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ABSTRACT. We consider the asymptotic behavior of Fourier transforms of sta-
tionary and ergodic sequences. Under sufficiently mild conditions, central limit
theorems are established for almost all frequencies as well as for a given fre-
quency. Applications to the widely used linear processes and iterated ran-
dom functions are discussed. Our results shed new light on the foundation of
spectral analysis in that the asymptotic distribution of the periodogram, the
fundamental quantity in the frequency-domain analysis, is obtained.

1. INTRODUCTION

Let (X, )nez be a stationary and ergodic Markov chain on the state space X
let g be a real-valued function on X such that E[g(X()] = 0 and E[|g?(X)]] < oc.
Define the Fourier transform

n

(1) Sn(0) = Sn(059) = > g(Xx)e™, 0 €R,
k=1

where i = \/—1 is the imaginary unit. The setup () is general enough to allow one

to consider SY (0) = >°;_, Yye*? for any stationary and ergodic process (Y, )nez by

constructing a Markov chain X,, = (...,Y,-1,Y,) and ¢(X,,) = Y,,. The quantity

(@) is of fundamental importance in the spectral analysis of stationary processes.

This paper considers the asymptotic normality of (). This problem has a sub-
stantial history. Rosenblatt ([I4], Theorem 5.3, p. 131) considers mixing processes;
Brockwell and Davis ([3], Theorem 10.3.2., p. 347), Walker [I8] and Terrin and
Hurvich [I6] discuss linear processes. Other contributions can be found in Olshen
[T1], Rootzén [12], Yajima [23] and Walker [19] among others.

Under surprisingly weak conditions (cf. (2)), we show that the real and imag-
inary parts of S,(0)/\/n are asymptotically iid normal for almost all frequencies
6 € R. Thus the periodogram n~1]5,,(0)|? is asymptotically distributed as a mul-
tiple of a x?(2) random variable. For a fixed 6, we present sufficient conditions
for the asymptotic normality of S,(6)/v/n. Our general results go beyond ear-
lier ones by providing mild and verifiable conditions. In our proof, we apply the
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celebrated Carleson theorem in Fourier analysis to construct approximating mar-
tingales. Applications to special sequences such as linear processes and iterated
random functions, which are widely used in time series modelling, are discussed.

2. MAIN RESULTS

Let (Q,B(2),P) be the probability space on which the sequence X, is defined,
where B(2) is a sigma algebra on 2. For a random variable £ on the space
(2, B(Q),P), we denote its £2(P) norm by [|£]] = /E(|{]2) < oco. Define the
projection operator

Puo€ =E(€] ..., Xe1, X1) — E(E] ..., Xp_1).

Then by the Markovian property, P1g(X,) = E[g(X,,)|X1]-E[g(X,)|Xo] for n € N.
Let Rz and 3z be the real and the imaginary parts of the complex number z, namely
z =Rz 4 iz, and let |z| = /(R2)? + (S2)2. Denote by N(u,X) the multivariate
normal distribution with mean vector 1 and covariance matrix X; denote by Id, the
p % p identity matrix. Theorems [I] and [ concern asymptotic normality for almost
all 8 and for a given 6, respectively.

Theorem 1. Assume that
o0

) > LBl ()Xo ? < .

n=1

Then (i) for almost all 6 € R (Lebesgue), there exists 0 < () < oo such that
R\ Sn(0)

) (5)22 = oo

(it) Moreover, for almost all pairs (0, ¢) (Lebesgue), S, (0)/+/n and S, (p)/+/n are
asymptotically independent.

Theorem 2. For a given 6 € [0,27), suppose there exists £(0, Xo, X1) € L2(P)
such that

zn9fp g n _>£(9’X0,X1) (,CQ(P));

Mz

(4)

as N — oo, and )

(5) IE[S5.(8)| Xo]|1> = o(n).
Then (i) if 0 # 0, ,

(6) ( g > Si’/(g) = NJ[0,0%(0)Ids],

where 02(0) = ||£(9,X0,X1)H2/2, and (i) S,(0)/v/n = N(0,02) if 0 = 0 or m,
where o2(0) = ||£(0, Xo, X1)].

