PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 132, Number 12, Pages 3703-3704

S 0002-9939(04)07636-1

Article electronically published on July 22, 2004

A COUNTEREXAMPLE TO A CONJECTURE
ON FLAT BILINEAR FORMS

MARCOS DAJCZER AND LUIS A. FLORIT

(Communicated by Wolfgang Ziller)

ABSTRACT. We provide a counterexample to a conjecture on the dimension of
the nullity of a flat symmetric bilinear form.

The algebraic theory of flat bilinear forms was developed by J. D. Moore after
the seminal work of E. Cartan on exterior orthogonal quadratic forms as a tool to
treat the “rigidity problem” for submanifolds; see [5] and the references therein. An
R-bilinear form §: V*xV"™ — WP into a vector space endowed with an indefinite
inner product of type (p, ¢) is said to be flat if

(BX.Y),8(Z2,W)) = (B(X,W),B(2,Y)) =0 forall X,Y,Z, W V"
One main goal of the theory is to estimate the dimension of the nullity space
NQB) ={XeV": (X, Y)=0:Y €V}

of a given 8 that is assumed to be onto, i.e., W?? =gpan{3(X,Y): X, Y € V"}.
In [1] the following result for a symmetric bilinear form was proved.

Theorem 1. Let §: V" x V" — W24 be a flat symmetric bilinear form. If ¢ <5
and (3 is onto, then dim N(3) > n — 2q.

A proof of the preceding result for ¢ = 2 is contained in the argument by Cartan
in [2]. It was conjectured around 1984 by the first author of this paper that the
same estimate holds for arbitrary dimension gq. A positive answer to the conjecture
would have important consequences. For instance, the isometric and conformal
rigidity results in [I] would hold after dropping the restriction on the codimension.
Moreover, an extension of the results in [3] and [4] for arbitrary codimension with
the same bounds would be possible. However, we give next a counterexample that
shows that the conjecture is already false for ¢ = 6 and that there is no linear
estimate.

Theorem 2. For a given 7 € N with 7 > 3 set 2p = 7(7 + 1). Then there is
an onto flat symmetric bilinear form B: V* x V* — WPP guch that dim N(8) =
n—2p—(3).

Proof. Denote L = {1,2,...,7}, I = (L x L)/S(2) and J = (L x L x L)/S(3),
where S(n) is the group of permutations of n elements. Then, #I = p and #J =

Received by the editors July 1, 2001.
2000 Mathematics Subject Classification. Primary 53B25.
Key words and phrases. Symmetric flat bilinear form, nullity.

(©2004 American Mathematical Society
Reverts to public domain 28 years from publication

3703

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3704 MARCOS DAJCZER AND LUIS A. FLORIT

m = ("3?). Fora € L, k = [(i,5)] € I and s = [(u,v,w)] € J, we say that a € s if
a € {u,v,w}, and define * : L x I — J by a*k = [(a,,7)]. Then either a ¢ s or
there is a unique k € I such that ax k = s.

Let V™ = R™ @ R™, and take bases {y1,...,y-} and {ns : s € J} of R™ and R™,
respectively. Let By = {e, : r € I'} and By = {é, : r € I} be two bases of RP, and
consider on WPP = R?? the metric of type (p,p) given by (e, es) = (é.,é5) = 0,
(e, és) = 0y for all r,s € I. The (ordered) union of the bases By and By is called
a pseudo-orthonormal basis of WPP. Define a symmetric bilinear map (3 as follows:

B(ns,n) = r,s € J,
(yza ]) é(z]) ivj € Lv
B(yi,ns) = 0, if i¢ds,
B(yi,ns) = if ies and ixk = s.

To prove that N(8) = 0, take z = y +n € N(3) with y = E;:1 a;y; and n =
Y scybsns. Then a; = (B(z,yi), e,y)) = 0, and by = (B(w,yu), €[(v,u))) = 0 for
s = [(u,v,w)]. To see that 3 is flat just observe that (B3(yi,y;), B(yt, ns)) = ds,((i,5.0)]
is symmetric in ¢, j,t € L. (]
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