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BETTI NUMBERS OF SOME MONOMIAL IDEALS
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ABSTRACT. In this paper we compute the graded Betti numbers of certain
monomial ideals that are not stable. As a consequence we prove a conjecture,
stated by G. Fatabbi, on the graded Betti numbers of two general fat points
in P3.

1. INTRODUCTION

Let R := k[X4,...,X,] be a polynomial ring in n variables over a field k. Given
a graded module M = €, M, over R, its minimal graded free resolution will be
written as

0= P RN = = DR = PR = M 0.
J J J

The integers 0; ; are the graded Betti numbers of M. A particularly simple sort
of graded module is provided by the ideals generated by monomials, which we call
monomial ideals. However, despite the misleading appearence of simplicity, it is
still an open problem to describe explicitly the graded Betti numbers even in this
case. (See [2], p. 29.)

In [6] D. Taylor has given a resolution of monomial ideals which, in general, is not
minimal. Neither is the more recent and improved version given by G. Lyubeznik in
[5] minimal. An explicit minimal resolution for a family of monomial ideals, which
are called stable ideals, has been given by S. Eliahou and M. Kervaire in [3].

Let us recall here that if w is a monomial in R, we let max(w) denote the largest
index of the variables dividing w. A monomial ideal I in R will be said to be stable
if for every monomial w € I and index i < m = max(w), the monomial x;w/z,
again belongs to I.

In the nonstable case, the computation of the graded Betti numbers of a mono-
mial ideal is always very hard.

In this paper we compute the graded Betti numbers for a class of monomial
ideals that are not stable, by using the notion of “splitting” of a monomial ideal
introduced by Eliahou and Kervaire in their paper.

This particular family of ideals is interesting because each ideal in the family
defines an algebra that is the artinian reduction of the homogeneous coordinate
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ring of the scheme of two general fat points in P™. Hence we can prove very precise
assertions about Betti numbers of such kinds of projective schemes.

In the case n = 3, this gives a positive answer to a conjecture stated by G.
Fatabbi in [4]. This paper was in fact motivated by an attempt to understand this
conjecture.

2. THE FIRST AND THE LAST BETTI NUMBER

The monomial ideals we want to study are easily defined as follows. Let a and b
be positive integers such that a > b and let J := (X, ..., X,,). Then we define I,
to be the ideal generated by

(Xt xotb=2 xatb=4 2 xo-b+2 b=l
Xombgb xobml bl Xy g Y

where X!.J* means the set of monomials obtained by multiplying X{ by all the
monomials that are the standard minimal generators of J*.
For short, we can write
Loy = (X{H 2 0 X0 o b
t=b,...,a

It is clear that I, ; is not stable since for example if a = 2 and b = 1 we have
Iy = (X}, X1 X5, X1 X3, X3, X5 X5, X3)

so that X1 X5 € 1271 but X12 ¢ 1271.
Since we know a minimal set of generators for I, ;, we immediately get the first
graded Betti numbers of R/I, ;. Namely, the monomials {X{*J*} have degree a

n—l?ﬁ—i—t—l)

and their number is (( . Thus for every t = b, ..., a hence, all together, we

have
za: <n+t—2) B (n+a— 1> (n+b—2)
t N a b—1
t=b
generators of degree a.
The monomials {Xerb*QSJS} have degree a+b—s and their number is (("_1)S+3_1)

for every s =0,...,b— 1. This proves that

() - () i =

Bri(R/Tap) = § ("o 207?) if j=a+1,...,a+Db,
0 if j>2a+b+1.
The ideal I, has a nice property. Namely, we can easily compute the socle of
R/, because of the following result.

Lemma 2.1. Let I, be as above. Then

Ty (X1, X)) = Loyt (Xy) = (XPT02070 g3 xa—t=1 1), 0.1
t

yeens
c,a—1

s

Proof. We only need to prove that Iop: (X1) = Iop @ (X1,...,X,,) since the other
equality is clear. We have I @ (X1,...,Xp) C Iop ¢ (X1). On the other hand,
since I, is a monomial ideal, if F'X; € I, 3, then all the monomials of F.X; are
in I,p. In other words mX; € I, for all monomials m of F. This means that
either mX; = Xf+b_2jH for some 7 = 0,...,b — 1, and some monomial H of
degree bigger than or equal to j, or a > b and mX; = X 'H for some b <t < a
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and some monomial H of degree bigger than or equal to ¢. In the first case we get
m = XfJFb*QJ*lH so that, if j > 2,

mX; = Xy | Xe 20 (x )| C (x et RUT ity
in the second case m = Xfft*lH so that, if j > 2,
mX; = XU (xH) < (xem T gy o,
and the conclusion follows. O

Since the last shifts in the resolution are the degrees of the generators of the
socle increased by n, we get:

Corollary 2.2. Let I, be as above. Then we have

a—1 (n+t—2
GENm
_ (nta— _ (n+b— - — -1
(R/I — a—1 ") b—1 Zf J a+n ’
B3 (B La,p) (Qy?ja“:bb__j?__f) if j=a+n,...,a+b+n—1,
0 if j>a+b+n.

