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ABSTRACT. Given a sequence of kernels ¢, for which the operators Ty, f =
¢n * f converge a.e. in all Ly(R) spaces, p > 1, a perturbation method is
provided with the property that the modified convolution operators converge
pointwise only in selective spaces.

1. INTRODUCTION

Nagel and Stein [3] showed the potential of more general than nontangential
differentiation simultaneously in various L,(R™) spaces. They obtained a necessary
and sufficient condition for the approach regions that determines boundedness of
the associated Hardy-Littlewood type maximal operator in all L, (R™) spaces, p > 1.
As an application, for kernels of the form ¢,, = ﬁ X1, , where {I,,} is a sequence of
shrinking intervals approaching the origin, the corresponding convolution operators
either converge pointwise in all L,(R™) spaces, p > 1, or in none.

In the ergodic averages setting, Bellow [1] and Reinhold-Larsson [4] constructed
examples of sequences of natural numbers along which the individual ergodic theo-
rem holds in some L, spaces (good behavior) and not in others (bad behavior). In
particular, well-behaved sequences were perturbed in such a way that good behav-
ior persists only in certain spaces. A key role in the constructions was played by
a stability condition of Emerson [2]. One can prove that moving averages display
the same behavior.

The present work illustrates the same possibility of discrepancy in differentiation
in L,(R) spaces. We provide a method for restricting selectively the pointwise
convergence of convolution operators for a wide class of kernel functions, which we
call approximate identities.
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176 PARTHENA AVRAMIDOU

2. PRELIMINARIES

In this section we state a variant of Banach’s Principle, we introduce the neces-
sary terminology, and we prove some auxiliary propositions.

It is well known that the pointwise behavior of a sequence of operators is closely
related to the behavior of its maximal operator. Banach’s Principle relates the
finiteness a.e. and the continuity in measure of the maximal operator. Under some
extra assumptions, Stein [6] connected the finiteness a.e. and the type of the maxi-
mal operator in L, spaces for 1 < p < 2. Finally, Sawyer [5] added the assumption of
positivity and treated all L, spaces, p > 1. The quantitative character of Sawyer’s
Principle makes it more applicable. The setting needed is the following:

(a) (92,7, ) is a probability measure space.

(b) {Tk} is a sequence of linear, continuous in measure operators from some
L,(Q), 1 < p < +o0, to M(Q2), the set of all y-measurable finite a.e.
functions, and T™* is the maximal operator.

(c) Each T} is positive.

(d) There is a family of mappings (S, )acr from £ to  that are measure pre-
serving, and mixing in the following sense:
if A, B €3 and p > 1, then there exists S, such that

W(ANST(B)) < pu(A)u(B).
(e) T* and (Su)aes commute in the following sense:
for each So, T"(Saf)(x) =2 Sa(T™ f)(x) for all f € Ly(Q), z € Q.

Theorem 2.1 ([5]). Let (Q,F,p), {Tk} and (Sa)acr be as above. Then T is of
weak type (p,p) if and only if for each f € L,(Q), T*f(z) < +00 a.e.

We consider convolution operators with kernel functions of a special type that
we call approximate identities.

Definition 2.2. A sequence of functions {¢,, },en is called an approzimate identity
if ¢ >0, [z ¢n =1 and for every f € L1(R), limp—oo || * f — f|l1 = 0.

Remark 2.3. Convex combinations of approximate identities form new approximate
identities.

The next proposition gives an equivalent characterization of approximate iden-
tities.

Proposition 2.4. A sequence of functions {¢, }nen with ¢, > 0, fR ¢n =1 1s an
approximate identity if and only if for every e > 0 there exists ny € N so that for
all n > ng we have [*_¢p > 1—c.

