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STRONG UNIQUENESS FOR THE PLATE EQUATIONS

SHIGEO TARAMA

(Communicated by David S. Tartakoff)

ABSTRACT. In this paper we show the strong uniqueness for the plate equa-
tions. By using the idea due to Lebeau we transform the given operator to the
elliptic operators to which we apply the Carleman estimates given by Alinhac
and Lerner.

1. INTRODUCTION

The strong uniqueness for operators whose order is greater than 2 is not well
studied except for the iterated Laplace operators (see, for example, Colombini and
Grammatico [2] and the references therein). In this paper we consider the strong
uniqueness for the plate equations.

Let U be a neighborhood of {0} x (—4,4d), with some § > 0, in R} x R;, and
let P(xz,d,, D:) be a differential operator with coefficients depending only on the
variables x given by

P(xz,0,, D) = p(at:)Dt2 — Ai +a(z,0;) Az + b(x, 0y)

where p(x) is a positive smooth function and a(x,d,) and b(z, d,) differential op-
erators with smooth coefficients of orders 1 and 2, respectively. Here we use the
notation Dy = %(’% and A, = Zlgjgn 52],.

We say that a function u(z, t) on a neighborhood of {0} x (=4, ¢) in R? xR, is flat
on {0} x (—6,0) when u(x,t) and its derivatives of any order vanish on {0} x (=4, ).
We show in this paper the following theorem.

Theorem 1.1. Let u(x,t) be a smooth function that is flat on {0} x (—0,0) and
satisfies

Pu=0
on a neighborhood of {0} x (=4,0) in R? x R;. Then u(x,t) is identically zero on
some neighborhood of {0} x {0} .

The plan of the proof is the following. First using the idea of Lebeau [4] (see also
Robbiano [5] and Tataru [6]) we transform the given operator P to the product of
second-order elliptic operators. Then, applying the Carleman estimates given by
Alinhac and Lerner [I] to our transformed operator, we draw the conclusion of
Theorem [[Il Since the Carleman estimates due to Alinhac and Lerner [I] are
crucial for our argument, we give the outline of its proof in the appendix.
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3630 SHIGEO TARAMA

We remark that in our reasoning it is essential that the coefficients are time
independent, and we remark also that for plate equations and related equations
there are many works on the unique continuation of solutions (see, for example,
Isakov [3]).

In the following, we denote by C*° () the space of all infinitely differentiable
functions on Q and by C§°(f2) the space that consists of compactly supported
functions belonging to C*°(Q). For f(z,t) and g(z,t), we use the notation (f,g)
and || f|| defined by

(f.9) = / F (. t)9(@,0) dudt,
1l = VD).

We also use the standard notation of multi-indices. The constants appearing in the
formulas may be different line by line.

2. PROOF OoF THEOREM [L.1

We assume that all the differential operators appearing in this section have
smooth coefficients. Let ¢(t) be a function in () ((—4,0)) with 1 < a < 2 and
d > 0, that is to say, ¢(t) € Co>((—0,d)) and there exist positive constants K; and
K5 such that for any integer & > 0 we have

(2.1) lp®) ()] < K1 K" (kD™ for any t € (—6,6).
Let
U(z) = cosh(y/2)

> o
— (2n)!
Now we define the operator Ty by

Ts(v) = (¥(A2De)o(t), 6(1))

(v(t), U(=A*Dy)g(t))
1
27 Jps

(2.2)

e CTOTY($) W (= N27)(t) dtdrds.

Since we see from (ZI)) that the Fourier transform of ¢(t) that is denoted by ¢(7)
satisfies

~ 1
(7)| < Cre~ Il
with positive constants C; and Cs, then we see from
[0(=X2)] < Pl
that the integral (Z2) converges for any v(t) € C§°(R). Furthermore since

0 A\2n
U(-NDy) =Y P

n=0
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and ¢(t) € 0¥ ((=4,6)) with 1 < a < 2, we see that
> A\2n n
U(=A’Dy)p(t) = 7;) W(_Dt) o(t)

is an entire function of A with values in C§°((—6,0)). Then T} (v) is well-defined for
any v € C°°((—46,6)). Since it follows from ¥(A\2D;) = cosh(\/D;) that

NIW(N\ID,) = DU (A\2D,),
then we see that
8,\2T¢(v) = T¢(Dtv).
We remark that

(2.3) Ty(0) o = /]R (t)0(t) dt.