We may also easily compute the Hilbert function of R/I, .
Namely, we only need to remark that for a <t <a+b— 1 we have

—b— — b—2 b—t —
X12t b—a jb+a—t _ X{H_ (a+ )Jb+a t e Ia,b7

so that the monomials of degree ¢ that are not in I,; are exactly the monomials

(Xt X7y X722 x2tmbmat] phta—t=11 The number of these monomials is
n n—1l+b+a—-t—1-1 n+b+a—t—2
14+ (n—1 - .
+n )+(2)+ +( bta—t—1 ) ( n—1 )

Hence we get the following formula.

Proposition 2.3. Let I, be as above. Then

("t if t<a,
Hpyp,,(t) = ("7 f a<t<a+b-1,
0 if t>a+b.

In the case n = 3 we know that the Hilbert series of R/I,; is given by

1= B2 + 3, 8227 =3, 03,7
Pry1,,(2) =Y Hgyp,,(t)2" = L a _’2)3] g
t

Hence we immediately get all the Betti numbers in the resolution.
Namely, it is easy to see that

(1 - 2)*Pry1,,(2)
=1+ Kb; 1) - <a;2)} 2%+ [a(a +2) — b(b + 2)] 2!

[

so that, using the above formula, we get the following proposition.
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Proposition 2.4. Let n =3 and I, be as above. Then we have

ala+2)=bb+1) if j=a+1,
Bo,j(R/Iap) =< 2(a+b—7+2) if j=a+2,...,a+b+1,
0 if j>a+b+2.

3. THE MAIN RESULT

In this section we compute the intermediate graded Betti numbers of the ideal
R/I,p. Let us start with the case b = a, which is easy and the right initial step in
the induction argument for the general case.

Solet Iy :=1,, = (Xf(afj)Jj, J%) with j =0,...,a— 1. We first remark that if
a > 2, then we have the decomposition

I, = X1, 4+ J%

This decomposition is a splitting of the monomial ideal I,. Here we recall the
definition of splittable ideal given in [3], page 17. For a monomial ideal I, we
shall denote by G(I) the canonical generator system of I, which is the set of all
monomials in I that are not proper multiples of any monomial in I.

Definition 3.1. We say that a monomial ideal I is splittable if I is the sum of
two nonzero monomial ideals U and V such that:

1. G(I) is the disjoint union of G(U) and G(V).

2. There is a splitting function

GUNV)—GU) xG(V),
w — (p(w), h(w))

satisfying the following properties:

a) w = lem(¢Y(w), p(w)) for all w € G(W) := GUNV).

b) For every subset G’ C G(W), both lem(¢(G")) and lem(¢(G")) strictly divide
lem(G).

This notion is relevant for our problem because of the following result.

Proposition 3.2. Let I be a splittable monomial ideal with splitting I = U + V.
Then for all ¢ > 1 and for all j we have

Ba,i(R/1) = Bq;(R/U) + By ;(R/V) + Bg—1,;(R/UNV).

A proof of this result can be found in [3] where only the global Betti numbers
are considered. But, as remarked in [4], the same proof works for the graded Betti
numbers as well.

In the following we need to recall that J has a linear resolution so that

Bi;(R/JY) =0 if j#t+i—1,
Bipvia (BT = (1120 (1))

(see, for example, [1], Proposition 1.6).
We will simply write 3;(R/J") instead of 3; 44i—1(R/J").
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Theorem 3.3. Let I, be as above. Then we have
Bi(R/T) = (1) ("T57) i G=atisl,
Bii(R/1) = (7)) ("2 909) if ati<j<2a+i-—1,
0 if j>2a+1.
Proof. As we have already seen, if a > 2, we have I, = X?I, 1 + J* We prove

that this is a splitting for the ideal I,. Since X3 is a regular element modulo J, we
have

(X2, 1)NJ" = X3(I,_1 N JY) = X2J°
Define the splitting function as follows:
G(X?2J) — G(XE1,_1) x G(J),
X2w ~ (X2, w)
where w is the monomial obtained by decreasing by one the first nonzero expo-
nent in w. It is clear that lem(X?w,w) = X?w. On the other hand, if G/ =
{X?F,...,X?F,} is a subset of G(X?J%), then lem(G') = X? lem(Fh, ..., F)),

and lem(Fy, ..., F,) strictly divide lem(G’) = X2 lem(Fy, ..., F,).
It follows that

Bij(R/1a) = Bij—2(R/1a—1) + Bij(R/J) + Bim1,j—2(R/J").
Let j =a+i— 1; we have
Biati—1(R/1a) = Biatvi—3(R/Ia—1) + Bi,ati—1(R/J*) + Bi—1,a+i—3(R/J?).

