the equation

− ϕ∆gϕ+
n

2
|∇gϕ|2 −

n

2
(
λ+ ϕ2

)
= 0(5)

has infinitely many C∞ solutions, globally defined on Sn, given by (3), where λ =∑
b2i − 4ac. The equation on Rn,

− ϕ∆ϕ+
n

2
|∇ϕ|2 +

2(n− 2)
1 + |x|2 ϕ〈x,∇ϕ〉 −

2n
(1 + |x|2)2

(λ+ ϕ2) = 0,(6)

where ∆ and ∇ are the Laplacian and the gradient in the Euclidean metric, has
infinitely many C∞ solutions, globally defined on Rn, given by

ϕ(x) = 2(a|x|2 +
∑

bixi + c)/(1 + |x|2).

A geometric interpretation for equation (6) is given in terms of existence of
metrics globally defined on Rn and conformal to the Euclidean metric, for certain
scalar curvature functions.

2. Proofs of the main results

In this paper, we consider a parametrization of the unit sphere Sn by stereo-
graphic projection. Then the metric is of the form

gij = β(x)δij where β(x) =
4

(1 + |x|2)2 ,(7)

and |x|2 =
∑n
i=1 x

2
i with x = (x1, x2, . . . , xn) ∈ Rn.

For the proofs of Theorems 1.1 and 1.2 we will need the following observation.
Considering

ϕ̃ = (1 + |x|2)ϕ,(8)

then

|∇gϕ|2 =
1

(1 + |x|2)2

(
|∇gϕ̃|2 + |x|2ϕ̃2

)
− 1

1 + |x|2
∑
k

xkϕ̃ϕ̃xk ,(9)

(Hessg ϕ)ii =
1

1 + |x|2

(
ϕ̃xixi −

2
1 + |x|2

∑
k

xkϕ̃xk +
2(|x|2 − 1)
(1 + |x|2)2

ϕ̃

)
,(10)

(Hessg ϕ)ij =
1

1 + |x|2 ϕ̃xixj , 1 ≤ i 6= j ≤ n.(11)

Proof of Theorem 1.1. Claim: Obtaining ḡ =
1
ϕ2
g, such that Ric ḡ = fg, is equiv-

alent to solving the following system of differential equations:
ϕ̃xixi =

2
(1 + |x|2)2

(
fϕ̃

n− 1
+
|∇gϕ̃|2
ϕ̃

)
,

ϕ̃xixj = 0,

1 ≤ i 6= j ≤ n,(12)

where ϕ̃ is given by (8).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3720 ROMILDO PINA AND KETI TENENBLAT

In fact, suppose there exists such a metric ḡ. Since ḡ = g/ϕ2, it is well known
that

Ric ḡ − Ric g =
1
ϕ2

{
(n− 2)ϕHessg(ϕ) + (ϕ∆gϕ− (n− 1)|∇gϕ|2)g

}
.

Since Ric g = (n− 1)g and we are assuming that Ric ḡ = fg, it follows that
1
ϕ2

((n− 2)ϕHessg(ϕ)ij + L(x)gij) = (f − (n− 1)) gij ,(13)

where

L(x) = ϕ∆gϕ− (n− 1)|∇gϕ|2)(14)

and gij is given by (7). By considering i = j in (13), we get

1
ϕ2

[(n− 2)ϕ(Hessgϕ)ii + L(x)gii] = (f − n+ 1))gii.(15)

For a fixed i, multiplying (15) by −(2n− 3) and adding the remaining equations
we get

1
ϕ

−(2n− 3)(Hessgϕ)ii +
∑
k 6=i

(Hessgϕ)kk

− 1
ϕ2
L(x)β(x) = −(f − n+ 1)β(x),

where we have used the identity −(2n− 3)gii +
∑

k 6=i gkk = (2− n)β(x), with β(x)
given by (7). Using (14), this equation is equivalent to

2(n− 1)(Hessgϕ)ii −
∑
k

(Hessgϕ)kk

+ β(x)
[
∆gϕ−

n− 1
ϕ
|∇gϕ|2) + (n− 1− f)ϕ

]
= 0.

Since
∑

k(Hessgϕ)kk = β(x)∆gϕ, this equation reduces to

(Hessgϕ)ii +
2

(1 + |x|2)2

(
−|∇gϕ|

2

ϕ
+ (1− f

n− 1
)ϕ
)

= 0.(16)

Substituting (9) and (10) into (16), we get the first equation of system (12).
Now, by considering i 6= j in equation (13), we have Hessgϕij = 0. It follows

from (11) that this is equivalent to ϕ̃xixj = 0. Hence system (12) is satisfied.
Conversely, a straightforward computation shows that if ϕ̃ satisfies system (12),
then ḡ = g/ϕ2, where ϕ = ϕ̃/(1 + |x|2), satisfies Ric ḡ = fg. This concludes the
proof of our claim.