Proposition 1. Assume that

(7) Z ”Plg(Xn) - ,Plg(Xn-H)H < o0.

Then @) and (@), and consequently (@), hold for all 0 < 6 < 2.
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Condition (2)) is fairly mild and imposes a very weak decay rate of ||E[g(X,,)|Xo]|-
Rootzén [12] obtained a central limit theorem under conditions which are not easily
verifiable. In comparison, our conditions (@), (B) and (@) are tractable in many
cases. It is easily seen that () is equivalent to

(8) D27 IE[9(X:) [ Xo]|I* < oo
k=1 =1

by exchanging the order of summation. Notice that ||E[g(X},)|Xo]|| is non-increasing
in n in view of ||P_,g(Xo)||? = |E[g(X0)| X _-n]|I* = |E[g(X0)| X —n—1]]|>. So another
equivalent condition of @) is > pe; [|E[g(X2x)| Xo]||* < co. Inequality (B) is needed
to establish a connection between () in (B) and spectral densities (cf. Proposi-
tion [2).

Let r, = E[g(X0)g(Xk)] be the covariance function and introduce the spectral
distribution function F(), 0 < 0 < 27, via Herglotz’s Theorem,

rk—/oﬂexp(ikﬂ)dF(O).

Assume that F' is absolutely continuous with the spectral density function f, namely
0
F(0) = [y f(u)du.

Proposition 2. Assume ). Then for almost all 6 € [0,27] (Lebesgue), f(0) =
a%(0) /.

Example 1. Iterated random functions. Let (X, p) be a complete and sep-
arable metric space and let X,, = F;, (X,_1), where F.(-) = F(-,¢) is the e-
section of a jointly measurable function F' : X X T — X and €,e,,n € Z, are
iid random variables that take values in a second measurable space Y. Define
Le = sup, . p[Fe(x), Fe(2')]/p(x,2"). Diaconis and Freedman [6] prove that X,
admits a unique stationary distribution (say II) if

9) E(LY) < 00, E(log L.) < 0, and E[p®(xo, F:(z0))] < o0
for some o > 0 and zp € X. Let Ay(6) = sup{||[g(X) — g(X")|Lpx,x)<al :
X, X' ~TI}.
Corollary 1. Assume (), E[g(X1)] = 0 and E[|g(X1)|*] < oo for some £ > 2. (a)
If
1/2 A2(4

(10) / o) dt < oo,

o t[logt|

then (@) holds. (b) If
/2
(11) /01 AgT(t)dt < 00,

then Y7 | |[E[g(X,)|X1]|| < oo and hence () holds.

Proof. Let X} ~ II, and let X be independent of Xy and (ex)rez. For n > 1, let
X =F,, oF, ,o...0oF,(X]). Then [@) implies that there exists 3,C > 0 and
0 < r < 1 such that E[p?(X,,, X!)] < Cr™ hold for all n > 0 (cf. Lemma 3 in Wu
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and Woodroofe [22]). Let p = £/2, ¢ = p/(p — 1) and §,, = (Cr™)*/(a+5) " Since
E[g(X5,)|X0] =0,
[E[g(Xn)| Xo]ll

< Nlg(Xn) = 9(X)px, x) <.l + 9(Xn) = 9 (X)L p(x, 5726, |

< Ay () + l9(Xn) = g2 % [P(p(Xn, X7,) > 6.)]%0 < Ag(8) + C'6/2.

(
So (@) follows since () entails Y >° | A2(d,)

/m < oo. (b) similarly follows. O

Example 2. Linear processes. Let ¢i, k € Z, be iid random variables with mean
0 and finite variance; let X,, = (...,ep—1,&5) and g(X,,) = Zﬁo a;€n—;, Where a;
are real numbers such that > .o a? < co. Then (7)) is reduced to Y, |a; —a;—1| <
oo, and the central limit theorem (@) holds for all 0 < # < 27. Notice that this
cannot be extended to 6 = 0 if |a,| is not summable. For example, a,, = n~7?,
1/2<p<1forn>1.