Let u(z,t) € C°({(z,t) e R? xRy | |z| <r1 and |t] < }) with 1,6 > 0 flat
on {0} x (=4, ) and satisfying Pu=0on {(z,t) € RF xR | |z| <r; and |t| < d}.
We define U(x, \) by

(2.4) Uz, A) = Ty(u(z,-)).

Then U(z, A) is an entire function of A with values in C*({x € R} | |z| < r1})
and satisfies

(2.5) p(2)0sU — A2U + a(x,0,) AU + b(x,0,)U = 0.
Since p(z) > 0, we see that for a first-order differential operator A(z, d,),
(2.6) (p* (2)33 + Ay — A(z,8:)) (p* (2)03 — Ay + A, 8,))
= p(2)0} — A2 + (2A(x,02) + [Aa, p* ()]0 2 () A,
+ Az — Az, 02), 2 (2)]p7 % (2) (07 ()03 — As + A(x,02)) + C(w,0:)

with a second-order differential operator C(x, ;).
Hence by picking

Az, 0,) = = (a(z,85) — [Ag, p* (2)]p~ 2 (2))

N | =

and by setting
V(@A) = p* @)U (@, ) = (A = A, 02))U (3, ),
we see from (ZH) and (Z6) that U(x, A) and V (x, \) satisfy the system of equations
p2(2)O3U — (Ap — A(x,8,))U =V,
p? (2)03V + (A, — A(z,0,))V = By(z,0,)V + Ba(x,0,)U

where B;(z,0,) is a differential operator of order j.
Since U(z, A) and V(x, A) are entire functions of A\, we get

RU(z,ty +ity) = —0RU(z,ty +ita) = =07 Uz, t1 + ita) — 207, U(z, t1 + it2),
RV (x,ty +ita) = O V(w, bty + ity) = 207, V(x, 1 + it2) + 07 V(z, 1 + it).
Therefore, by putting
(2.7) Wiz, t1,t2) = U(x, t; + ita),
Wa(z,t1,t2) = V(x,t; + ita),
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we see that Wi (x,t1,t2) and Wa(x,t1,ta) satisfy the following elliptic system:
pE ()02 Wi + 2p% ()02 W1 + (A, — Az, 0,))Wy = —Wh,
2% ()02 W + p* (2)02 Wa + (Ay — Az, 0,))Wa = By (x, 0,) Wa
+ Ba(x,0,)Wy
on {(z,t1,t2) € R? x R? | |z| < r1}.
Since u(x,t) is flat on {0} x (=4,0), U(z, A) is flat on {0} x C. Then W1 (z,t1,t2)
and Wa(x,t1,ts) are flat on {0} x RZ.
Now we apply the Carleman estimates due to Alinhac and Lerner [I] to our
system. First of all we make the change of coordinates
r=(1-|TPX, t=T.
Then we see that 9 5
1—tP)=— = —
(-5 = 5
and

d d - o
J— 2 —_ = — 2 —_ P
(1— 1t )(%k (1— T )8Tk +2Tkj§=1:xj i

Hence we see that wy (X, T) and wq(X,T), given by

_fwmi-r»)x,7) T <1,

(2.8) wi(X,T) = {0 ey
wa (X, T) = {WQ(U —|T?)X,T) |T] <1,

0 IT| > 1,

satisfy

(2.9) p2(0)(1 — |T%)? (82, + 202, )un
+ Axwi + A1 (X, T, 0x, 0r)wr = —(1 — |T|?)?wa,

(2:10)  p=(0)(1 — |T1*)* (204, + 0%, )we
+ Axwe + A2(X, T, 0x, Or)ws
=C1(X,T,0x,0r)ws + Co(X, T, 0x, Or) w1
where A;(X,T,0x,0r) and C;(X,T,0x,0r) are differential operators given by
Aj(X.T0x,0r) = 3 ajap(X,T)(1 =T 030
lorf+|B]<2
with the coefficients a; o 3(X,T') that satisfy a;..,5(0,T) = 0 if |o + |8] = 2, and

Ci(X,T,0x,0r) = Y cjap(X,T)(1—|T1})"0507.
la|+|B1<j
We denote by Q1 and Q2 the operators appearing in (2.9) and 210):

Q1= p2(0)(1 —|T|})?(82, +202)) + Ax + Ai(X, T, dx, dr),
Q2= p=(0)(1 — |T|*)?(20%, + 0%,) + Ax + As(X, T, 0x,0r).