We now solve system (12). Since ϕ̃xixj = 0, ∀1 ≤ i 6= j ≤ n, it follows that
ϕ̃(x) =

∑
k fk(xk). Observe that ϕ̃xixi = ϕ̃xkxk ∀i 6= k. Hence, f ′′i (xi) is the same

constant ∀i, 1 ≤ i ≤ n. Therefore,

ϕ̃(x) =
n∑
i=1

2(ax2
i + bixi + ci)(17)

where a, ci, bi are real numbers (the factor 2 is unnecessary but convenient). Sub-
stituting (17) in (12), we get

8aϕ̃− 4
(n− 1)(1 + |x|2)2

ϕ̃2f −
∑
k

(ϕ̃xk)2 = 0.(18)
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It follows, from (8) and (18), that

ϕ(x) =
2(a|x|2 +

∑
i bixi + c)

1 + |x|2 , f(x) =
−(n− 1)

ϕ2
λ,(19)

where c =
∑

i ci. By using the inverse of the stereographic projection, we have ϕ(y)
globally defined on Sn, given by (3). Since the constants a, bi, c are arbitrary, we
may consider any multiple of ϕ, without changing f . Hence the metric ḡ is unique
up to homothety.

Moreover, if λ < 0, then ϕ(y) does not vanish on Sn. Moreover, since ḡ = g/ϕ2,
it follows that

Ric ḡ = −(n− 1)λḡ.

Hence, ḡ is an Einstein metric. Therefore, (Sn, ḡ) has constant sectional curvature
(see [13]) and it is isometric to (Sn, g).
λ = 0, if and only if, f = 0, i.e. Ric ḡ = 0. In this case, if c + a = 0, then

ϕ ≡ 0. Therefore, c + a 6= 0 and the function ϕ(y) vanishes only at the point
(−b1, ...,−bn, c− a)/(c+ a) on the sphere, where ḡ is singular.

If λ > 0, then ϕ(y) vanishes on the (n − 1)-dimensional sphere obtained by
intersecting the plane a+ c+ (a− c)yn+1 +

∑
i biyi = 0 with Sn. This corresponds

to an (n− 1)-dimensional sphere of singularity points of ḡ on Sn. �

Proof of Theorem 1.2. Claim: Obtaining ḡ = g/ϕ2 such that Ric ḡ − K̄

2
ḡ = fg is

equivalent to solving the following system of equations:
ϕ̃xixi =

4
(1 + |x|2)2

(
−f(x)ϕ̃

(n− 1)(n− 2)
+
||∇gϕ̃||2

2ϕ̃

)
,

ϕ̃xixj = 0,

1 ≤ i 6= j ≤ n,(20)

where ϕ̃ is given by (8).
In fact, since Ric g = (n− 1)g and

K̄ = (n− 1)
(
nϕ2 + 2ϕ∆gϕ− n|∇gϕ|2

)
,

obtaining such a ḡ is equivalent to studying the following equations, for 1 ≤ i, j ≤ n:

1
ϕ

(Hessgϕ)ij +
(

(n− 1)|∇gϕ|2
2ϕ2

− ∆gϕ

ϕ

)
gij =

(
f

n− 2
+
n− 1

2

)
gij .(21)

Considering i = j in (21) and multiplying, for a fixed i, the ith equation by
−(n− 2) and adding the remaining equations we obtain

(22)
−(n− 2)

ϕ
(Hessgϕ)ii +

1
ϕ

∑
k 6=i

(Hessgϕ)kk +
(

(n− 1)|∇gϕ|2
2ϕ2

− ∆gϕ

ϕ

)
β(x)

=
(

f

n− 2
+
n− 1

2

)
β(x).

Since
∑
k(Hessgϕ)kk = β(x)∆gϕ, it follows from (7) that equation (22) can be

written as

Hessg(ϕ)ii =
4

(1 + |x|2)2

[
|∇gϕ|2

2ϕ
− fϕ

(n− 1)(n− 2)
− ϕ

2

]
.(23)
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By substituting (9) and (10) into equation (23) and ϕ = ϕ̃/(1 + |x|2), we get the
first equation of (20).

Considering i 6= j in equation (21), we get Hessg(ϕ)ij = 0. It follows from
(11) that this is equivalent to ϕ̃xixj = 0. Therefore, we have proved that if ḡ =

g/ϕ2 satisfies Ric ḡ − K̄

2
ḡ = fg, then system (20) is satisfied. Straightforward

computation shows that the converse holds.
Similarly to the proof of Theorem 1.1, we show that any solution of system (20)

is of the form

ϕ̃(x) =
∑
i

2
(
ax2

i + bixi + ci
)
,(24)

where a, ci, bi are real numbers. Substituting (24) in (20) and using (8), we con-
clude that ϕ and f are given by

ϕ(x) =
2(a|x|2 +

∑
i bixi + c)

1 + |x|2 , f(x) =
(n− 1)(n− 2)

2ϕ2
λ,(25)

where c =
∑
ci. By considering the inverse of the stereographic projection, we

obtain (4). The metric ḡ is unique up to homothety, since any multiple of ϕ does
not change f .