3. PROOFS

Let U be the uniform probability measure on © = [0,27), and let B(O) be the
class of the Borel sets of ©. Denote by (0 x Q,B(0) x B(Q2),U x P) the product
probability space of (©,8(0),U) and (2, B(2),P).

Lemma 1. Assume [@)). Then for almost all 6 € © (U),
TE[ n(0)|Xo] — 0 almost surely (P).
Proof of Lemma[d. Let A € B(©) x B(2) be the set on which

Z m@E n)|XO]

does not converge as N — oco. Let AY and Ay be the w-section and f-section of A,
respectively. Define

(12) Qo = {w ca: y %|E[g(Xn)|Xo]|2 < oo} .
n=1

By @), P(29) = 1. For w € Qq, by Carleson’s theorem, U(A4*) = 0. Thus, by Fu-
bini’s theorem, for almost all § € © (U), P(4y) =0, i.e., anl e E[g(X. )|X0]/\/_
converges almost surely (P). Hence by Kronecker’s lemma (cf. Chow and Teicher

[5], Lemma 5.1.2), as N — oo,

N
Z ™ E[g(X,)|Xo] = 0 as. (P).

Lemma 2. For almost all § € © (U), there emists £(0, Xo, X1) € L? such that
(13) P1Sn(0) — £(6, Xo, X1) almost surely (P).
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Proof of Lemmald. Since the sequence E[g(X0)|X1-n]—E[g(X0)|X-n],n=0,1,...,
forms martingale differences,

Y IP(Xa)lP = Y IIP1-ng(X0)[1* = [lg(Xo)|I* < oo

n=1

Hence for almost all w € Q(P), >°° | [Pig(X,)[*> < oo, which yields ([I3) by
Carleson’s theorem and the same argument as in Lemma [[l Next we show that
£(0,Xo0,X1) € L2 To this end, since the trigonometric bases e, n € Z, are
orthogonal,

OILRVEDI /@ E[P1.5,(6)PU(d6).

By Fatou’s lemma,

lg(Xo)|* > liminf/ E|P;S,,(0)|*U(d0)
n—oo [e)
> /Eliminf |P13n(9)|2U(d9):/E[|§(6,X0,X1)|2]U(d9).
S n—oo S
Hence for almost all § € © (U), ||£(0, Xo, X1)|* < . O

Lemma 3. Assume @). Then for almost all 6 € © (U),
(14) E[£(0, X0, X1)|Xo] =0 a.s. (P)

Proof of Lemmald. The almost sure convergence ([I3) in Lemma [ alone does not
guarantee the £2 convergence. To prove ([4), we shall show below that, under (2,
the Cesaro average 22]:1 P15,(0)/N converges to £(0, X, X1) in £L2. The relation
([[4) reveals the martingale structure, and we can apply the martingale central limit
theorem.

Let the tail

o0

Ry (6, X0, X1) = Y e™{E[g(X,)|[X1] — Elg(X,)|Xo]}-
n=N+1

Then Ry (0, Xo, X1) = £(6, X0, X1). Again by the orthogonality of the bases ™,

[ IR0 X0, X0 PO = 30 [Pra(X)F < ox.

n=1+N

Hence by (@),

o0 1 o0
> N/ E|Rn (0, X0, X1)|?U(d0) = >
N=1 e N=

So for almost all 6 € © (U),

=1
> NIE|RN(9,X0,X1)|2 < 0.
N=1
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It follows from Kronecker’s lemma that as N — oo,

N
1

(15) ¥ 2 IR 0o, X0 =0
which yields

1 & i

E|% > R;(0, X0, X1)| —0
j=1
by Cauchy’s inequality. In other words,
5N (0, Xo, X1) : Zﬁ 0) — £(6, X0, X1) in L2,

