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ON INEQUALITIES FOR ZEROS OF ENTIRE FUNCTIONS
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ABSTRACT. We derive inequalities for zeros of an entire function of finite order
in terms of the coefficients of its Taylor series. Our results are new even for
polynomials.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Consider the function

fo) = ick)\k (AeEC;cp=1)
k=0

with complex, in general, coeflicients ¢, k = 1,2,... . Put

My(r) i= max|f(2)] (r > 0).

||
Recall that f(z) is an entire function of finite order p if

InIn Ms(r) < 0

p = mr—@o

Inr
Moreover, the relation
— nlnn
1.1 —Tm, . —nm
- P = e LT

is true; cf. [4, p. 6]. Everywhere below {z;(f)}7, (m < c0) is the set of all the
zeros of f taken with their multiplicities. If m < oo, we set 1/z;(f) = 0 for k > m.
For a positive number p, denote

Sp(f) =Y 1z () 7P
k=1

Due to the Hadamard theorem, the series S, (f) converges, provided p > p; cf. |, p.
18]. The quantity p1 = inf{p | S,(f) < oo} is called the “exponent of convergence”
of the zeros of f, and p; has the following properties. For any entire function f,
we have p; < p, and that if p is finite and non-integral, then p; = p; cf. [3l Section
1.10]. Depending on the particular function f, S,(f) may be finite or infinite 3|
Section 1.10].
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98 M. I. GIL/

In the present paper we derive estimates for S,(f), which are new even for
polynomials. To this end, let us rewrite function f in the form

oo

a k
(1.2) ) =T (>0 a0 = 1)
k=0

assuming that for a p € [1,00) N (1/7v, 00),
o0

(1.3) > arl? < oo.
k=1

According to (1.1), relations (1.2) and (1.3) imply that function f has order p < 1/7.
Moreover, for any function f with f(0) = 1, whose order is p, we can take v > 1/p
and p > max{1, p}, such that representation (1.2) holds with condition (1.3).

The aim of this paper is to prove the following.

Theorem 1.1. Let f be defined by (1.2), and let condition (1.3) hold. Then

(1.4) ) < ; sl + G G+ =D ifp > max(2,1/7)
and
(1.5) <Y anlP +Coy) — 1 ifpe (1,210 (1/4,2],

k=1

where ((.) is the Riemann zeta function.

The proof of this theorem is presented in the next section. Note that the case
p = 2 was investigated in [2], but the condition p # 2 requires a new approach.
Due to (1.4) and the Minkowski inequality, we have

Corollary 1.2. Let f be defined by (1.2), and suppose condition (1.3) holds with
p > max{2,1/v}. Then

(1.6) (Sp(MNPP < [ larlPPP/? + [ Cpy) = 1P7% (1/p+1/p' = 1).
k=1
Let us assume that under (1.2), the condition
(1.7) 0 < b(f) :=limg_ 00 ¥/]ar| < 00

holds, and consider the function

hi(\) Z

0<t<1/b( ).

Due to (1.7),

(o]
Ty o0 A/ [tFar [P < 76P(f) < Tand Y |agt*|P < oo (p >0, 0 <t < 1/b(f)).

k=0
Clearly,

oo

Sp(he) =Y |z (H)]7F = 7S, (f).

k=1
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Now relations (1.5) and (1.6) imply
Corollary 1.3. Let f be defined by (1.2), and suppose condition (1.7) holds. Then
with 0 <t < 1/b(f), we have

(1.8) (SN <[ D [trar PP/ + [C(py) — 1P'/P if p > max{2,1/7}
k=1

and

(1.9) Sy () <D [FaklP +Cpy) = 1 if p € [1,2] 0 (1/7,2].
k=1

2. PROOF OF THEOREM 1.1

For a natural n > 2, let us consider the polynomial

L ol
gn(A) = ZZ@W (ap =1; v > 0).
k=0 ’

Put o =(k+1)"" (k=1,..,n—1) and 7,, = 0.
Lemma 2.1. The zeros z(q,) (k=1,...,n) of polynomial q,, satisfy the inequali-

ties
(2.1) > lan(gn)lP <> (lan” + 7 )PP 1/p+1/p =1) if2<p< oo
k=1 k=1
and
n n
(2.2) D lzrlgn)lP < laklP + 78 ifp e [1,2].
k=1 k=1

