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ABSTRACT. The triple integrals

/ / / df1dO>dO3
(z
1) 7r3 o 1— Z:(cos 61 cos bz + cos bz cos b3 + cos b3 cos b1)
and
/ / / df1dO>d0O3
(2
2) = (cos 01 + cos 02 + cos 03)’

where z; and zg are complex varlables in suitably defined cut planes, were
first evaluated by Watson in 1939 for the special cases z1 1 and 29 = 1,
respectively. In the present paper simple direct methods are used to prove
that {Wj(z;): 7 = 1,2} can be expressed in terms of squares of complete
elliptic integrals of the first kind for gemeral values of z; and z3. It is also
shown that Wi (z1) and Wa(z2) are related by the transformation formula

Wa(z2) = (1 — 21)Y2Wi(21),

= (1)
z5 = —z1 .
11—z
Thus both of Watson’s results for {W}(1): j = 1,2} are contained within a
single formula for W1 (z1).

where

1. INTRODUCTION

In this paper we shall investigate the analytic properties of the two generalized
Watson integrals

d91d92d93 )
1.1 =1,2
( ) .7 ZJ 7_(_3 / / / 91’92793) (j ’ )a

where
(1.2) A1(01,02,03) = %(COS 61 cos O3 + cos 03 cos 05 + cos b5 cos b7 ),
(1.3) A2(01,62,03) = %(00591 + cos by + cosb3)

and z1,2zo are complex variables. The integral Wi(z;) defines a single-valued
analytic function in the z; plane provided that cuts are made along the real axis
from z; = —o0o to 23 = —3 and from z; = +1 to 21 = +oo. A similar property
holds for the integral Wa(z2) provided that the cuts are made along the real axis
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72 G. S. JOYCE AND I. J. ZUCKER

from zo = —00 to zo = —1 and from zo = +1 to zo = +00. The sets of points in
the z; and 2y cut planes will be denoted by C; and C; respectively.

An exact evaluation of the integral Wi (z1) was first carried out by Watson [W]
for the special case z; = 1. In particular, he found that

3v3 [2 ? 9 1\1°
(1.4) Wi(l) = =~ [;K(ks)} = S [F (5)} ,
where K (k) is the complete elliptic integral of the first kind with a modulus k and
V31
2v2

is the third singular value (see Borwein and Borwein [B-B]). In the same paper
Watson also proved that

(1.6) Wa(1) = 3 (18 + 122 — 10V3 — 76) EK(/@] i ,

(1.5) ks =

where
(1.7) ke = (2-v3) (V3-+2)

is the sixth singular value. The evaluation of W5(1) in terms of the gamma function
I'(x) can be carried out using an identity for K (kg) derived by Borwein and Zucker
[B=7Z]. We find that

0 = A0 e (L) ()]

A direct evaluation of the triple integral Wy (z1) was first carried out for general
values of z; by Iwata [I] in terms of a product of two complete elliptic integrals of
the first kind. A similar product formula for W(22) was later derived by Joyce
[J1], [J2] using an indirect method which involved differential equations and Heun
function transformation theory (see Snow [S]). In more recent work, Joyce [13],
[14] has shown that the product forms for {W;(z;): j = 1,2} can both be written
in terms of squares of complete elliptic integrals of the first kind.

Our main aim in this paper is to give a new and direct procedure for evaluating
Wa(#2). In this method a simple transformation formula is derived which enables
one to determine the properties of Wa(z2) using the known results for Wy (z1). In
Section[2 we shall also present a detailed review of the work of Iwata [I] and Joyce
[13], [I4] on the analytic properties of Wi (z1).

2. ANALYTIC PROPERTIES OF Wy (z1)
In this section we shall review the most important results for the triple integral
W1 (Zl )

2.1. Iwata formula for Wi (z1). We begin by evaluating the integral Wi (z1) by
following the method of Iwata [I]. In the first stage of the analysis we perform the
integration over the variable #3 in (L)), with 5 = 1. This procedure gives

3 [ do; [T o,
2.1 w- =
(2.1) 1(21) 212 /o sin 6, /o [(a + cos 2)(b — cos 02)]1/2
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ON THE EVALUATION OF GENERALIZED WATSON INTEGRALS 73

where
(2.2) a=(3+ 2z cosb)/[z1(1 — cosby)],
(2.3) b= (3—zcos6i)/[z1(1 4+ cosby)].