Clearly, E[5n5 (0, X0, X1)|Xo] = 0 a.s. (P). Hence as N — o0,
E[E[£(6, Xo, X1)| Xol| E[E[£(6, Xo, X1) — $n (6, Xo, X1)|Xo]|

S E|§(97X07X1) - gN(05X05X1)|
< ||§(9,X0,X1)—§N(9,X0,X1)” _>07
which proves (4. O
Lemma 4. Suppose (I5) holds for 6 for which £(0, Xo, X1) € L>(P). Then
R\ Sn(0) —E[S,(0)|X

where $(0) = £]1£(0, Xo, X1)||?Ids if 6 # 0,7, and
_ (€0, X0, X0)|I” 0 o
Z(@)—( 0 N if 6 =0, 7.

Proof of Lemmal[ We generalize the arguments in Woodroofe [21] where the as-
ymptotic normality for the case § = 0 was obtained. Let &,(0,zo,z1) = E[S,(0)]
X1 = x1] — E[Sn(0)| X0 = 2], and write

Sn(0) —E[Sn(0)[Xo] = Y €07Vg(0,X; 1, X))
j=1
(17) + ) e (0, Xm0, X) — €00, X1, X)),
j=1

Now we claim that (I5]) implies that the second part in the preceding display is
op(yv/n). Actually, by Lemma B E[&,—;41(0, X;-1,X;) — £(0, X;-1,X;)|X,;-1] =0
almost surely P. Then it suffices to establish

1 n
(18) E Z ”gn*jJrl(avXj*lan) - f(gvXjflej)”2 — 0,

which follows from () via the stationarity of X;. By Lemmal3, £(6, X;_1,X;), j €
7 is a martingale difference sequence. Hence we can use the martingale central limit
theorem to deduce (I6) from (I7). To this end, let

€0, X,-1,X;) = A;(0) +iB;(6),
a;(0) = A;(9) cos[(j — 1)0] — B; () sin[(j — 1)6],
B3;(0) = B;(0) cos[(j — 1)6] + A;(6) sin[(j — 1)6].
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Then A;(6), B;(0), ;(0) and 3;(6) form martingale difference sequences, and

n

D ePITIE0, X0, X)) = Doy (0) +;(0)].
j=1 j=1
For a fixed 0 < 0y < 27, let D; = () cos Oy + (;(0) sin By. Then the D; are again
martingale differences. By the Cramer-Wold device, it suffices to show that
LS, = N[0, 0%(0,0 h 2(9,0) = (cos o, sin ) £(0) | <
%Z i = N[0,0°(6,60)], where 0¢°(8,6p) = (cosby,sinby)X(0) .

sin Gy
j=1

We now apply the martingale central limit theorem to E;LZI D;/+/n. The Lindeberg
condition is automatically satisfied. Since E[¢2(0, X;_1,X;)|F;-1], j € Z forms a
stationary and ergodic sequence in £1(PP), by Lemma Bl the limit

R 1
(19) V(0) = lim — E[E3(6, X1, X;)|Fj-1]e?0 DY
n—oo n =
exists and equals 0 almost surely (P) if § # 0, 7, and equals ||£(0, X0, X1)||? if 0 =0
or w. After some algebra,

R T 1€(6, Xo, X1)[I> | RV(6)
Su() = nlgr;oE;E[aj(ﬂ)IF’fl] = 5 +
I U S €8, Xo, X0)[I> RV ()
() = nanoloﬁjz:;E[ﬁj O)|Fj-] = 5 -
R SV (0)
T12(0) = nllﬂgoH;E[aj(e)ﬁj(eﬂfj—l]= 5
almost surely (IP), which completes the proof. O

Lemma 5. Let n,, n € Z, be a real-valued, stationary and ergodic sequence with
Ejm| < co. Then for all 0 < o < 2,

1~
(20) ﬁ Z eltant —0

t=1
almost surely and in L.