Recall the Carleman estimates due to Alinhac-Lerner [1] for Q1 and Q.
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Lemma 2.1 (Alinhac-Lerner [I]). There exist positive constants ro € (0,1/10)
and o > 0 such that we have for any w(X,T) € C®°(R% x R2) supported in
{(X,T) e R% x R% | | X| <rp and |T| < 1} and flat on X =0,

@211) 47 > e log |l HA (1 — T3 Plog 0fw|1?)
k+]al+|8]=2
< Clr*e™Q ul?
for v >~y and j = 1,2, where r = | X| and ® = |logr|r.

We give a sketch of the proof of the estimates above in the appendix.
Taking a function x(X) € C*°(R%) satisfying, with 7o = min{rg,r1/2},

0 |X|>re,
X(X) = = -
LX< 3,
we obtain
Qux(X)wr = —(1 = [TP)*x(X)w2 + f(X, T),
Qax(X)we = C1(X, T, 0x, 0r)x(X)w2 + C2(X, T, 0x, Or)x(X)w1 + g(X,T)
where f(X,T) =0 and g(X,T) = 0if | X| < 2.
Then we see from (ZIT) that

YD I og | TN — T ?) PO (X))

k+|al+|8]=2
< 20(|r?@ " x(X)ws|* + [[r*@77 f(X, T)|?)
and
YYD AR logr| TP (1 — T 12)Plag 9 x (X w2 |1?)
k+|al+|8]|=2
<O Y o7 = (TP Pog X (X )ws |
lal+1A]<1
+ Y T = (TP 0 x (X wn |
la|+]8]<2

+lr? @77 g(X, T)|1%),
from which we draw
@77 log [Tt x(X)wi||* + 4% @7 7 log 7| x (X w2 ?
< COP|IrPe ™ f(X, TP + [Ir? @7 g(X, T)|1%)
for v > v with some ; > 0. Then we obtain
w1 (X, T) =0and we(X,T)=0 for |X|< %2 .

Then w(X,0) = 0 for [X] < 2. Since, from (27) and [238) we get U(X,0)
W1(X,0) = wi(X,0), then we see that U(z,0) = 0 for |z| < Z. Hence from (2.3)
and (24),

(2.12) /Ru(x,t)qﬁ(t) dt =0 for |z| < %2
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Since (2.12)) is valid for any ¥(t) € 7(()0‘)((—(5, d)), then we get
u(z,t) =0 for |z| < %2 and [t] < 0.
Then the proof of Theorem [Tl is completed.

Remark 2.1. We note that the arguments above can be applied to the heat and
Schrodinger coupled system

p1(2)0u — Agu = aq(z, Ox)u + az(zx, 0y)v,

ip2(x)Opv — Agv = bi(x, Oy )u + ba(x, Oy)v

with some positive functions p;(z) (j = 1,2) and first-order differential operators
a;(z,0;) and b;(x,0) (j =1,2).

3. APPENDIX

In this appendix, we sketch the proof of the Carleman estimates following Alinhac
and Lerner [I] (see also Tataru [7], Ch. 3, Sec. 6).

For a nonnegative function p(x), when a function a(x,t) € C*°(U) satisfies, for
any « and (3,

2]1]020Pale, )] < Carg pla) on U,
we say that a(z,t) € p(x)O, where U is an open subset of R?\{0} x R.