Proof. Introduce the (n x n)-matrix

—ai —a —as ... —Ap—1 —0Qp
/27 0 0 .. 0 0
B, = 0 1/3 0 .. 0 0
0 0 0 .. 1/ 0

The direct calculations show that g, (A) = det (AI,, — By,) (A € C), where I, is the
unit matrix. So zx(gn) = Ax(By). Here and below A\i(T) (k = 1,...,n) mean the
eigenvalues of an (n X n)-matrix 7' with their multiplicities. As is well known, for
any matrix T = (¢;x)} —;, we have

n n n

(2.3) > I(T) ZZMV’ [P/P] (2 < p < o0)
k=1 j=1

k=1 -
(cf. [8, p. 323, Section O.P.21]) and

(2.4) > (T ZZ ltil? (1<p<2)
k=1 k=1j=1

(cf. [1, p. 82, Theorem 4.7]). If T' = B, then t15 = —ag, tg+1,6 = 1/(k+1)7,
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So tg+1,k = 7 (k < n). Hence,

>

n

[tk 1P =3 awl” + [t kPP

M:

k=1 j=1 k=1
n
= [lanl" + 7} P1p/P" (2 < p < o0)
k=1
and
n n n n
DSOS kP = ekl + [tk kP =) lalP+ 7 (1<p<2).
k=1 j=1 k=1 k=1
Therefore (2.3) and (2.4) imply (2.1) and (2.2), respectively, as claimed. O
Corollary 2.2. The zeros zk(q,) (k = 1,...,n) of the polynomial g, satisfy the
inequalities
]_ ’
)P < P’ /v’ ;
and

Zm (gl < va’ ) ifpe 2.
Proof of Theorem 1.1. Consider the polynomial

- ak)\k
OVESY Ik
k=0

Clearly, A" f,(1/X\) = qn(N). So 2zk(gn) = 1/2k(frn). Taking into account that the
roots are continuously dependent on the coefficients, we have the required result,
letting in the previous corollary as n — oo. [l

3. EXAMPLES

Let us consider the function

sin w A\ = (W)\)Qk —1)k
(3.1) Fs(X) = — :kz_o (2k+(1)! '

The zeros of fs are £1,+2,.... We thus have

(3.2) So(fs) =D la(f)I 2 =2 k2 =2(¢(2)
k=1 k=1

Take v = 1,p = 2. Then according to (1.7), b(fs) = m. Thanks to (1.9), with
0<t<1/m,

£285(fe) < _(tm)*F +((2) <¥+g(2)—1.
k=1

Take
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Then
inf  t72(1 — (mt)*) 7t = 15%(1 — (wto)*) "t = 723V/3/2.
0<t<l/m
We thus arrive at the inequality
(3.3) Sa(fs) < V3T?[3/2+¢(2) — 1.

Now take v = 3/4 and p = 2. According to (3.1), we can write

£ = i __amA*
° = [(2k + 1)1]3/4
with
n2(-1)F
agk = [(21@—!—1)]1/4’
Thus, due to relation (1.5),

oo [e )

(3.4) <> lakl* +¢(3/2) - Z 2k+ @ T DR +¢(3/2) -

k=1 =

a2k+1 = 0; k= 0, 1,2,

Clearly, inequality (3.3) is sharper than (3.4). If v increases toward 1/2, then
sharpness decreases, since ((1) = oo.

The above illustrates how our bounds may be used to obtain an upper estimate
for S,(f). As may be expected, there is a gap between the exact sum S(f) in
(3.2) and the estimate (3.3). The question of whether there is an entire function f
for which equality holds in (1.4) and (1.5) is left open. The problem of providing
an error estimate in using the bounds given in this paper is also left open. It may
be noted that in view of the proof of Theorem 1.1, answers to those questions
would seem to require first an estimate of the sharpness of (2.3) and (2.4) for the
eigenvalues of matrices of the form B,, introduced in the proof of Theorem 1.1.

Finally, note that Theorem 1.1 yields no bounds on the zeros in the case 0 <
p<p<l
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