Proof of Lemmald. This result seems to be implied but not explicitly stated in
the literature (see, for example, Doob ([7], pp. 469-470), Rozanov ([15], pp. 160—
161), Wiener and Wintner [20]). Since > i, e"“E(n;)/n — 0, we can assume,
without loss of generality, that E(n;) = 0. If a/(27) is a rational number, then (20)
clearly follows from the classical ergodic theorem. In the case that a/(27) is not a
rational number, define the rotation p, : © +— © by po () = 6 + amod 2w. Then
Pa is measure-preserving and ergodic. Let the random variable ¢ ~ Uniform(0)
be independent of 7,, n € Z. Since 7 is stationary and ergodic, the sequence
@p = etetVn, t € 7, is then stationary (cf. Rozanov [15], p. 161) as well as ergodic
on the product space (© x Q, B(0) x B(€2),U x P). Therefore the classical ergodic
theorem asserts that n=!' 3" | ¢, — 0 almost surely (U x P) and in £, which
clearly entails (B0) since U is a uniform distribution. g
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Proof of Theorem [l (i) This follows from Lemmas [ and @A. (ii) By Lemmas [I]
and [, for almost all 8, € © (U), martingale differences (7, X;—1, X;) = A¢(7) +
i1B(1), T = 0, p, can be constructed, and it suffices to show that n~1/? Yo Ve =
N[0,3(0, )], where random vectors vy = (a(0), B:(0), ar (), Bt(¢)) and the co-
variance matrix (6, ) = $Diag(w(8), w(8), w(p),w(p)), w(r) = ||&(1, Xo, X1)||*.
To this end, by (i) and the Cramer-Wold device, (ii) follows from

15~ @l®)ai(p) a(0)Bi(e) ) .
"2 (Gals Hoag ) =0 o ®
which in view of Lemma Blis valid provided that ¢ # 6 and ¢ + 0 # 2. O

Proof of Theorem [2 Observe that (I6) in Lemma [ holds for 6 for which @) is
satisfied. Therefore, () follows in view of (T). O

Proof of Proposition[. Let h,, =, e™’. Since 0 < § < 2w, h := sup,,>; |hn| <
co. By @), 3%, ha[P1g(Xn) — P1g(X,11)] converges in £2(P). Thus (@) holds
since ||P1g(X,)|| — 0. To prove (@), let ¢; = ||P1g(X;) — P1g(Xi41)|| and ®f =
> ek ¢t Then (@) entails 37 [>°7, bry4]* < Py D im0 oty rtj = o(n). So (@)

follows from

1P—iSa(@) < h Y IIP—jg(Xe) = P—jg(Xes)|l + RIP-j9(Xnsa)ll,
t=1

[E[Sn(0)|Xo]lI> = 22720 P38 (@)* and 3272, [|P—jg(Xns)lI* < [lg(Xo)[* by
the orthogonality of Py. O

Proof of Propositiond. Let K, ()\) = sin®(n\/2)/[2nnsin?(\/2)] be the Fejér ker-
nel. It is well known that ||.S,,(6)||%/(27n) = 0277 K,(A—0)f(A\)d\ (cf. Theorem
8.2.7 in Anderson ([I], p. 454)), which by the Fejér-Lebesgue Theorem (cf. Bary
(2], p.- 139)) converges almost everywhere to f(6). Therefore, by (1) and (IS),

for almost all § (Lebesgue),

1 1 1
T —[ES,()1 X2 = lim =[S0 — lim —|S,(6) — EISa(0)] o))
(21) = 21f(8) - 1|€(6, Xo, X1)[*

Notice that by (&),

ZM/ IE[S5 (6) | Xo]|PU(d6) = ZMZHE DXl < oc.

Hence by Borel-Cantelli’s Lemma, for almost all § (Lebesgue), 27 F||E[Syx (6)| Xo]||?
— 0 as k — oo, which by @I) entails 2w f(0) = [|£(6, Xo, X1)||?> = 20%(#) almost
surely. ([
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