We can now use the standard result

" dfs, B 9
24) /0 [(a + cosf2)(b — cos02)]1/2  [(a+ 1)(b+1)]1/2K(k)7
where

(a+1)(b+1)’
to write (2I)) in the form

(2.6) Wi(z1) = 3 f21 I1(Aq, By),
where

(2.7) AL = Ai(z1) 2231(6—1—2'1)/(34—21)2,
(2.8) By = Bi(z1) =22} /(3 + 21)?

and

(2.9) I(A,B) = % /07r K (\/m) dop.

In general, the variables (A, B) in the definition (Z3) can be taken to be
independent complex variables. However, it should be noted that the particular
set of points {A1(z1), B1(#1): z1 € C; } is restricted to lie on the complex rational

curve
(2.10) (A; + B1)> —8B; = 0.
Next we apply the Gaussian hypergeometric series
2 o~ (3)n 2
(2.11) ~“K(k) = i
=2
to the integrand in (29). In this manner, we obtain
— (3)7
(2.12) I(A,B) =) 220,(4,B),
where
1 s
(2.13) 0,.(A,B) = —/ (A+ Bcosy)"dy
T Jo

and (a), denotes the Pochhammer symbol. The integral [213) can be readily
evaluated using the method of residues. Hence, we obtain

(2.14) (A B) = ()" 3 (;;) (”C—‘)m,

x
m=0 +

where

(2.15) vy =13 (A + /A2 — B?) :
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74 G. S. JOYCE AND I. J. ZUCKER

If (214) is substituted in (2ZI2)) and the order of the resulting two summations is
interchanged we find that it is possible to express I(A, B) in the form

(216) I(AaB):F4 (%7%,1a1,x+7x*)a

where Fy(a, 8;v,7';2,y) is the fourth Appell hypergeometric function in two
variables x and y.
In the final stage of the analysis Iwata simplified (2I6) by using the Bailey |B]
identity
Fylo, iy, a4+ B —v+ Liz(l —y),y(1l - z)]
=2Fi(, B;vi2) 2 Fi(e, Bra + B — v + Lyy).

This procedure yields the important general formula

(2.17)

(2.18) (A, B) = (%)QK(k+)K(k_),

where

(2.19) K=k(AB =1+1/a2_p 1 /1-A2 B

If we now substitute (Z18) in (2.6]) and apply the relations (27) and [2.8) we obtain
the required result:

(2.20) Wy(21) = szl (%) K(k K ko),

where

L 2v/321 V3 (3 —21)(1 — 21)Y/?

27 (34 2)3/2 2 (3 + 21)3/2
It can be shown that the formula (2:20) is valid provided that z; lies in a certain
finite region R; of the cut z; plane that includes the point z; = 0. The points
z1 on the boundary of R; are associated with values of k:_%_ that lie in the interval
1(14v2) < k% < co. We can extend the range of validity of (Z20) across
the boundary curve by constructing the analytic continuation of K (ki) onto the
appropriate adjacent Riemann sheet.

For the special case z; = 1 we find that k; becomes the complementary modulus
k' and k_ = k3, where ky denotes the Nth singular value for the modulus. From
these results and (2.:20) we obtain the expected Watson formula (I4).

(2.21) k2 =ki(n) =

2.2. Application of the cubic modular transformation. The aim in this
subsection is to show that the Iwata formula (Z20) can be expressed in terms
of the square of just one complete elliptic integral K (k_). It is found from (Z2I)
that the algebraic functions m+ = k3 (z1) are both solutions of the polynomial
equation

(2.22)

Q(m, z1) = (34 21)*m* —2(3 + 21)*m3 +3(3 + 21)(9 + 2121 — 722 + 23)m?
— 22 (34 21)(18 = 1521 + 28)ym + 2} = 0.