Proof. Suppose that {¢,} is an approximate identity, and that there exists ¢ > 0
so that for every n € N there exists m > n such that

g

¢m <1—¢ @/ dm(x)dr > e |.
—€ {lz|>e}

Let f(x) = X{jz|<e/2} (®) € L1(R). For & = 2 there exists ng so that for all n > ng
we have ||¢, * f — f]|l1 < &. On the other hand, there exists m > ng so that

/ Om(x)dr > €.
{lz[>¢}
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APPROXIMATE IDENTITIES AND POINTWISE CONVERGENCE 177
Applying Fubini’s theorem yields

l[m * f = fllh

v

e/2
/ Om(x —y)dydx
{lz|>e/2} J—¢/2

e/2
/ / t)ydtdy > €.
€/2 {\t|>€}

By contradiction, we obtain the wanted conclusion.

Conversely, let B denote the Borel measurable functions. For g € 8 we have
that g(z — y) is measurable in R?. Therefore, for any approximate identity {¢,}
we can define ¢, * g. For every f € L1(R) there exists g € B such that f = g a.e.
Moreover, for all g1, g2 in the same equivalence class, ¢, * g1(x) = ép, * g2(z) a.e
Hence, for f € Li(R) we can define ¢, * f a.e. Now consider

bu * f(x /«m (x—y) — f(2)]dy,

v

and set
Fo(z,y) = ¢n(y)[f(z —y) — f(2)].
Applying Minkowski’s inequality for integrals we have

||/ Wyl < /||F Wil dy
- /Rqén(y)Ilf(-—y)—f(-)llldy,

and the last term converges to 0 as n — oo by the Lebesgue Dominated Convergence
Theorem. O

Proposition 2.5. If {¢,} is an approzimate identity, then for every f € L,(R),
1 ép < +00, hmn%oo ||¢n *f_ f”p =0.

Proof. This follows by the same argument as the converse direction in the last
proposition, but using the L,-norm rather than the L;-norm. O

The following proposition provides a stability criterion that takes the place of
Emerson’s result.

Proposition 2.6. Let ¢, = antn + (1 — ap)on, where {ntnen, {on}tnen are
approrimate identities and 0 < a,, < 1.
(a) For1 <p < 4o and every f € Ly(R), limp_o0 ||(¢pn, — ¥n) * fllp =0 and
limy,—oo [[ (¢ — on) * fll, = 0.
(b) For every f € Loo(R), limy— 00 (Pn — Un) * f(z) =0 a.e.
(c) For 1 < p < 400, if Y (1 — ay)? < 400, then for every f € Ly(R),
limy, oo (@ — ¥n) * f(z) =0 a.e.
Proof. (a) Fix 1 < p < 400, and let f € L,(R). By applying Minkowski’s inequal-
ity,
1(@n = ton) * fllp < (1 = an)(llom * f = fllp + 1Un = f = fllp),

and, since both {1, } and {o,} are approximate identities, ||(¢,, — ¥n) * f||, — 0.
(r, — on) * f]lp — O follows similarly.

(b) For f € Loo(R), |(¢n — ¥n) * f(z)| < |[(¢n — ¥n) * flloo and the last term
tends to zero by part (a).
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178 PARTHENA AVRAMIDOU
(c) For f € Ly(R),

/Z(l — an)Plon * f(z)|P dz

Z [(1 = an)on = f||§

< Z(l — an)”llonll’fllfllﬁ < Fo0.

n

Then (1 — a)op * f(x) — 0 a.e. Similarly, (ay, — 1)y, * f(x) — 0 a.e. O

Definition 2.7. An approximate identity {¢,} is called Ly-good if ¢y, * f — f a.e.
for all f € L,(R), and it is called good if it is L,-good for every 1 < p < +o0.
An approximate identity {¢,} is called L,-bad if there exists f € L,(R) such that
on * f # f on a set of positive measure.

Combining the last definition and proposition we conclude the following.

Corollary 2.8. If {t,}nen is an Loo-good approzimate identity, {0y, }nen is any
approzimate identity and ¢n, = anthy + (1 — ay)o, with 0 < o, < 1 and a, — 1,
then {¢n }nen s also an Loo-good approzimate identity. If {1y }nen is an Ly-good
approzimate identity for some 1 <p < 400 and ), (1—oy,)P < +00, then {¢n}nen
1s also an L,-good approximate identity.