If λ < 0, then ϕ(y) does not vanish on Sn, and in this case, ḡ is complete.
Moreover, straightforward computations show that K̄(y) = −(n − 1)nλ. Since

Ric ḡ − K̄

2
ḡ = fg, it follows that Ric ḡ = −(n− 1)λḡ, i.e., ḡ is an Einstein metric.

In this case (Sn, ḡ) has constant sectional curvature, and hence it is isometric to
(Sn, g).
λ = 0, if and only if, f = 0, i.e. Ric ḡ − K̄

2 ḡ = 0. The same argument of the
proof of Theorem 1.1 implies that c + a 6= 0 and that ϕ(y) vanishes only at the
point (−b1, ...,−bn, c− a)/(c+ a), which is the point of singularity of ḡ.

If λ > 0, then ϕ vanishes on an (n−1)-dimensional sphere contained on Sn, and
hence ḡ is not defined on this sphere. �

Proof of Corollary 1.3. If T is a rotationally symmetric tensor defined on Sn, then
it can be considered to be given by T = f(y)g, where f is a rotationally symmetric
function on Sn (see [4]). It follows from Theorems 1.1 and 1.2 that f is rotationally
symmetric, if and only if, bi = 0 for all i, 1 ≤ i ≤ n. Hence Corollary 1.3 is an
immediate consequence of these theorems. �

Proof of Corollary 1.4. It follows from Theorems 1.1 and 1.2, that f = α is con-
stant, if and only if, bi = 0, for all i and c = a 6= 0. Therefore, ϕ = 2a.

a) It follows from (3) that α = n− 1 and ḡ = g/(4a2). Hence Ric ḡ = (n− 1)g
and ḡ is homothetic to g.

b) It follows from (4) that α = −(n−1)(n−2)/2 and ḡ = g/(4a2). Observe that
K̄ = n(n− 1)4a2. Hence Ric ḡ − K̄ḡ/2 = −(n− 1)(n− 2)g/2 and ḡ is homothetic
to g. �

Proof of Corollary 1.5. It follows from the proof of Theorem 1.1 that the functions
ϕ(x) and f(x), x ∈ Rn, given by (19), satisfy the system (13). In particular, ϕ also
satisfies the equations

(n− 2)ϕgiiHessg(ϕ)ii + L(x) + (n− 1)(λ+ ϕ2) = 0,(26)
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for all i, 1 ≤ i ≤ n, where λ =
∑
k b

2
k − 4ac and L is given by (14). Adding the

equations given by (26) we get that ϕ(x), and hence ϕ(y) defined by (3), satisfies
equation (5), since

∆gϕ =
1

β(x)

(
∆ϕ− 2(n− 2)

1 + |x|2
∑
i

xiϕxi

)
, |∇gϕ|2 =

1
β(x)

|∇ϕ|2,

where ∆ and ∇ are the Laplacian and the gradient in the Euclidean metric on Rn.
It follows from (5) that ϕ(x) satisfies (6). �

Remark 2.1. We now present the geometric interpretation of equation (6). We
know that (see for example [15]) if Rn is the Euclidean space and K̃ : Rn → R is a
differentiable function on Rn, then finding a metric g̃ conformal to the Euclidean
metric, with conformal factor 1/ϕ2 and scalar curvature K̃ is equivalent to studying
the differential equation

−ϕ∆ϕ+
n

2
||∇ϕ||2 +

K̃

2(n− 1)
= 0.

Since the functions given by (19) are solutions of equation (6), then given

K̃ =
16(n− 1)(n− 2)h(x)

(1 + |x|2)4

[
`(x) − h(x)

(
|x|2 +

2
n− 2

)]
− 4n(n− 1)λ

(1 + |x|2)2

where

h(x) = a|x|2 +
∑
i

bixi + c, `(x) = (1 + |x|2)(a|x|2 − c), λ =
∑
i

b2i − 4ac < 0,

then g̃ provides a metric conformal to the Euclidean metric, with ϕ given by (19),
whose scalar curvature is K̃.

We observe that K̃ is a bounded function and lim|x|→∞ K̃ = 0. Moreover, g̃ is
a complete metric, since there exists a constant m > 0, such that for any vector
v ∈ Rn, |v|g̃ ≥ m|v|.
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