If we determine the resultant of the two polynomials Q(m4, z1), with respect to the
variable z;, we deduce that the moduli k4 (z1) satisfy the cubic modular equation
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ON THE EVALUATION OF GENERALIZED WATSON INTEGRALS 75

(Joyce [14])

(229 m% — 4m_(33 — 96m_ + 64m? )m? + 6m_(64 — 127m_ + 64m? )m?
— 4m_(64 — 96m_ + 33m?> )m, +m* =0,

where my = k3 (z1). This surprising connection enables one to prove that

(2.24) K(ky) = Ms(21)K (k-),

where the multiplier M3(z1) is an algebraic function of z; (see Borwein and Borwein
[B-BJ). From the work of Joyce [J3] we also have the explicit formula

V3
(3 + 21)1/2

The application of (Z24) and (Z237) to the Iwata formula (Z20) gives the
alternative product form

(225) Mg(zl) = (2— 1 —21).

3v3 2 2
W(Z— 1—2:1) [;K(lﬂ_)] 5

where k_ = k_(z1) is defined in (Z2T)). In the derivation of [22f) it was necessary
to assume that the variable z; lies in the restricted region R of the cut plane C; .
It should be stressed, however, that the final result (226) can in fact be used to
calculate W1 (z1) for all values of z; € C; . We see, therefore, that the application of
cubic modular theory leads to a much improved formula for W1 (z1). The evaluation
of (Z24) for the case z; = 1 leads directly to the Watson result (4.

Further product forms for W (z1) may be derived by applying various o F} trans-
formation formulae to the complete elliptic integral K(k_) in (2Z26]). For example,
it is found that

(2.26) Wl(zl) =

2
(227) Wl(zl) = %(2— ].—Zl) |:2F1 <£,i,1,81):| B
where
(2.28) s1=81(21) = (31%)3 [(B—2)—3vVI—=]".

When z; = 1, we see that this result gives

(2.29) Wi(1) = 3%4/5 {QFl G i;1;i> r.

2.3. Parametric representations for Wi (z1). A considerable reduction in the
algebraic complexity of the Iwata formulae 220) and Z2I) can be achieved by
applying the rational transformation

C 1261+ &)1 - 36)
B (1+3¢7)

In this manner, we obtain the &; parametric representation (Joyce [14])

(2.30) 21 = 21(&1)

(2.31) Witer) = o (2) KR (o),
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76 G. S. JOYCE AND I. J. ZUCKER

where

2 _ 2 _ 16&,
(232) k+ = k+(§1) - (1 _ 51)(1 4 351)3’
(2.33) k2 =k (&) = 16¢}

(1-&)3(1+3&)

It is possible to derive rational parametric formulae for z1(£1) and k3 (&1), because
the equation Q(m, z1) = 0 defines a complex curve that has a genus g = 0.

The application of the transformation (Z30) to equation (2:26) gives the further
simplified representation

(1+3¢3)? {2 r’
2.34 Wi(z) = : SKk)|
(2.34) 1(21) A—6ya+3) = (k-)
where k_ = k_(&1) is defined in (233). Finally, we note that equation ([230) can
also be used to establish the inverse relation

(235) f=a) =T (<1010 2).

3. ANALYTIC PROPERTIES OF Wa(z2)

Watson [W] evaluated Wa(1) by using a direct method which involved an inspired
sequence of integrations and changes of variable. Unfortunately, it appears that
Watson’s analysis has never been generalized to deal with Wa(22), when z3 # 1.
However, it was shown by Joyce [J1], [J2], that it is possible to evaluate Wa(22)
for general zo by following an alternative indirect procedure. In this method the
third-order differential equations satisfied by {W;(z;): j = 1,2} are used to express
W1i(z1) and Wa(z2) in terms of squares of certain Heun functions. A connection
between Wi(z1) and Wa(z3) is then established by applying various bilinear and
quadratic transformations to the Heun functions (see Snow [J]). This connection
enables one to derive an exact product form for W(z2) by making a simple algebraic
substitution in the Iwata formula (2:20) for Wi (21).