Recall that A is the laplacian 3, ., 8%. Let ¥ be an elliptic operator given
by
S= > 01— [t ’ak(t)0s,
1<4,k<I
where the coefficients a; 1 (t) belonging to C*°(V') with some neighborhood V' of
{t € RV | |t| < 1} satisfy a;x(t) = a,;(t) and
(3.1) Z Ra;r(t)n;m > Coln*  for any n € R! and any t € V
1<5,k<I
with some positive constant Cp.
Let ®(r) and p be
(3.2) ®(r) = (—logr)’r,
rd'(r
)
o(r)
where 7 = |z] and 6 is a positive constant that will be determined later. We note
that when 0 <79 < 1 and 0 < 0 < |logrg|/2 we see that for r € (0,ro],

=1+06(logr)*

1

Since

0 0 Tk
2 p(r) = L [aletid
Dt (r +y==,

-y
() Oxp ror

we see that for any v > 0,

—y v _ apt? om0 Op  (n-Du
®(r)" A (r) Aoty r2 +7(rar+8rr+ r2 )
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Let B(x,t,0,,0;) be a second-order operator with C°-coefficients vanishing
when z = 0:
B(x7ta$7axaat) = Z boz,[i(xvt)(l - |t|2)‘6|8§tatﬁ
la+18]=2
where b, 5(0,¢) = 0. Then we see that the operator B(x,t,7, 0z, 0;) given by
B(i[,’, ta 75 891:; at) = @(T)*VB(‘,E’ tv 891:; at)(I)(r)A/

can be written in the following way:

(3.4) B(z,t,7,05,00) = > bagr(zt)(1 - [t*)"l4Fo50)
la|+|B]+k<2

where by g 1(z,t) € rlol*181-10,
Let L be an operator given by

L=A,+X+ B(z,t,0,,0%).
We denote by L., L,* and L,“ the operators defined by

- s 1 * a 1 *
(3.5) L,=®(r) "LY(r)", L," = i(LA, + L) and L,* = §(L7 - L7)
where L7 is a formal adjoint of L, that is to say, L.* and L," are the symmetric
and skew-symmetric parts of L., respectively.

Therefore we see that

2
(3.6) L = A, + 727% + 3% 4+ B2, 1,7, 00, 0y),

a po  Op (n—1u
i
where ¥° and X% are the symmetric and skew-symmetric parts of X, respectively,
and similar notation is used for B(z,t,~, 0., 0).
Then we see that for any u(x,t) that is supported in {(z,t) € R? x Rl | |z| <
7 and [t| < 1} and flat on the plane z = 0,

) + e + Ba(xvt777axaat)a

1 1 1 1
i Ly (rp= )| = [[rp =3 Ly (rp~ 2 w) |
+ a2 Ly (e 2|2 + ([ 2 Ly

We note that

N

%,ru Lvaru_%]u,u).

po  Op (n—1u

4 + it =2l
r = )y =2r— +n
H ror Orr 72 H or ’

0
[rAgr + 722, ZTE +n) = —4y%ruy

and, since [3°, 7] =0,
[r¥°r, 27’% +n| = —4r?¥°.

/
Therefore, noting that [u’1/2,2r% +n| = &u_l/Q
1

, we see that [T;F%Lvsru ,

(SIS

7(27"% + n)] is equal to

T ! r ! ~
W%TM71/QL’YST‘U/71/2 _’_77,,/-1171/211787,‘“/71/2% _473rul _47742”7125 +BS,
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where
~ 1 0 1
B® =M 2[TBS(x7t7’yvamaat)r7’y(2rE —|—TL)]/L 2
(3.7) = Y Papsla ) o]

laf+|Bl+k<2

with b° g x(z,t) € P1HAIFIlO,
Hence

1 1 1 1 8
(8:8) llru™2 Ly (ru™2w)|* o+ ([r™ 2 Ly rp ™2, 9(2r 5 + ), )

1., 1 ru
= b ) +

!

r ~
(0 = (7)) + (A S )+ (B, w).

Since ru’ = —0(logr)~2, we see from (B:3) that when 6 is in (0, |logro|/2) with
ro € (0,1), there exists a constant 1, which may depend on g, such that for v > ~;
we have

!’