Definition 2.9. Let {¢y, }nen and {0y, }nen be approximate identities, «;, be a se-
quence of real numbers with 0 < a,, < 1 and «,, — 1. We call perturbed approximate
identity any approximate identity {¢, }nen of the form ¢, = anth, + (1 — ap)on.

Remark 2.10. The above definition provides a method of changing or “perturbing”
an approximate identity {¢,} by convex combinations with another approximate
identity {o,}. The weights are chosen appropriately so that the resulting approxi-
mate identity will not differ dramatically from the original one.

3. MAIN RESULT

Theorem 3.1. (1) For fized p € [1,00),

(a) given any good approzimate identity {¢n tnen there exists a perturbed ap-
prozimate identity {¢n}nen that is Lg-good for all ¢ > p, and Lg-bad for
all1 < q<p;

(b) given any good approzimate identity {in}nen there exists a perturbed ap-
prozimate identity {¢, }nen that is Lg-good for all ¢ > p, and Lg-bad for
all1 <qg<p.

(2) Given any good approximate identity {Vn}nen there exists a perturbed ap-
prozimate identity {¢n }nen that is Loo-good, and Lg-bad for all 1 < ¢ < 4o0.

Proof. (1la). For p = 1 no perturbation is needed. Henceforth, assume that p > 1.
Let {¢n }nen be a good approximate identity, and let {(, }nen be any approximate
identity. We modify {(,} by setting 0,(-) = (m,, (—tn + ) where ¢, \, 0 and
my /" 00 are to be chosen later. Let

¢n = anwn + (1 - an)ana

where
1

lmap=— .
" (nlog?n)t/p
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APPROXIMATE IDENTITIES AND POINTWISE CONVERGENCE 179

Lemma 3.2. {¢,} is an Ly-good approzimate identity for all ¢ > p.

Proof. Fix ¢ > p. Since ) (1 — a,)? < 400 and {t,} is an Lg-good approxi-
mate identity, Proposition 2.6] ascertains that {¢,} is also an Lg-good approximate
identity. O

Let
1

Tn = Pk
p

n'ty (logn)
1 1

1
an, =rhtt =

T
n» (log n) p(p+1)
In = [an — T, an + 1), and Uy, = (—an + Tny —ang1 + "o
Lemma 3.3. For all x € U, and for allt € —J,,

x—t< C’rn(logn)r)%
for some constant C' = C(p).

Proof. Since for x € U, and for t € —J,,

r—t < —apy1+Tarrtan+1
< 2rp 4+ (an — ant1)

it is sufficient to show that
ap — any1 < Cry(log n)# .

Let
1

m%(logx)m .
Then f'(x) < 0 and f”(x) > 0. Therefore, f(z) — f(z + 1) < —f'(z). Using
f(n) = a, we have

fz) =

ap — apt1 < _fl(n)
C

<
T oalts (log n)m
= Cry(log n)ﬁ .
(I
Choose t,, = —a,, and m,, such that
(3.1) /J on>1—1r,>C,

for some constant C. This is possible because {(,} is an approximate identity.

Lemma 3.4. For each 1 < q < p there exists f; € Lq(R) so that limsup,, |¢n* fy| =
400 on a set of positive measure.
Proof. Fix 1 < q < p. Let

1

folz) = m?«m] (z) € Lq(R).
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180 PARTHENA AVRAMIDOU

Fix n sufficiently large. For all £ > n and for all x € Uy,

bk * fo(z) > (1 —an)ok * fy(z)