Our main aim in the remainder of this section is to give a new and direct
derivation of the Joyce product form for Ws(22). In particular, the connection
between Wi(z1) and Wa(z2) will be simplified and made more transparent by
avoiding the use of differential equations and Heun functions.

3.1. Connection between Wi(z1) and Wa(z2). We begin by performing the
integration over the variable 5 in (III), with j = 2. In this manner, it is found

that
3 ™ ™ d92
.1 P— dg
(3.1) Wa(22) 2T /0 ! /0 [(c — cosfy)(d — cos 02)]1/2’
where
(3.2) ¢=(3/z2) —cosby + 1,
() 4= (3/22) — conth ~ 1.

If we now apply the standard result

" dfs, 9
(3.4) /0 [(c — cos 02)(d — cos )] /2 = (c—1)d+ 1)]1/2K(1€)7
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ON THE EVALUATION OF GENERALIZED WATSON INTEGRALS s

where
2(c—d)
3.5 K=
(3:5) (c—=1)(d+1)
to [BI) we obtain the formula (Tikson [1])
6 i 1 222

. = — K :
(3.6) Wa(z) w2 /0 3 — 29 cos 0 (3—22(:0501) dé

Next the integration variable in (3:6) is changed from 6#; to ¢ using the
transformation

3cos + zo

. 0= ———.
(3.7) cosy = < p—
Hence, we find that

3
(3.8) Wa(2z2) = WJ(CQ7D2),
where
(39) C2 = CQ(ZQ) = 622/(9 — Z%),
(3.10) Dy = Dy(z9) = 225/(9 — 23)
and
2 s
(3.11) J(C,D) = —2/ K(C + Dcosv)dy.
™ Jo

In general, the variables (C,D) in the definition (3I1]) can be taken to be
independent complex variables. However, it should be noted that the particular
set of points {Ca(z2), Da(22): 22 € Cy } is restricted to lie on the complex curve

(3.12) C2 — D2 —2Dy = 0.
Recently, Joyce (to be published) has shown that

(3.13) I(A,B) = (1- A+ B)~Y2J(C, D),
where

> (A-B)(1-A-DB)
(3.14) C* = A-ATB?

2B

2 _

(3.15) e e

and the integrals I(A, B) and J(C, D) are defined in [29) and (ZI1)) respectively.
This relation was derived by first applying the hypergeometric series [2I1) to the
integrand in (B11). Hence, one obtains a Kampé de Fériet series representation for
J(C, D) in the two variables C? and D? (see Srivastava and Karlsson [S-K]). It is
then possible to establish the connection between I(A, B) and J(C, D) by applying
two known transformation formulae to the Kampé de Fériet series. From equation
(28) and the new general result (3.13)) we see that

(3.16) Wi(z1) =

J(C1, Dy),

3—2’1
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78 G. S. JOYCE AND I. J. ZUCKER

where
(3.17) C?=C%(z1) = —=3621(1 — 21)(3+ 21)/(3 — 21)%,
(3.18) D? = D?(z1) = 4233 + 21)%/(3 — z1)™.

It may be verified using (39), (B10), (B17) and (BI8) that the two sets of points
(3.19) {C2). D2z): 5 €C7) (G=1,2)
both lie on the same complex rational curve
(3.20) (C} — D})* —4D? =0,

with j = 1,2. It follows, therefore, that a rational function 22 = R(z;) must exist
that will give the identities

(3.21) o2 ( R(zl)> = 02(2;) and D2 ( R(zl)) = D%(2)).

We find that this transformation function is

(3.22) 22 =R(z1) = —21(3+21)/(1 — 21).

The application of this result to B8) and BI6]) yields the required connection
formula

(3.23) Wa(z2) = (1 — z0)Y2 W (21),

where zy = 29(21) is defined in (3.22).

The relations (3.22) and (3.23) with z; = —1 lead to a very simple derivation of
the Watson result (IL.G). In particular, we have
(3.24) Wa(1) = V2Wi (1),

while from @228 it is found that

(3.25) Wi(-1) = 6v3 (\/5 - 1) (K (k-)P?,

2
where

(3.26) K= -1 (2v3-v6-1).