Since the initial degree of I,_1 is a — 1 and that of J¢ is a, the first and the last
summand in the above formula are zero so that the conclusion follows in this case.

The theorem being trivial in the case a = 1, we may argue by induction on a.
Let j > a+ i+ 1; we have

Bij(R/1.) = Bij—2(R/Ia—1) + Bij(R/J*) 4+ Biz1,j—2(R/J).

In this case the second and the last summand are zero, so that, since j — 2 >
(a — 1) + 4, we apply the inductive assumption and we get

B B/ 1) = Bual(Rf ot} = (TZL: 11) <n +2(a — 1)n_—(jZ —2)+i— 3)

_(n—=1\(n+2a—j+i-3
S \i-1 n—2 '

Finally, let j = a + 4. In this case in the above formula only the summand in the
middle is zero and so we get

Biati(R/1a) = Bi,ari—2(R/Ia—1) + Bi—1,at+i—2(R/J?)
_ n+a—3\/a+1—3 a+n—2\/a+1—3 _ n—1\/n+a—-3
_(a+i—2>< i—1 >+<a+i—2>( i—2 >_(i—1)( n—2 )

where the last equality is an easy computation. This proves the theorem. O
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We come now to the general case.

Theorem 3.4. Let I, be as above. Then we have

Sy Bi(R/TT)
+ 2 B (R)TT) if j=ati—1,
(P (IR i avi<j<a+b+i—1,

0 if j>a+b+i.

Bij(R/Ip.a) =

Proof. Let us assume a > b. Then we have
Ib,a = XlIb,afl + Jav

and the intersection of the two ideals is X;1J%. As before it is easy to see that this
is a splitting so that we have

Bij(R/Ipa) = Bij—1(R/Ipa—1) + Bij(R/J) + Bi—1,j—1(R/J?).

Let us first assume that j > a 4 ¢. In the above formula, the last two addenda are
zero so that we get

_ b—(i— b o
6i,j(R/Ib,a) = ﬁi,j—a.t,_b(R/Ib) = (TZ_ 11) (’I’L +2 (jn _a;‘ )+ 3)7

_(n=1\(n+a+b—-j+i—-3
S \i—1 n—2 ’
as wanted.

Finally, let j = a + ¢ — 1. In this case the formula is
Biati—1(R/Ipa) = Biari—2(R/Ipa—1) + Biavi—1 (R/J*) + Bi—1,avi—2(R/J)
and no summand is zero; this is also the case when we compute (; q+i—2(R/Ip q—1),

and so on. The conclusion follows immediately. (I

As an application let us compute again 52 441(R/Ip,) in the case n = 3. We
have

Bras1(R/Dpa) = Bi(R/T)+ > Bica(R/J").

r=b r=b+1
But J = (X2, X3) so that

Bi(R/J) =t+1, Ba(R/J") =t
This implies
Bra41(R/Tp o) =b+(b+1)+---Fa+(b+2)+---+(a+1)

a+1 b a—+2 b+2
— —_ —_ = 2_ 1.
(37)-G)+ (27) - (157) oweormsen
Finally, let j > a + 2; we have
52,j(R/Ib,a) = 2(a+ b —j + 2)

These are the values already found at the end of section 2.

We end the paper by remarking that, as a direct application of these results, we
are able to compute the graded Betti numbers of two general fat points in P™. In
the particular case when n = 3, this proves Conjecture 1 in [4].
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Let X = {(P1,a), (Ps,b)} with a > b a set of two general fat points in P™. We
may assume that P, = (1,0,0,...,0) and P, = (0,1,0,...,0) and as before let
J = (Xa,...,Xp). The defining ideal I(X) of X is

(X17 s aXYL)a n (X07X27 s aXYL)b =
(XOXe, XEIXe T, XX oo o=t xemb g el bl X e ).

Now it is clear that Xg — X3 is not a zero-divisor modulo this ideal, so that
the graded Betti numbers of k[Xy, ..., X,]/I(X) coincide with the graded Betti
numbers of k[Xo, ..., Xp]/I1(X) + (Xo — X1). Since we have

k[ Xo, ..., Xul/I(X) + (Xo — X1) ~ K[X1, ..., Xn]/Tas,

we get the following corollary:

Corollary 3.5. Let X = {(P1,a),(P2,b)} with a > b be a set of two general fat
points in P™. Then

Yoy Bi(RITT) + 300y B (RITT) if j=ati—1,
Bii(X) = ¢ (b)) ("ot t?) if a+i<j<a+b+i—1,
0 if j>a+b+i.
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