1
> m/_Jk o (t) fo(z —t)dt,

and using Lemma 3.3,

x f(z Jq(Cri(logk) Eas ) ]
(3.2) Pk fq( )2 (k‘lOng‘)% /—Jk k(t)dt,

Notice that
1

k15 (log k) 7o

ri(log k)71 =

which gives
kat e (log k) Fae e
C (log(C/(2k™ (log k) 77 ))) &

fo(Cri(logk)7iT) =

Let

2
P

2
(log k;) pa(pF+1)
gq(k) = 1 p+1 2 2 "
Ca(log(C/(2k™» (logk)»@¥D)))a
Then, using equations (3.1 and (3.2)) we have

Ok * folw) > Cha ™ 5igy(k) > k° > n’,

where ¢ satisfies
1 1 1
0<d< ==+ —.
q bq
It follows that for all & > n,

Uy C {sup gy * f, > n’},

which yields

(@

Uy C {sup ¢; * fy > n’}
k 3

n
or

(=@n +70,0) C {sup ¢; * f; > n’}.
i
Hence,
() {sup ¢  fo >} = n’(an — 1)

5
Cn’la,,

>
> n6—>—|—oo

for some 1 < 8 < §q. We conclude that the maximal operator is not of weak type
(¢,q) in L4([0,1)). Since the irrational rotations of [0, 1) form a family of measure-
preserving transformations of [0, 1) to itself that is mixing and commuting with the
maximal operator, we can apply Sawyer’s Principle (Theorem 21)). That implies
the existence of a function f € Ly([0,1)) C Ly(R) such that limsup,, |¢,, * f| = +00
a.e. on a set of positive measure in R. O
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(1b). Let {t¢n}nen be a good approximate identity, and let {(,}nen be any
approximate identity. Let {p,} be a sequence of real numbers satisfying
PL>pPa > .. >Pp > D

For each p; we can construct a perturbation {¢?}, of {1} that is L,-good for
q > pi, and Lg-bad for 1 < ¢ < p;, as described in part (1a). In particular,

O =t + (1= a)or,,

where

. 1
1-— Oé}n =5
(nlog”n)t/pi

and
o5 () = G, (=5 £ ) -
The sequences {m’ } and {t!} are chosen as expected, namely
1

i —
t,=——= 3 =-—a
nri (log n) pi(p;+1)

n

and m!, such that

/ ol >1—-7rl >C,
_Ji

n

where
i 1
" nHP%‘,(logn)P%
and J! = [af — ri al + ri]. Consider the sequence of blocks {Bj}ren, where

k={oF 1,0k}, and {n;} is a sequence of positive integers increasing to
infinity to be determined later. Let Dy = {nx_1+1,...,nx}, and let {¢, },, = U, Br-

Lemma 3.5. {¢,,} is an Ly-good approzimate identity for all ¢ > p.

Proof. Fix q > p. There exists ng € N so that for all n > ng we have p, < gq.
Notice that

M8
)

>y

nlog n) q/pno

k=ng n€Dy k=ngo n€Dy
1 (I/pno
< _ < 400
zn: (n log2 n> ’
and Proposition 28 finishes the proof. O

Lemma 3.6. There exists a sequence of positive integers {ny} increasing to infinity
such that {¢n} is an Ly-bad approximate identity.

Proof. Consider a sequence {C;} such that C; — +o00 as i — +00. Let ng = 1. Fix
C;. Set €' = 20=Dr+1C;. Since {¢!,},, is Ly-bad for all ¢ < p;, it is also L,-bad. In
particular, there exists f; € L ([0,1)) with | fi|l, = 2'~* and A; > 0 such that

i Clrily
[ sup g+ file) > A} >
n>n;—1 7
2C;
= N
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Therefore, there exists n; > n;_1 so that

[ swp ol o> MY >
ni—1<n<n; )
Let
F=>r
Then
171l <D I fillp < 2.
i

Suppose that {¢,} satisfies a weak (p, p) inequality in L,([0,1)). Then there exists
Co > 0 such that for all A > 0 and for all f € L} ([0,1)),

i Collf1I5

[{sup &7, * f > A} < Tp-
n

Consider A = \; and f = f. Then

Collf1I5
AP

2PCy

(3.3) =

On the other hand,

{supdn  f > A} > { sup ¢y, % fi > A}

ni—1<n<n;

{supdn * f > A} <

Ci
(3.4) >
Equations (33)) and (4) imply that
C;
Co > % s
but C; — 400 as i — +o0o. Hence, there is no such constant Cy and we conclude
that {¢,} is L,([0,1))-bad. O

Since the spaces L4([0,1)) are nested, {¢,} is L4([0,1))-bad for all 1 < g < p.
Therefore, such a choice of {n;} makes {¢,} Lq(R)-bad for all 1 < ¢ <p.