The application of the standard transformation formula

3.27 K = ——k (/=
(3.27) (k) = iy .
to ([B:23) then gives
6v/3 2 )
(328  M(-1) =25 (V2+1) (V3-1) (VB-v2) Kk

where the singular value k¢ is defined in (I7). Finally, the substitution of (B:23)
in (3224) yields the expected Watson formula (I6]) for Wa(1).
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ON THE EVALUATION OF GENERALIZED WATSON INTEGRALS 79

3.2. Product forms for Ws(z3). A general product form for W5 (z2) can now be
derived by first substituting the formula (226) in (B23). It is then possible to
eliminate the variable z; by applying the inverse transformation

(3.29) zlzzl(zQ):—%(3—2’%)—!—%1/(1—z%)(Q—zg).

After some algebraic manipulations it is found that

(3.30)
BN (\/9—z§+\/1—z§)1/2 (4— \/9—z§+\/1—z§) e
e (Eea)
where
/
k2 =k (22) = L. A <\/9 V! ;/233)1 2
2 (Vo= +3yT=3)
(3.31)

1/2
4622 (\/9—z§ + /1 - z%)
+ 52
(\/9 —Z43/1- zg)

By investigating the conformal mapping zo — k2 (z2) it can be shown that the
formula (B30) is valid for all values of z3 € C5 .

The rather complicated structure of (B30) and (B3T)) can be simplified by
applying various oF} transformation formulae to the complete elliptic integral
K (k_) in (330). For example, Delves and Joyce [D=I] have shown that

(3.32) Wa(z) = 32—V {QFI <é g;l;sQ)r,

34 23
where
162% 2 2 :|2
3.33 = =—=— |(9—-5z5) —(9— 1—22| .
( ) 53 = 52(22) 9(3 + 22)° {( z3) — ( 23) 23

This result can also be used to calculate Wa(z2) at any point zo € C; . When
zo = 1 we find that (3332)) gives

334) = () on (5 505)]

Finally, we note that the Clausen product theorem (see [B=B], p. 188) can be
used to write (3334) in the alternative form

3 113 1
(335) WQ(]-) = (5) 3F2 (Z; 5717]-;175) :

From this result and (C8]) we can derive the striking identity

ow 3w e [ () ()]

n=0
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80 G. S. JOYCE AND I. J. ZUCKER

3.3. Parametric representations for Ws(z2). The algebraic complexity of the
formulae (330) and (B31]) can also be much reduced by applying the rational
transformation [J3], [J4]

(3.37) 25 = 3665 (1 - 6)(1 - 963)/(1 - 9¢;)*.
In this manner, we obtain the £ parametric representation
(1-9¢3) 2 ’
. = —K(k_
533 W) = g gy <))
where
1 1— 2 _ 4
(3.39) k2 =K% (&) = (1~ 66 — 36,)

2 2(1-€3)3/2(1 - 9€3)/2

Next, the quadratic transformation formula

11 1 2-F)| 11 -
(3.40) 2 Fy 575,1,5—71(79) 2 I 5,5,1,/‘6 )
with
~ _ 3
(3.41) k? = k(&) = 16

(1—&)3(1+3&)
is applied to (B:38). This procedure yields the further simple representation

1—9¢d 2 .77
(342) W) = gt gy | <)

where k = 15(52) is defined in ([BZI). It is also possible to express the parameter &,
in terms of the variable z5 using the inverse relation

(3.43) 6 = Eolzn) = <1 + M)m (1 - \/—7§> 1/2.

Recently, Joyce [J5] has shown that the parametric formula ([3.:42) plays a crucial
role in the exact evaluation of the general lattice Green function

cos 1071 cos mbs cos nbs
44
(3:44) Wa(l,m, n; z2) 7T‘3/ / / 1 — 292(01,02,63) df1d6adbs,

where {I,m,n} denotes a set of integers and z3 € C5 .
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