(3.9) (—4y*rp — w%)?)u,u) > 29%6]|(log )~ u?

for any u(x,t) that vanishes for |x| > r9. On the other hand, from BJ)) and (B3)
we see that there exist constants C; and Cs such that for any u(z,t) that vanishes
when |z| > rg or [t| > 1, if 0 is in (0, |logro|/2) with 7o € (0, 1), we obtain

(310)  (—dyr2uiuw) > A(Cllr(L = [PVl — Callrull?).
Since we obtain

(Bruu)| < Coy( Yo AR @ ) Plog o ul))?
k+|al+|81<1

from (B.7)), we see from B8), (3.9) and BI0) that
1. ¢, _1 (.9 1. g 1 0
T e e o P
!
> |lru 2 Ly (rp” 2 ) +v%ull2

+29°0] (log )~ ul|* + y(Crlr(1 = [t*) Veul|* = Caflrul?)

—Cn( X AR (L ) Mozaf )
ktlal+|81<1
Now we consider the term [ru*%Lvsr;F%,mf%E“mF%]. First note that
0 2y
(3.11) [rp 2 Agrp” 2, rp 280 p 7] = ((2T§ + n)(; - M_i) +0(r))r? e

where b(r) € 10. Noting that

N

o -
Tu_%L,Yaru_ = 7(2r§ +n)+r2ute + B
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where
(3.12) B = Y bz t)(1—[t)ykog0)
la|+|B]+k<2
with b% g x(z,t) € r1FleFI810, we see that
(313) [ru 2 Ly (rp~ 2 w)?
+ 3‘%((27’% + n)(% — ;—l;,)TQulE“u,u)
— (g + )+ (1= (2 = ) (2w B) Jul?
- 5}?((27"7 + n)(% - %)Bau, u)
R+ Bl = 0= 5 (2 = L)%+ Bl

Since for r € (0,79}, 8 € (0,]logro|/2) and v > -, with some v2 > 0 we have
0< %(% - ’;L‘—Ql) < 1, we see from (B12) that the right-hand side of (B.13) is not
smaller than

—COY retaguly( Y A (1 — (1?1927 ] ).

laf<1 k+|al+|8]<2

Since b(r) is real-valued and X% is skew-symmetric, we see from [r, ¥%] = 0 that
R((r)r? = 13%, u) = 0. Then the left-hand side of (3I3) is equal to
2 Ly (™ 2|2 4 (™2 Dgrp™ 2, ™ 250”2 Ju, ).

Since we see from (B.4) that

(P2 5 S )|+ ([ 2 B 2, 0% 5%, w)|

<Y |IPPE (L — 1t2) P10 ul))
[B1<1

1
(D0 AR =) Plog ot u),
kt|al+]6]<2

we obtain the following;:

™% Ly (™2 w) [ 4 (™2 Ly "™ o™ 2 50 2w, w)

>=C( D AR (1= )0z o)
le|+]8]<1

1
x (o AR ) Plog o ul)).
ktlal+18]<2
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Finally from (34 we see that

|([rp ™2 Lo *rp™ 2 o™ 2 By~ 2 Ju, w)|
<C( > ARl @ - j2)Plog o] u))
|a|+|B]+EL1
1
(30 AFpleleEE (1 j)Plg2 0 ul)).

k+|al+]B]<2

From (B0) and the ellipticity (3I]), we obtain

_ _1 s _1 ru _
[Qogr)™" (ri# Ly (e 2u) + 9= =) [P+ Cry log )~

>Co Y. (YFIQogr) el IB1 — |t2)Flg 0] u]|)?
|| +]8|+k=2

for v > 3 with some 3 > 0 and some positive constants Cy and Cy. Therefore
by taking a small enough ro > 0 and picking 6§ = 1, we see that for any u(x,t)
supported in {(z,t) € R? x R,' | |z| < 7o and || <1} and flat on z = 0,
1 1
e LG Fu) 2
>Co Y. v MlGog )Tt — t) P10z 0 ul)?
| +18]+k=2

for v > 7o with some positive constants vy and Cy. Then from (3.5) we obtain the
following Carleman estimates.

Lemma 3.1 (Alinhac-Lerner [1]). There exist positive constants ro, 7o and Co such
that for any u(z,t) supported in {(x,t) € R? x R, | || < ro and [t| < 1} and flat
onzx =0,

1@ (r) 7 Lul|?

>Co Y. v IAFlR() T (logr) el 8L — 122) P92 6 ul) )2
|| +]8]+k=2

for v > vy where ®(r) is given by B2A) with 6 = 1.
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