(2). Let {¢¥n}nen be a good approximate identity, and let {(,}nen be any
approximate identity. Let {p,} be a sequence of real numbers satisfying

1<pi<pa<...<pp  o0.

Consider the blocks {By}, where each block By is related to py, as in part (1b).
For i € Dy, let

¢; = afpF 4+ (1 — al)ok .
We choose {ny} growing fast enough so that a¥ — 1. Then, since {1, } is Loo-good,

U x f— fae. forall fe Lo(R),
and consequently,
A pF x f — fae. forall fe Lo(R).

On the other hand, since o * f(z) < || f||oo, We have

(1—af)of«f—0ae. forall feLo(R).
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Thus, ¢, *x f — f a.e. for all f € Lo(R). Consider the sequence {C,,} with the
restriction
Cn2™" — +00
for every constant o > 0.
Suppose that we chose ny_;. The approximate identity {¢X},, is L,, -bad for
every m € {1,2,...,k}, since it is Ls-bad for every 1 < gq < pg. Therefore, there
exists f¥ € L, ([0,1)) with ||f% ||, =275 AF > 0 and nk, > nj,_1 so that

Cill f 1B
{0 sup @hxfh >k > e
nip_1<n<nk ()\%)pm
AT
Let
ng = max nk .
1<m<k
Lemma 3.7. {¢,} is Ly, -bad for all k € N.
Proof. Fix pg,. Let
F=>"1h.
k>ko
Then
1fllpe, <2
Moreover,
: Cll flme
k WS Pko
|{Slrllp ¢n * f > )\ko}| < ()\ko)pko
2Pko C
. < .
(3 5) - ()\k )Pko
Hence,
[{sup g f> N} = [ sup o S, > ALY
n ng—1<n<ng
C
(3.6) b

2kpkqy ()\zo)pko .
Equations (3.5) and (3.6) imply that

Ck
(I

The Marcinkiewicz interpolation theorem gives that {¢,} is L4([0,1))-bad for
all 1 < ¢ < 4o00. Again, from L4([0,1)) we obtain the same result for Ly (R).

Example 3.8. Let I, = [, 3]. Nagel and Stein’s theorem [3] assures that the
associated maximal operator satisfies a weak (g, ¢) inequality for all 1 < ¢ < +o0.
That, in turn, yields that the set

A={f e LyR) :nlinéom/77fx+t = f(x) a.e. }
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is a closed set. Since the simple functions with support of finite measure form a

subset of A, dense in L4(R), we conclude that A = Ly(R). Therefore, {ty,}nen

given by ¢, = |11T|X 1, is a good approximate identity. Next we “perturb” {¢,} as

follows: let J,, = [an, — Ty, an + 4], where
1

1
and a,, = r, P .

rp=————————
n(nlog?n)l/»
Set )
bn = T T XLLUJ,, -
[l + [T 27

By Theorem B3], part (1a), {¢n}nen is an Lg-good approximate identity for ¢ > p
and an L,-bad approximate identity for 1 < g < p.

The method used in proving Theorem [B1] can be used in further perturbations
of approximate identities to further restrict the good behavior.

Corollary 3.9. Let {¢,} be an approzimate identity that is Lg-good for ¢ > p
(g > p) and Lg-bad for 1 < q <p (1 < q < p). For every s > p there exists a
perturbed approzimate identity {¢n} that is Ly-good for ¢ > s (q > s) and Lg-bad
for1<g<s (1<qg<s).
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